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ABSTRACT
Height is distinctive morphological feature for each type and variety of tobacco. Investigations
on this character were conducted in 2009 and 2010 in the Experimental field of Tobacco Institute Pri-
lep with six oriental varieties of the type Prilep: Prilep P-23 (@), P 12-2/1, NS-72, P 66-9 /7, P-79-94
and Prilep Basma 82. The average values for the height of the stalk with inflorescence ranged from
59,3 cm in Prilep P 12-2/1 to 148,1 cm in Prilep Basma 82. Compared to the check, only in variety
Prilep P 12-2/1 the stalk height is lower and in all other varieties it is higher.

Key words: Tobacco, type Prilep, P-23, P-12-2/1, NS-72, P 66-9/7, P-79-94, Prilep Basma 82,
genotype

BUCOYUHA HA PACTEHUJATA KAJ HEKOU COPTU TYTYH
Ol TUIIOT ITPUJIEIT

Bucounnara kako MOpQOJIOIKO CBOjCTBO € KapaKTePUCTHKA Ha CEKOj THIT M COpTa Ha TyTYH.
HcTpaxyBamara 3a 0Ba cB0jcTBO ce BpmeHH Bo 2009 1 2010 romrHa Ha OMUTHOTO 11071 01 IHCTUTYTOT
3a TyTyH [Ipuien Ha mecT OpUEeHTANICKH COPTH O TUTIOT Tipwiert: npuien [1-23 (0), IT 12-2/1, HC-
72, 66-9/7, 11-79-94 u mpunen 6acma 82. IIpoceuynuTe BpeJHOCTH 3a BUCOYMHATA Ha CTPAKOT CO
comBeTHe ce mBIKaT o 59,3 cm kaj coprara mprter I1 12-2/1 go 148,1 cm kaj mpruter 6acma 82.
Bo ogroc Ha KoHTpONara camo coprara mpmiemn I1 12-2/1 uma moHucKo cTebI0, a CUTE OCTaHATH
MCTPaXyBaHW COPTH UMaaT IOBUCOKO CTEOIO.

Kiryanan 360poBu: TyTtyH, Tum npwer, [1-23, [1-12-2/1, HC-72, 11 66-9/7, P-79-94, npunen 6acma 82

INTRODUCTION

Tobacco is a very “plastic” plant, which,
depending on the growing conditions, can have
large differences in morphological properties. Al-
though these properties are considerably variable
and greatly depend on external environmental
conditions, it can be stated that plant height is a
typical and varietal characteristics. Selectioners

make efforts to create a variety with higher num-
ber of leaves and stalk height in the limits that
correspond to oriental tobaccos, i.e. they are try-
ing to maintain their qualitative and quantitative
characteristics which are of major importance
both for tobacco growers and for purchasers.
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MATERIAL AND METHODS

The following six varieties of the type
Prilep served as material for comparative studies
of'stalk height: P-23 - @ (check), P12-2/1, NS-72,
P-66-9/7, P-79-94 and Basma-82 (Figures 1 - 6).

Field trial was set up in diluvial-colluvial
soil in 2009 and 2010 in four replications, with
one deep plowing (to 35 cm depth) in autumn
and three plowings in spring. Fertilization was
applied before the second spring plowing with

complex mineral fertilizer NPK 10:30:20 in
amount of 300 kg / ha.

All necessary cultural practices were ap-
plied during the growing period of tobacco. In
both years of investigation, nutrition with 27%
KAN in amount of 60 kg/ha was made. Measure-
ments of this morphological trait were performed
according to usually applied methods in genetics
and tobacco breeding.

Photo 3. Prilep NS-72
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Photo 4. Prilep P-66-9/7
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Photo 5. Prilep-79-9/4

CLIMATE CHARACTERISTICS

The mean monthly air temperature of

18.9°C in 2009 and 2010 during the growing

period satisfies the requirements for obtaining a
good quality tobacco raw.

Table 1 Climate characteristics

Meteorological fact v Months
eteorological factors ear Vi VI VIO X 5
. 2009 15.8 18.5 21.9 214 17.1 18.9
Mean monthly air temp., °C
2010 15.3 18.8 213 23.1 15.9 18.9
o 2009 55.0 75.0 8.0 43.0 15.0 196.0
Precipitations, mm

2010 64.0 87.0 55.0 45.0 47.0 298.0

Distribution of rain during the grow-
ing period in 2009 (196 mm) was non-uniform
and had a negative effect on tobacco yield and
quality. To reduce this negative effect, irrigation
appears as an indispensable practice. According
to the data on amount (298 mm) and distribu-

tion of precipitation during the growing period
in 2010, there were excessive rainfalls, but their
distribution was non-uniform and did not meet
the requirements of tobacco. Therefore, during
draught periods it is necessary to apply irrigation.

RESULTS AND DISCUSSION

Tobacco height is type and varietal trait,
which is affected by soil and climate conditions
of the environment.

Uzunoski (1985) reported that tobacco
height is quantitative trait which highly depends
on variety and environmental conditions.

Stalk height was measured with and
without inflorescence, because in some variet-

ies it is inverted in the top leaves and in others
it is exerted.

Data presented in Table 2 show that in
2009 only the variety P 12-2/1 is lower compared
to the check. This is the oldest tobacco variety
with lower number of leaves and it is understand-
able why its height is lower.
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Table 2. Height of the stalk with inflorescence in 2009 (cm)
. Replication
Variety Average Index
I I 111 v
Prilep P-23 (Q) 61.4 69.1 67.4 63.9 65.5 100.00
Prilep P 12-2/1 57.1 55.4 59.5 50.4 55.6 84.88
Prilep NS-72 88.0 85.8 83.6 96.4 88.5 135.11
Prilep P 66-9/7 104.0 112.0 110.0 98.2 106.1 161.98
Prilep P-79-94 94.6 92.8 93.6 81.1 90.5 138.16
Prilep Basma 82 146.0 142.6 146.6 134.0 142.3 217.25
Average 91.8 92.9 934 87.3 91.4 139.54
LSD 0.05 = 7.51 cm
0.01 = 10.31 cm
0.001 = 14.35 cm
Table 3. Height of the stalk with inflorescence in 2010 (cm)
. Replication
Variety Average Index
I I 1 v
Prilep P-23 (9) 62.2 81.6 69.0 72.7 71.4 100.00
Prilep P 12-2/1 68.7 57.5 60.4 65.4 63.0 88.24
Prilep NS-72 95.9 103.0 88.4 124.0 102.8 143.98
Prilep P 66-9/7 114.0 123.0 116.0 121.0 118.5 165.97
Prilep P-79-94 101.1 107.0 109.0 96.0 103.3 144.68
Prilep Basma 82 153.0 154.0 157.0 152.0 154.0 215.69
Average 99.15 104.35 99.97 105.18 102.17 143.10
LSD 0.05 = 12.18 cm
0.01 = 16.85 cm
0.001 = 23.28 cm

In the check variety Prilep P-23, the
average stalk height with inflorescence is 65.5
cm. Lower values for this trait (55.6 cm) were
observed only in P 12-2/1 and all other varieties
had higher stalk with inflorescence, ranging from
88.5cm in NS-72,90.5 cm in P-79-94, 106.1 cm
in P 66-9/7 up to 142.3 cm in Prilep Basma-82.

Expressed in percentages, P 12-2/1
variety had 15.12% lower height compared to
the check, while all other investigated varieties
were higher. Thus, NS-72 was higher for 35.11%
, P-79-94 for 38.16%, P 66-9/7 for 61.98% and
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Basma 82 for 117.25% higher compared to the
check.

Results from investigations carried out
in 2010 (Table 3) were similar to those of 2009.
Again, P 12-2/1 was the lowest and Basma 82
was the highest. The average height measured
in the check variety P-23 was 71.4 cm and only
the variety P 12-2/1 with a height of 63.0 cm was
lower compared to it. The other tobacco varieties
had higher stalk with iflorescence, ranging from
102.8 cm in variety NS-72, 103.3 cm in P-79-94,
118.5 cm in P 66-9/7 to 154.0 cm in Basma 82.
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Figure 1 Average height of the stalk with inflorescence, cm (2009 — 2010)

Relative difference between the inves-
tigated varieties in relation to the check was
negative only in variety P 12-21 (-11.76%) and
in all other varieties it was positive for 43.98%,
44.68%, 65.97% and 115.69% in NS-72, P-79-94,
P 66-9/7 and Basma 82, respectivaly.

Based on statistical data analysis for both
years of investigations, it can be stated that all
differences between varieties are highly signifi-
cant at a level of 0.001, indicating that they are
a product of the different genetic constitution.

From the presented data on the average
two-year results for stalk height with inflores-
cence in analysed tobacco varieties (Figure 1), we
can only confirm the statement that has been al-
most the same in 2009 and 2010. Tobacco control
variety P-23 has an average height of 68.4 cm.
The lowest stalk height of 59.3 cm was measured
in P 12-2/1 and it is 13:31% lower compared to
the check variety. Greater stalk height was found
in variety NS-72 (95.6 cm, i.e. 39.77% higher).
Somewhat lower height was observed in P-79-
94 (96.9 cm, or 41.67% higher compared to the
check). Greater average height of 112.3 cm (or
64.18% more) was observed in P 66-9/7 and the
highest was variety Prilep Basma 82 with 148.10
cm, i.e. 116.52% higher than the check.

Beside stalk height with inflorescence,
measurements were also made on stalk height
without inflorescence, because the shape and size
of the inflorescence can greatly differ, which has
an impact on this character.

Our investigations on tobacco stalks
without inflorescence carried out in 2009 (Table
4) gave similar results as for height of the stalks
with inflorescence. The check variety had an av-
erage height 0of 59.0 cm and variety P 12-2/1 had
50 cm, i.e. 15.25% shorter. Higher stalk height
was achieved in varieties NS-72 (80.9 cm), P-79-
94 (82.7 cm, i.e. 40.17% higher than the check),
P 66-9/7 (102.1 cm) and the highest was the stalk
of Basma 82 variety with 131.7 cm, i.e. 132,22%
more than the check.

Analysis of the results on stalk height
without inflorescence obtained in 2010 (Table
5) show small differences compared to the year
2009. The check variety P-23 has an average
height of 64.0 cm and only the variety P12-2/1
is lower than it, measuring 54.2 cm. Higher than
the check are all other varieties: P-79-94 with
92.7 cm, NS-72 with 93.8 cm, P 66-9/7 with
108.5 cm and the highest was Prilep Basma 82
with 143.5 cm.
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Table 4. Stalk height without inflorescence (cm), 2009

) Replication
Variety Average Index
I 11 I v

Prilep P-23 (9) 55.9 61.0 60.1 58.8 59.0 100.00
Prilep P 12-2/1 50.6 50.5 54.5 443 50.0 84.75
Prilep NS-72 81.1 77.6 76.3 88.4 80.9 137.12
Prilep P 66-9/7 95.8 104.4 101.5 91.6 102.1 173.05
Prilep P-79-94 87.6 83.6 86.9 73.2 82.7 140.17
Prilep Basma 82 134.4 132.6 136.0 123.6 131.7 232.22
Average 84.2 84.9 85.9 80.0 84.4 143.05

LSD 0.05 = 7.36 cm
0.01 = 10.17 cm
0.001 = 14.05 cm

Table 5. Stalk height without inflorescence (cm), 2010

) Replication
Variety Average Index
I I 11 v
Prilep P-23 (9) 56.3 74.9 60.4 64.5 64.0 100.00
Prilep P 12-2/1 60.3 48.1 52.8 55.6 54.2 84.69
Prilep NS-72 87.2 93.6 81.1  113.1 93.8 146.56
Prilep P 66-9/7 104.0 112.9 106.0  111.0 108.5 169.53
Prilep P-79-94 90.6 95.0 99.0 86.0 92.7 144.84
Prilep Basma 82 143.0 143.0 146.0 142.0 143.5 224.22
Average 90.23 94.58 90.88  95.37 92.78 145.00

LSD 0.05 = 11.67 cm
0.01 = 16.13 cm
0.001 = 22.29 cm

Statistical data processing on stalk height 1., that each of the investigated tobacco varieties
without inflorescence in 2009 and 2010 confirms  is unique and has its own genetic code.
that differences are highly statistically significant,

140
120
100

z

e 2

Prilep F-23 Prlep P12- Pnlep NS-  Pnlep P Prlap P-79- Prlep
(@) 21 72 6597 ai basmaf2

Figure 2. Average stalk height without inflorescence in cm (2009-2010)
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According to the average height for the
two investigated years (Figure 2), it can be noted
that the check variety has an average height of
61.5 cm and that only the variety P 12-2/1 has a
shorter stalk - 52.1 cm, which is 15:29% lower.
Higher stalks compared to the check were mea-
sured in varieties Prilep NS-72 with 87.3 cm
(41.95% higher), P-79-94 with 87.7 cm (42.60%
higher), P 66-9 / 7 with 105.3 cm (71.22%
higher) and the highest was Prilep Basma 82 with
137.6 cm (123.74% higher).

The height of Prilep tobacco varieties was
studied by a number of authors. Our data are in
correlation with their results.

Odic (1973) reported that the average
height of tobacco type Prilep average was 83 cm.
Uzunoski (1985) found that Prilep tobacco is the
lowest of all other types, with an average height
of 40 to 50 cm.

According to Dimitrieski (1985), the

height of Prilep tobacco variety P 12-2/1is45.5 cm.
Dimitrieski (2001), in his investigations of sev-
eral varieties of the type Prilep in conditions of
irrigation, came to the following data: variety
P12-2/1 with inflorescence is 46 cm high, vari-
ety P-23 reached a height of 57 cm, while Prilep
NS-72 had a stalk height of 74 cm.

Korubin-Aleksoska (2004) reports the
following average stalk heights: P-23 - 65 cm,
P 12-2/1 — 55cm and P-79-94 - 70 cm.

Dimitrieski (2011), in his investigations
on variety P-66-9/7 suggested that under normal
conditions for growth, plant height ranges from
65 to 75 cm.

From previously presented data on the
height of the stalk with and without inflorescence,
a general conclusion can be drawn that the dif-
ferences between investigated tobacco varieties
are significant and that they are primarily a result
of the genotype.

CONCLUSIONS

Based on the two-year investigations on
plant height in some varieties of tobacco type
Prilep, the following conclusions can be drawn:

Height of the stalk with inflorescence in
the check variety Prilep P-23 was 68.4 cm. The
lowest stalk height (59.3 ¢m) was measured in
variety Prilep P 12-2/1. Higher stalks compared
to the check waere recorded in varieties Prilep
NA-72 with 95.6 cm, Prilep P-79-94 with 96.9
cm, P 66-9/7 with 112.3 cm and the highest was
Prilep Basma 82 with 148.1 cm

e The height of the stalk without inflores-

cence has a similar pattern of differences
mong the investigated tobacco varieties.

e Climate conditions in 2010 were better
for growth of tobacco plant, because the
average height in all investigated variet-
ies was increased by 8.4 cm compared
to 2009.

e Differences in stalk height with and
without inflorescence in all tobacco va-
rieties is a result of the genotype, i.e . it
is a varietal trait.
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COMPARATIVE TESTING OF ORIENTAL TOBACCO VARIETIES OF THE
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ABSTRACT

A comprehensive assessment was made on biological and economic properties of five varieties
of oriental tobacco ecotype Krumovgrad in agro-environmental conditions of the experimental field
in the town of G. Delchev, the Nevrokop region. According to their morphological and biological
properties, all tested varieties fit the typical characteristics of the ecotype Krumovgrad. Varieties
Krumovgrad 78C and 68M have a potential to achieve higher yield and quality of dry tobacco and
exceed the tested varieties of the ecotype Krumovgrad. From the general assessment it can be predicted
that the investigated varieties can be grown not only in the selected regions but also in other regions
with similar soil and climate characteristics.

Key words: tobacco varieties, Krumovgrad, Nevrokop, yield

KOMITAPATUBHO UCITMTYBAIBE HA OPUEHTAJICKU TYTYHCKH COPTHU O
EKOTHUIIOT KPYMOBI'PAJI BO PEOHOT HA HEBPOKOII

W3BpIuIeHO € AeTalHO UCIHUTYBAkbE Ha OMOJIOIIKUTE U EKOHOMCKHUTE CBOjCTBA HA IET COPTU
TYTYH OZl OPUEHTAJIKCKHOT eKOTUIl KpyMOBIpaz BO arpoeKoIOUIKUTE YCIOBH Ha EKCIIEPUMEHTATHOTO
nosie Bo rpanot loue [lemues (HeBpokoncku peon). Cropen HUBHUTE MOP(OJIOMKN U OHOIOIIKN
KapaKTepHUCTHKU, CUTE UCIUTYBAaHU COPTU ce TUIHMYHHU 3a exoTunoTr Kpymosrpan. Coprure
Kpymogrpan 7811 u 68M nMaar MoTeHIMjal 1a MOCTUTHAT MOBUCOK IMMPUHOC U KBAJUTET HA CyBHOT
TYTYH BO criopeada co OCTaHaTUTE UCIIUTYBaHU COPTH O 0BOj eKoTHIl. O oniuTara MpoLeHKa MoXe
J1a ce MPEeIBUIM JIeKa UCIIUTYBAaHUTE COPTH MOXKaT Ja Ce OAIIIelyBaaT He CaMO BO IOCOUYEHUOT PEOH
TYKY M BO APYT'M PEOHH CO CIIMYHU ITOYBEHU U KIIUMATCKH YCIJIOBH.

Kayunn 36opoBu: coptu tytyn. Kpymosrpaa, Hespoxkorn, npunoc

INTRODUCTION

Variety is one of the factors responsible
for good quality of the received material and the
level of yields and fluctuations in morphological
characters is an objective component in the
evaluation of genotype (variety) (Dyulgerski,
2011). The biological factor is a powerful tool
for improving yield and quality of tobacco. It is
also of particular importance to preserve quality
characteristics of the varieties in different soil and
climate conditions. At the same time we should
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find a favorable combination of morphological,
technological, and smoking properties specific to
the type of tobacco (Bojinova and , Djulgerski ,
2006; Dimanov and Vitanova, 2011; Mutafchieva,
2005; Stoeva, 20006).

Market requirements for formation of
large batches of high quality tobacco imposed
cultivation of varieties developed for other agro-
ecological regions in the Nevrokop area. Starting
from 2005, oriental tobacco varieties from other
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ecotypes, mainly the ecotype Krumovgrad , have
been distributed and grown widely in the region
of Nevrokop.

Oriental ecotype Krumovgrad is one
of the most respectable and well accepted
tobaccos in international markets (Yancheva and
Yordanov, 1997). In recent years it has emerged
as one of the most demanded tobaccos, both from
Bulgarian and from major international tobacco

companies. The demand for aromatic tobacco
as a commodity is mainly related to the specific
smoking habits of the consumers.

The aim of this study is to make a
comparative assessment of morphological and
commercial properties and response to diseases
and pests of the Krumovgrad tobacco varieties in
different conditions of their habitat range.

MATERIALS AND METHODS

The field experiment was carried out
during 2008-2010 with five genotypes of the
varietal group Basma, ecotype Krumovgrad
(varieties Krumovgrad 988, Krumovgrad
58, Krumovgrad 90, Krumovgrad 68M and
Krumovgrad 78C). A comparative study was
conducted in experimental station - Gotse
Delchev using randomized block design in four
replications. Nevrokop-1146, which has been
the most cultivated variety in the region for
decades, was used as a control. The area of the
experimental elementary plot was 20 m2

Experience is displayed in rotation with

wheat. Technology is growing at a standard
farming practices of oriental tobacco, developed
and adopted by TTPI- Markovo.

The following characters are reported :
- Plant height / cm /
- Number of leaves
- Leaf'size / cm /
- Length of the vegetation period from planting
to flowering, in days,
- Economic indicators - yield and quality of dried
tobacco

The data were statistically processed
(Zapryanov and Dimova, 1995).

METEOROLOGICAL CHARACTERISTICS

The values of meteorological parameters
during the study ( 2008, 2009, 2010) are listed
in tables. They affect significantly the levels

of expression of the biometric, economic and
technological indicators.

Monthly average temperatures and precipitation for the Nevrokop region, 2008

Months v \Y VI VII VI IX
Temperature 11.6 15.3 20.2 21.9 23.0 17.4
Rainfall 39.2 20.0 95.6 45.7 41.9 68.2

Monthly average temperature and precipitation for the region Nevrokop 2009

Monts v \ VI VII VIII IX
Temperature 11.4 17.1 19.9 222 22.0 17.3
Rainfall 49.4 24.4 61.4 27.1 10.0 39.4

Monthly average temperatures and precipitation for the region Nevrokop 2010

Monts v v VI VII VIII IX
Temperature 11.6 16.3 18.8 21.6 24.2 17.8
Rainfall 223 33.7 130.0 54.2 21.9 65.5

For the three years of investigation, the
maximum rainfall was recorded in June 2010,
130 L/m?. All other values of the average monthly

temperature and rainfall were close to normal
for the area.
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RESULTS AND DISCUSSION

The results of accompanying indicators
are compiled tables.

Table 1 presents data from biometric
measurements of height, number of leaves and
length of growing season. In terms of plant
height measured at the end of the vegetation
period, the lowest average height was observed
in variety Krumovgrad 988 (92 cm), followed
by Krumovgrad 68 (119.4 cm) Krumovgrad 90
( 120.5 cm) and Krumovgrad 78S (122.5 cm),

and the highest in the standard Nevrokop 1146
(132.8 cm) and in the variety Krumovgrad 58
(134.5 cm).

For the character average number of
leaves (technically fit) for the testing period, the
lowest number of leaves (22) was observed in
variety Krumovgrad 988 and highest in varieties
Krumovgrad 78C and 68M (42-48 leaves). In
other variants the number of leaves was 24 — 32.

Table 1 Biometric measurements for the period 2008 - 2010

. - Plant height Number of Length Leaf 7 Leaf 14

Variants Varieties . ofvegetation length / .
in cm leaves .o ) length / width
period in days width

Krumovgrad 988 92.0 22 58 222/ 14.2 18.1/ 11.1
Krumpvgrad 90 120.5 24 68 23.8/ 154 20.1/ 13.1
Krumovgrad 58 134.5 32 64 27.4/ 19.3 22.8/ 15.0
Krumovgrad 78C 122.5 48 74 21.7 /13.2 19.1/ 11.7
Krumovgrad 68M 119.4 42 72 21.4/ 145 19.9/ 12.9
Nevrokop 132.8 32 64 26.4/ 17.8 242/ 144

1146-standard

According to the data, the longest period
of vegetation (from planting to full bloom in
days) of was observed in varieties with increased
leaf number (Krumovgrad 68M-72 days,
Krumovgrad 78C-74 days. Outer leaves remain
greener, because they can not fully ripen well in
the area conditions. Shorter growing season was
recorded for the vatiety Krumovgrad 988 - 58
days. The standard Nevrokop 1146 and variety
Krumovgrad 58 have average vegetation period
of 64 days.

Table 1 presents data (average values
for the test period) from measurements of length
and width of leaves from the lower and middle
harvesting layer, which is also defined by the
form of the leaves. In the lower harvesting
belt (7 leaves), the largest leaves are found
in Krumovgrad 58 and in standard variety
Nevrokop 1146. Smaller leaves are observed in
varieties Krumovgrad 68M, Krumovgrad 78C,
Krumovgrad 988 and Krumovgrad 90.

The highest length / width ratio in
the average harvesting layer (14 leaves) was
observed in Krumovgrad 58 and in the standard
Nevrokop 1146.

The black shank disease, caused by
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Phytophthora parasitica var.nicotianae is one
of the economically most important diseases
responsible for obtaining lower yields and quality
of the test varieties.

During 2008-2010, natural and artificial
infections of tobacco plants were made to study
the resistance to black shank.

The data show disease susceptibility
of 6.1% in variety Krumovgrad 988, followed
by Krumovgrad 90 (3.8%), Krumovgrad 78C
(3.5%), Krumovgrad 58 (2.3%) for 1200
observed plants . The trend was confirmed in
2009, with values increased by 2-3% when
irrigation water is significantly higher due to
dry periods. This favors the development of the
fungus far more than rainfall water.

Standard variety Nevrokop 1146 is
generally resistant to black shank, but it also
accounts for 1.0% diseased plants, which
determines its relative stability.

Another important disease is Tobacco
Mosaic Virus (TMV) I, Smith. In the work on
resistance to TMV with artificial contamination
by the method of Ternovskiy, all Krumovgrad
varieties were found to be susceptible and react
with TMV to make systemic infection._
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Table 2. Yield and percentage of classes for the period of investigation

Variants Average yield % of classes

Varieties kg / dka 1 II 111
1. Krumovgrad 988 179.15 41.2 48.1 10.5
2. Krumovgrad 90 201.75 48.0 47.5 4.5
3. Krumovgrad 58 216.15 47.5 393 13.2
4. Krumovgrad 78C 231.50 42.4 45.6 52.0
5. Krumovgrad 68M 221.65 49.2 39.3 11.5
6. Nevrokop 1146 250.00 36.0 40.0 24.0

ANOVA table

Cause of variation SQ FG S2 F
Total 758.83 23
Blocks 6.021 3
Varieties 752.21 5 150.4 3.76
Errors 0.599 15 0.04

Error of the difference-0 14kg/dka

The analysis of data on economic
characteristics proves that the highest yields
were achieved in the standard Nevrokop 1146,
variety Krumovgrad 78C and Krumovgrad, 68M,
followed by Krumovgrad 58 and lower yields were

obtained in Krumovgrad 988 and Krumovgrad 90.

In terms of quality expressed by the
percentage of classes, the difference is very
small both between varieties and compared to
the standard.

CONCLUSIONS

Comprehensive assessment was made of
biological and economic properties of five oriental
varieties of tobacco ecotype Krumovgrad in agro-
environmental conditions of the experimental field
in the town of G. Delchev / region of Nevrokop /.

All varieties tested fit the typical ecotype
Krumovgrad in their morphological and biological
characteristics.

Varieties Krumovgrad 78C and

Krumovgrad 68M showed higher productive
potential yield and quality of dry tobacco and
outperformed the other tested varieties of the
ecotype Krumovgrad.

From the integrated assessment it can be
predicted that the investigated varieties can be
grown not only in regions that were selected, but
also in other regions with similar soil and climate
characteristics.
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CHANGE IN QUANTITATIVE AND QUALITATIVE CHARACTERISTICS OF
TOBACCO VARIETY JK-48 DEPENDING ON MINERAL NUTRITION
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ABSTRACT

Field experiments were carried out during 2005 - 2006 in Scientific Tobacco Institute -Prilep
to investigate the effects of different rates of mineral fertilizers on yield and quality of oriental tobacco
variety JK-48. According to the results, the best effect on the yield of JK-48 with an increase 0of 26.39
% has the Nutrifert fertilizer applied at 30 kg/ha. The average purchase price of tobacco, expressed
in % of quality classes, was increased by only 1.34 % in the variant fertilized with 30 kg/ha NPK
(8:22:20). In all other variants only insignificant decrease of tobacco quality was observed. To evaluate
the fertilizers effect on investigated characters of tobacco all results were statistically processed by
analysis of variance and LSD test.

Key words: mineral fertilizers, oriental tobacco JK-48, yield, qualitative characteristics

INPOMEHU HA KBAHTUTETHUTE U KBAJIMTETHUTE KAPAKTEPUCTUKH HA
TYTYHOT, COPTA JK-48, BO 3BABUCHOCT Ol MUHEPAJIHATA NCXPAHA

LenTa Ha ABOrOAMIIHUTE HCTpPa)KyBama Oellle Ja ce OIpeld BIMjaHHETO Ha Pa3jIuyHU
KOMOMHAIIMX U KOHLECHTPALK Ha MUHEPAJIHU I'yOpUBa B3 IPUHOCOT U KBAJIMTETOT Ha OPHEHTAJICKATa
copta TyTyH, JK-48.

WcnuryBamara ce nzBpuenu Ha onutHoto nosie o HUTII, Bo nepronot 2005 - 2006 roguHa.

Bp3 ocHoBa Ha noOKeHHTE pe3yaTaTH, Haja00ap e(heKT Bp3 HPUHOCOT Ha TYTYHOT € 3a0eJIexKaH
kaj ryopusoto Hytpudepr co nosza ox 30 kg N/ha, npu mto uctuor ce 3rojemMui 3a 26,39%.
[Ipoceunara oTKymHa IIeHa U3pa3eHa NPeKy % Ha KBAJUTETHH KJIACH € HE3HAYUTEITHO 3roJieMeHa 3a
camo 1,34% kaj BapujanTara ryopena co NPK (8:22:20) co no3a on 30 kg N/ha. Kaj cute ocranatu
BapyjaHTHU ce 3a0eJie’KyBa HE3HAYUTEIHO HaMalyBambe Ha KBaJUTETOT HA TyTYHOT.
3a na ce oneHu e(hekToT Ha ynoTpeOeHnTe yOprBa Bp3 UCIIMTYBAHUTE KAPAKTEPUCTUKU HA TYTYHOT
pe3ynTaTuTe o1 UCIIMTYBambaTa ce CTAaTUCTUYKH 00padoTeHn co aHan3a Ha BapujaHca u LSD tectoT.

Kayuunu 300puBu: opueHraincku TytyH JK-48, munepannu ryopuma, NpUHOC, KBAJUTETHU
KapaKTePUCTUKHU

INTRODUCTION

Fertilization is one of the most important ~ oriental tobacco are closely associated with its
agricultural practices for ensuring a strong  availability to absorb nutrient elements from
agricultural production. Yield and quality of  soil. Tobacco is particularly sensitive to the
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quantities of nitrogen in soil. This very important
nutrient has a positive impact on yield and quality
of tobacco to a certain limit. Then, the yield
can be increased but the quality of produced
tobacco substantially declines. The use of
larger amounts of fertilizers before planting and
frequent nourishments of tobacco, after each
irrigation, is a common practice that increases
the quantity, but the quality is drastically reduced.
In conditions of strong fertilization and higher
nitrogen availability tobacco forms larger leaves
with prominent nervature, rougher and thicker
tissue, difficult to dry and with poor color (K.
Naumovski et al. 1977), with higher percentage
of nicotine and protein, reduced precentage of
sugar and bad smoke properties (Atanasov D.,
1965, Dimitrievic R, Tomic K., 1963, Donev
H., 1976).

The effects of fertilization can be positive
and negative. Controlled use of fertilizers
secures safe production of crops. There are
frequent cases when enormously high amounts
of fertilizers are used in order to achieve higher

yields. Uncontrolled use of fertilizers has a
negative effect not only on tobacco quality but
it also increases the production costs and has
negative impact on the environment, especially
on underground waters. That is why fertilization
is a very complex process which should be paid
serious attention.

Lately, the market has offered complex
fertilizers with various formulations for a
broad range of crops. Knowing that each crop
has specific physiology and different needs
for nutritious elements in various stages of
development, choosing the right fertilizer and
formulation requires a very cautious approach.
So far, mineral fertilizer NPK 8:22:20 has
been recommended for the process of tobacco
production.

Taking these facts into consideration,
testing was made of several new formulations of
mineral fertilizers to study their impact on yield
and quality of oriental aromatic tobacco in the
producing region of Prilep.

MATERIAL AND METHODS

Studies were performed in 2005 and
2006, at the field of the Scientific Tobacco
Institute — Prilep, with oriental tobacco JK - 48
and different combinations and concentrations
of mineral fertilizers, as follows:
1.  ©-unfertilized check
2. NPK (8:22:20) + Ammonium nitrate
for feed (36,5% N) - 30 kg N/h
3. NPK (8:22:20 + Ammonium nitrate for
feed) - 50 kg N/ ha
4. Nutrifert 6 (6:12:24 +2 MgO) +
fertimon for feed (25% N) - 30 kg N/ha
5. Nutrifert 6 (6:12:24 +2 MgO) +
fertimon for feed (25% N) - 50 kg N/ha
6. Magnifert (14:7:14 +5 MgO +
microns) + fertimon for feed (25% N) - 30
kg N/ha
7. Magnifert (14:7:14 +5 MgO +
microns) + fertimon for feed (25% N) - 50
kg N/ha

The experiment was set up in randomized
complete block design in 7 variants, with 3
replications. Meteorological conditions during the
experiment were recorded by the Meteorological

station located near the experimental field of
Tobacco Institute.

Soil tests were done before setting
up the experiment in order to determine the
agrochemical and physical properties of the
soil. 50% of the total amount of fertilizer was
applied before transplanting of tobacco, and
the remaining 50% two weeks after, on the first
digging. Each plot consisted of 5 rows, three
of which for harvest and two for protection.
Sedlings were planted at a spacing of 40x12 cm.
All indispensable agrotechnichal and phyto-
protection practices were applied during the
vegetation period of tobacco.

Harvesting was carried out in six
insertions, after which tobacco was sun-cured
under polyethylene. To measure the yield,
quality and chemical composition of tobacco
63 plants were picked from the middle rows of
the experimental plots. Qualitative assessment
of processed tobacco was made according to
the Rules for measurement and purchase of
raw tobacco. The obtained results on yield,
average price and gross income were statistically
processed with LSD test.

73



Tutun/Tobacco, Vol.62, N© 7-12, 72-78, 2012

RESULTS AND DISCUSSION

Climate and soil are the most important
factors that affect the yield and quality of aromatic
tobaccos (Pasoski, 1980). The Prilep production
area is characterized by a warm continental
climate (Filiposki 1997). From meteorological

factors, precipitation and air temperature play a
major role in tobacco production (Georgievski,
1990). The results of our investigations on these
two parameters are presented in Table 1.

Table 1. Sum of precipitation and average air temperature during 2005 and 2006

Sum of precipitation, mm

Average air temperature, °C

Month Decade

2005 2006 2005 2006

I 16,0 17,5 15,4 11,1

May II 1,3 12,6 17,2 15,9
1 30,5 - 17,5 20,8

sum 47,8 30,1 16,7 16,1

I 27,6 10,5 16,5 14,3

June 11 29,1 8,4 18,2 19.4
III 0,1 7,0 22,1 24,9

sum 56,8 25,9 18,9 19,5

I 1,9 40,5 22,5 19,6

July II 16,8 -—- 21,6 20,9
I 0,6 11,6 24,3 24.4

sum 19,3 52,1 22,9 21,5

I 57,9 30,3 21,3 22,6

August 11 0,3 0,5 21,3 23,4
I 21,8 2,4 20,9 21,5

sum 80,0 33,2 21,1 22,4

I 1,4 - 18,8 20,0

September 11 1,7 5,1 19,6 17,4
III 4.7 17,7 15,2 15,8

sum 7,8 22,8 17,9 17,7

Total 211,7 164,1 19,5 19,4

In 2005, the total amount of precipitation
in May and September was 211.7 mm and in
2006 it reached 164.1 mm. In this period there
were 40 rainy days. Sediment quantities were
even higher than those required for a good
quality oriental tobacco (Atanasov 1965), but the
rainfall distribution was very uneven, especially
in July and August when water requirements
were the highest. The uneven distribution of
precipitation had a strong impact on yield and
quality of tobacco. Greater amounts of water
after transplanting resulted in root development
near the soil surface. In later phases longer dry
periods appeared, followed by high temperatures
which accelerated the evaporation, so that
shallow tobacco root had no ability to satisfy the
water requirements for normal plant growth. In
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dry periods, when soil nutrients are unavailable
for tobacco plants, irrigation is an indispensable
measure.

The temperature is major climatic factor
for development of tobacco. The optimum
temperature for tobacco growth is 20-30° C
(Atanasov 1965, Uzunoski 1985), the growing
is best when the night temperatures are 18 - 21°
C (Hawks S., Colins W, 1994), and the best
temperature for maturation is when it is not lower
than 20 °C (Uzunoski 1985).

According to Georgievski (1990), mean
daily temperature of 22-25°C throughout the
growing season is accepted as an optimum
temperature equivalent, and the limit equivalents
are between 18 and 30°C.

During the two-year field investigations,
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the mean daily and monthly temperatures ranged
within the optimum values. The maximum
temperature values were observed in July and
August, with an average of 21.1 and 22.9°C.
From the analysis of climatic conditions
(Fig 1 and Fig 2) it can be concluded that dry
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Fig. 1. Climate diagram for the year 2005

Investigations were carried out in
colluvial-alluvial soil, quite common for tobacco
producing region of Prilep.

According to its mechanical composition
(Table 2), the soil of the arable layer is light
loam, physical clay fraction is represented by

periods which appear in the warmest months
of the year have a negative impact on tobacco
growth. The lack of water should be overcome
by irrigation, which will reduce harmful effects
on tobacco yield and quality.
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Fig. 2. Climate diagram for the year 2006

22.4%, field water capacity is 25.75% and with
porosity of 31.84% it belongs to the group of
low permeability soils. In terms of chemical
properties, the soil is low acidic, with low
humus content, low content of easily available
phosphorus and medium supply of potassium.

Table 2. Physical and chemical properties of soil

isi mg/100 ¢ soil
Depth  Porosity Wate_r Fisical pH Humus 8 8
(cm) vol. % capacity clay Texture i HO o,
' vol. % % 2 PO, KO
0-30 31,84 25,75 na4  Light 6,00 0,53 73 13,3
loam

The results on average yield (Table 3)
show that all fertilized variants have higher yield
compared to the check. It can be also concluded
that higher yield was achieved with variants
fertilized with 50 kg nitrogen/ha. The highest
yield of 3353 kg/ha was obtained in variant 3,
with application of Nutrifert, and in relative terms
the increase was 26.39 % compared to the check.

In variant 5, fertilized with 50 kg N/ha,
the yield was 25.39% higher compared to the
check but 1.0% lower compared to variant 3,
which was fertilized with significantly lower rate
(30 kg N/ha). In variants 6 and 7 the increase was
respectively 21,58% and 26,09%, compared to
the unfertilized check. It can be stated from the
results that the best results were obtained with
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variants fertilized with 30 kg N/ha. The use of
higher rates of nitrogen fertilizers is unjustified
and it will only make tobacco production per unit
area more expensive.

Statistical analysis of results showed
significant statistical difference at 0.001 level
between fertilized variants and the unfertilized
check. This leads to the conclusion that all
investigated formulations and rates of fertilizers
have a positive effect on the yield of oriental

tobacco variety JK-48. No statistical significance
exists among the variants fertilized with higher rates
of nitrogen, while in variants with lower rates of
nitrogen statistical differences of 5% and 1% were
observed. The data indicate that the investigated
fertilizers Nutrifert and Magnifert gave better
results compared to NPK 8:22:20, which has been
commonly recommended fertilizer in tobacco
production so far.

Table 3. Average tobacco yield (kg/ha)

) years

Variants 2005 2006 average %
Check 2797 2509 2653 100.00
NPK 30 kg2 3258 2863 3061 115.36
NPK 50 kg3 3301 3005 3153 118.84
Nutrifert 30 kg4 3387 3320 3353 126.39
Nutrifert 50 kg5 3440 3214 3327 125.39
Magnifert 30 kg6 3356 3096 3226 121.58
Magnifert 50 kg7 3577 3114 3345 126.09

2005 year 2006 year

LSD 0.05 = 62.19kg/ha  101.97 kg/ha

0.0l = 85.18 kg/ha  139.69 kg/ha

0.001 = 116.08 kg/ha

Tobacco quality is expressed by the
average purchase price per 1 kg of tobacco.
The data presented in Table 4 show that statistical
significance was observed only in variant 2,
fertilized with 30 kg N/ha, with 4.43% higher
average price compared to the check. In all other

190.36 kg/ha

variants there was a decrease of tobacco quality.
This means that the increase of nitrogen rates to a
certain level has a stimulative effect on yield and
quality, but if that level is exceeded, it has a negative
impact, particularly on quality.

Table 4. Average tobacco price (den/kg)

) years
Variants
2005 2006 average %
Check 103.77 102.69 103.23 100.00
NPK 30 kg2 111.55 104.07 107.81 104.43
NPK 50 kg3 99.97 99.84 99.91 96.78
Nutrifert 30 kg4 101.51 102.23 101.87 98.68
Nutrifert 50 kg5 101.35 100.01 100.68 97.53
Magnifert 30 kg6 97.21 96.99 97.10 94.06
Magnifert 50 kg7 94.85 95.98 95.42 92.43
2005 year 2006 year .
LSD 0.05 = 5.70 den/kg 2.31 den/kg .
0.01 = 7.99 den/kg 3.23 den/kg .
0.001 = 11.29 den/kg 4.57 den/kg
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The economic effect, expressed through
monetary income (Table 5), is a synthesis
between the achieved yield and the average
tobacco price per unit area. It can be stated
from the results that fertilization is an important
agrotechnical measure which has a strong impact
on the increase of tobacco yield per unit area.

High significance during the research
period was observed in the increase of gross

income in all variants investigated. The best
economic effect was achieved in variant 4, with
24.25% higher income per hectare and in all other
variants the increase ranged from 10.16% (variant
6) to023.89% (variant 5), compared to the check.
Despite the fact that fertilization increases
the costs of production, investigations have shown
that this agricultural practice is still profitable
investment that increases money gains to 40%.

Table 5. Gross income of tobacco for 2005 and 2006 (den/ha)

. years
Variants P
2005 2006 average /o
Check 290.065 257.497 273.781 100.00
NPK 30 kg2 363.197 298.644 330.920 120.87
NPK 50 kg3 330.695 298.508 314.602 114.91
Nutrifert 30 kg4 340.867 339.485 340.176 124.25
Nutrifert 50 kg5 348.320 330.089 339.204 123.89
Magnifert 30 kg6 324.686 278.512 301.599 110.16
Magnifert 50 kg7 336.971 267.600 302.285 110.41
2005 year 2006 year

LSD 0.05 = 22382.32 den/ha
0.01 = 31380.45 den/ha
0.001 = 44353.77 den/ha

Great influence on tobacco quality has
its chemical composition, in particular total
alkaloids, protein, soluble sugars, mineral matter
and their mutual ratio (Bajlov, Popov, 1964).
The content of chemical components depends
on variety, climatic conditions and, above all,
on applied agricultural practices (Devcic, 1975,
Beljo etal. 1994, Dimitrov 1964, Tatarcev 1955).

Table 6 presents the average values of
the investigated parameters which determine
the chemical composition of tobacco. The

1271791 den/ha
17830.76 den/ha
25202.36 den/ha

lowest content of nicotine was determined in
the check (0.62%) and the highest in the variant
3 (1.15%). The content of proteins is in optimal
range (Shmuk 1948) between 6.98% and 8.77%.
Soluble sugars and mineral matters are also
within the limits typical for this type of tobacco
(Bogdanceski et co. 1997, Grabuloski 1999).
The obtained results show that the applied
fertilizers do not violate the harmonious chemical
composition of tobacco variety JK-48.

Table 6. Chemical composition of tobacco

2005-2006
Variants Nicotine Proteins Soluble sugars Mineral matter
% % %

Check 0,72 6,31 18,34 9,91

NPK 30 kg2 0,94 6,54 20,27 11,70
NPK 50 kg3 1,01 6,62 20,94 10,18
nutrifert 30 kg4 1,06 6,04 22,54 11,28
nutrifert 50 kg5 1.21 6,50 20,91 11,80
magnifert 30 kg6 1,16 7,06 21,38 11,87
magnifert 50 kg7 1,29 6,50 19,95 12,37
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CONCLUSIONS

Two year-investigations were carried out
to study the influence of three mineral fertilizers
applied in different rates on qualitative and
quantitative properties of the oriental tobacco

Variety JK-48.

The results have shown that all fertilized
variants have a positive impact on yield and gross
income.

No statistical significance was observed
among the variants fertilized with nitrogen
rates up to 30 kg/ha. By further increase of
nitrogen rates, the quality of tobacco decreases
insignificantly.

The applied mineral fertilizers showed a
positive influence on cost-effectiveness of the
oriental tobacco variety JK-48.
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THE USE OF TRICHODERMA ASPERELLUM IN THE CONTROL
OF PATHOGENIC FUNGUS RHIZOCTONIA SOLANI KUHN
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ABSTRACT

Fungi of the genus Trichoderma are widely used in production of biological products which
show high efficiency in the control of many soilborne pathogens. Laboratory tests with Trichoderma
asperellum grown together with the pathogenic fungus Rhizoctonia solani as dual culture showed high
inhibitory effect of this antagonist on the pathogenic fungi. It represses the growth of the pathogen
and develops on its colony. The growth of pathogenic fungus grown in the presence of antagonist
was reduced by 36.74%, with percentage of inhibition being 63.26%. Biological agent 7. asperellum
was tested for control of R. solani on tobacco seedlings in protected conditions. Tobacco seedlings
were inoculated both with pure culture of the pathogen and with dual culture, where the pathogen
was grown in the presence of the antagonist. Seedlings treated with dual culture were healthier and
had a more rapid growth, while those treated with pure culture showed high percentage of infestation.

Key words: tobacco, Trichoderma asperellum, Rhizoctonia solani, antagonism

KOPUCTEILE HA TRICHODERMA ASPERELLUM 3A KOHTPOJIA
HA ITATOT'EHATA TABA RHIZOCTONIA SOLANI KUHN

I'adute ox pomot Trichoderma HajayBaaT mmpoka mpuMeHa 3a W3padoTKa Ha OMOJIOMIKH
npernaparH, KoM HOKa)KyBaaT BUCOKa e(pUKacCHOCT BO KOHTPOJIAaTa Ha IorojieM Opoj MOYBEHH MAaTOTeHH.
Bo maboparopuckute ncnutyBama KOU T HallpaBuBMe co rada Trichoderma asperellum onrnemyBana
3aeIHO CO maroreHara rada Rhizoctonia solani Bo BOjHa KyNTypa, c€ IOKaXka JIeKa OBOj aHTarOHHCT
MMa BUCOKO HHXHOUTOPHO J€jCTBO Bp3 nmaroreHara rada. Taa ro MHXHOHpa MOPacTOT Ha ATOTCHOT,
ro MOTHCHYBA U C€ pa3BHBa Bp3 HeroBara KosoHuja. [lopactor Ha maroreHara raba ofriiefyBaHa BO
IIPUCYCTBO HA AHTAT'OHUCTOT € HamaJieH 3a 36,74%, noaexa NpoLEeHTOT Ha HHXUOUpame H3HECyBallle
63,26%. buonowmkuor arenc 1. asperellum 3a konTpona Ha R. solani xaj TYTHCKHOT pacan, Oere
UCIIUTYBaH BO 3aIITHTEH NMpocTop. TyTYHCKHOT pacay Oemie MHOKYJIMpAaH CO YHCTa KYJITypa Of
NaTOreHOT U CO JIBOjHA KYJITYypa, KaJie MaTOreHOT € OAIIeyBaH BO MPUCYCTBO HA aHTArOHUCTOT.
Pacanor Tpetupasn co aBojHa KyiTypa Oerie 31paB 1 co T0Op3 pa3Boj, 10/ieKa Kaj pacagoT TpeTUpaH
CO YHCTa KYJATYpa OJf HaTOreHOT MMAIllle BUCOK IPOIICHT Ha 3apasa.

Kayunn 360opoBu: Tyryn, Trichoderma asperellum, Rhizoctonia solani, anTaroHu3aM.
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INTRODUCTION

Phytopathogenic fungus Rhizoctonia
solani is the major causing agent of root rot
disease on tobacco and other crops. Very often,
chemical products do not provide full protection
of seedlings from this pathogen. Even the most
frequently recommended chemicals so far
chlorothalonil, thiophanate-methyl and iprodion
(12) have shown low effectiveness in the control
of root rot in many vegetables. Presently,
researchers and growers of agricultural crops,
supported by environmentalists, are interested
in application of biological means for control of
plant pathogenic microorganisms. According to
Baker and Cook (1974) (1), biological control in
fact reduces the production of inoculum, i.e. the
activity of pathogen carried out by one or more
organisms.

In phytopathology, the term biological
control refers to the use of microorganisms-
antagonists of specific pathogens — agents of
plant diseases (9) called biological control
agents-BCA. In our country, biological control
of plants is still recommended as a segment of
the integral control.

In literature, a number of mycoparasites
are found for biological control of soil pathogens.
Some of them have proved to be good antagonists
of R. solani. The most popular among them
are species of the genus Trichoderma. Species
belonging to this genus are distributed widely in
the nature and can be easily isolated from soil as
a pure culture. The rapid growth of the culture on
nutrient medium and production of great number
of conidia colored with different shades of green
are the basic characteristics of fungi of this genus
(14). One of the most important features of these
species is their ability to parasitize other fungi.

Trichoderma genus includes imperfect
fungi which have anamorphic stage of propagation
(with no sexual stage) (5, 14). They are optional
parasites that parasitize a large number of
fungi, but can live as saprophytes, too. Species
Trichoderma spp. not only parasite the fungal

plant pathogens, but can also produce antibiotics,
causing systemic or local resistance against the
pathogen and improve the development of the
plant. The potential of these species to be used as
biological agents in the control of plant diseases
has been known since the 1930s (16). This
activity is due to different mechanisms (14). One
of the mechanisms is the competition for food,
and the second one, through formation of small
groups limits the growth of the pathogen. In both
cases the pathogen R. solani does not produce
sclerotic lesions, which means that Trichoderma
species can control the development of pathogen
sclerotions in the soil. Thus, Trichoderma species
act as mycoparasites, they produce antibiotics
and have enzymatic system capable of attacking
a wide range of plant pathogens. According to
Shalini (13), the mechanism and mode of action
of Trichoderma against R. solani consists of
bending around the hyphae of the pathogen,
penetration into their interior and decomposition
of cell.

Biopesticides use the beneficial
microorganisms or the products of their
metabolism in plant protection (6). They act
through several mechanisms: direct competition,
antibiosis, predation or parasitism and induced
resistance in host plant (6). The most common
biological agents in the control of soil pathogens
are 1. harzianum, T. viride and T. viriens (11)
and a number of biofungicides based on these
agents (7. harzianum, T. viride, T. asperellum,
and 7. polysporum) can be found in the trade.
(1). T asperellum was used as an antagonist to
obtain the biofungicide Trifender WP, which
showed high efficiency in protection of tobacco
seedlings from the pathogen (Taskoski, 15). This
biochemical also achieved high efficiency in
potato protection from R. solani (18).

The use of antagonistic fungus T.
asperellum and its application in biological
control of the pathogen R. solani in tobacco
seedlings was the main objective of this study.

MATERIAL AND METHODS

Studies were performed in vitro, in
laboratory conditions, with cultures of the
antagonistic and pathogenic fungi grown as
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dual culture, and in vivo, on tobacco seedlings.
Antagonistic effect of Trichoderma asperellum
on pathogenic fungus Rhizoctonia solani was
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investigated. Pure culture of R. solani was
obtained from infected tobacco seedlings grown
on potato-dextrose agar. The culture of the
antagonistic fungus 7. asperellum was isolated
from the biofungicide Trifender WP obtained
from the fungus, and than grown on nutrient
medium potato-dextrose agar.

Antagonistic ability of the fungus T.
asperellum against the pathogen R. solani was
investigated using the dual culture technique
described by Dennis and Webster (1971) (14).

Fragments sized 3 mm with mycelia of
the pathogenic fungus and the antagonist were
placed at 3 cm distance from each other in Petri

radius of growth in the presence of the antagonist

dishes with 10 cm diameter, on potato-dextrose
agar medium. Four trials with three replications
were made for this study. Pure culture of the
pathogenic and antagonistic fungi set up in
triplicate was used as a check. Prepared Petri
dishes were incubated in a thermostat at 25° C for
a period of 10 days. Radial growth of mycelial
colony of the pathogen grown in the presence of
the antagonist as a pure culture which served as
a check was regularly measured in a period of
7 days. The percentage of growth of mycelial
colony from the pathogenic fungus grown as a
pure culture was calculated by the formula of
Siameto (11):

x 100

0=

Percentage of inhibition of the pathogen
by T asperellu, was calculated by the formula of
Mudri (8) and Siameto (11):

% of inhibition = (a - b/a) x 100

where:
a =radial growth of the pathogen in the check
b =radial growth of the pathogen in the presence
of the antagonist

Inhibition of colony growth of the
pathogen (Zivkovic, 19) can be presented on
0 - 4 scale, where:

0 = no inhibition,

1 = 1-25% inhibition,
2 =26-50% inhibition,
3 = 51-75% inhibition,
4 =76-100% inhibition

Biological control of the pathogen R.
solani, the causing agent of root rot disease on
tobacco seedlings was checked in protected
conditions. For this purpose two experiments
were set up in three replications. Tobacco
seedlings of the oriental variety P66 were planted
in pots and grown using standard agrotechniques.
In the stage when seedlings were 2-4 cm long,

radius of growth in the check

inoculation was made with suspension prepared
from fungal mycelium. Investigations were
performed in three variants:

- Seedlings treated with pure culture of
the pathogenic fungus R. solani

- Seedlings treated with dual culture of
the pathogen and 7. asperellum

- Check - untreated seedlings

Fungal culture was grown on potato-
dextrose agar, in a thermostat at 25° C for a period
of 10 days. Culture of the pathogenic fungus was
grown separately, and dual culture between the
pathogenic fungus and the antagonist was placed
in other Petri dishes.

Mycelium from one Petri dish was used
to inoculate seedlings grown in a 380 cm’ pot.
Mycelial colony was mixed in 200 ml distilled
water and the resulting suspension was used
for foliar spraying of the seedlings. Inoculation
was made on 22.06.2011 in the first trial and on
25.07.2011 in the second trial. Seedlings in the
pots which were used as a check were treated
with pure water. Health condition of tobacco
seedlings was evaluated according to the number
of infected plants, i.e. to the percentage of
infected area.
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RESULTS AND DISCUSSION

The soilborne phytopathogenic fungus
R. solani can be easily isolated from infected
plants. Grown on potato-dextrose agar it has
slower growth, creating dirty white mycelial
colony which in older cultures gets brighter
shade of brown and the appearance of concentric
circles (Fig. 1). T asperellum showed similar
development as the pathogenic fungus, forming
white colony which turned green after a few

days, as a result of conidiophores and conidia
development (Fig. 2).

The results of laboratory investigations
of mycelial colonies in phytopathogenic fungus
R. solani and antagonistic fungus 7. asperellum
grown both in pure culture and as dual culture
were used to calculate the percentage of growth
of pathogen colony and the percentage of its
inhibition by the antagonist.

Fig. 1. R. solani — pure culture

Daily growth of fungi in pure culture and
in dual culture is presented in Table 1, through

Fig. 2. T asperellum — pure culture

the mean values from the four trials with three
replications. .

Table 1 Fungal growth (mm) in the period of incubation by days

Days of incubation

Variant 1 5 3 4 5 6 7
Rhizoctonia 5 50 1500 2000 29000 3800 4250 4875
solani
Rsolani*T. 450 1120 1300 1400 1500  17.00 17.50
asperellum
Trichoderma 5 5, 14 o 19.00 26.00 38.00 46.00 52.50
asperellum

Pathogenic fungus R. solani grown in
pure culture on the nutrient medium showed
somewhat slower growth. 24 hours after planting,
radius of the mycelial colony was 5.50 mm and
on the seventh day, at the end of observation,
it measured 48.75 mm. Antagonistic fungus 7.
asperellum grown in pure culture was similar
in size with the pathogenic fungus, measuring a
radius of 3.50 mm on the first day and 52.50 mm
on the seventh day of observation. When grown
in dual culture with the antagonistic fungus, the
pathogenic fungus showed high inhibitory effect
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on its growth. On the first day, radius of the
colony was 4.50 mm and on the seventh day it
reached 17.50 mm. Pure mycelial growth of the
pathogenic fungus appeared as a result of the
antagonistic effect of 7. asperellum.

On the seventh observation day, there
were no major differences in colony size of the
fungi grown in pure culture. The results obtained
in all four trials were almost identical (2). R.
solani reached its maximum colony growth
in the first and fourth trial, where a radius of
55.00 mm was measured. Slower growth was
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measured in the third and second trial, reaching
40.00 mm and 45.00 mm, respectively. On the
seventh day of observation 7. asperellum reached
a radius of 50.00 mm in the first and fourth and
55.00 mm in the second and third trial. Unlike
this, the pathogen R. solani in dual culture with

antagonistic fungus showed a very slow growth,
with colony size ranging from 10.00 mm in the
fourth to 25.00 mm in the first trial. In the second
and third trial the radius measured 15.00 mm and
20.00 mm, respectively.

Table 2. Fungal colony growth on the 7" day of incubation

Radial growth of the colony

Variant in mm by trials Average, mm
1 2 3 4

Rhizoctonia 55,00 45.00 40.00 55.00 48.75

solani
R solani+T. 25.00 15.00 20.00 10.00 17.50
asperellum
Trichoderma

50.00 55.00 55.00 50.00 52.50

asperellum

In average, R. solani grown in pure
culture on nutrient medium has 36.74% higher
growth of mycelial colony compared to the same
pathogen grown in dual culture, in the presence

of antagonist (Table 3). Thus, colony growth in
the fourth trial was greater for 18.18%, while in
the third trial it was 50.00% greater.

Table 3. Percentual growth of the colony of pathogenic fungus R. solani

Radial growth of the Radial growth of the
Variant colony in the check  colony in the presence Colony growth, %
variant, mm of antagonist, mm

I Trial 55.00 25.00 45.45
II Trial 45.00 15.00 33.33
T Trial 40.00 20.00 50.00
IV Trial 55.00 10.00 18.18
Average 36.74

Data obtained for radial growth of
mycelial colony of the pathogen in the check
variant (grown in pure culture) and that grown in
dual culture were used to calculate the percentage
of inhibition of pathogenic fungus by the
antagonist. In our investigation, the percentage

of inhibition averaged 63.26% (Table 4). The
highest percentage of inhibition of 81.82% was
observed in the fourth trial and the lowest of only
50.00% in the third trial. In the first and second
trial, the inhibition of the mycelial growth of the
pathogen was 54.55% and 66.66%, respectively.

Table 4. Inhibitory effect of 7. asperellum on R. solani

Radial growth of

Radial growth

of the colony in

Variant the colony in the Inhibition, % Index
. the presence of
check variant, mm .

antagonist, mm
1 Trial 55.00 25.00 54.55 3
II Trial 45.00 15.00 66.66 3
IIT Trial 40.00 20.00 50.00 2
IV Trial 55.00 10.00 81.82 4
Average 63.26 3
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Results of the investigation confirmed
the high antagonistic effect of the fungus T
asperellum on this pathogen. Its growth on the

Fig. 3. Dual culture of R. solani and
T asperellum

Results obtained in this research coincide
with those of Soares (12), who reported that
Trichoderma species inhibited the growth of R.
solani for over 60%, and T. koningii — species
which produces a huge amount of antibiotics,
inhibited the growth for 79-82%. Similar
results on antagonistic effect of 15 isolates of
T. harzianum were reported by Siameto (11)
and by Shalini (13), who tested 17 species for
their effect on soilborne phytopathogenic fungi
grown in dual culture. All isolates showed
serious antagonistic effect on mycelial growth of
pathogenic fungi, and the maximum inhibition of
growth of R. solani was 61.55%.

Biological control of R. solani was
tested under protected conditions, on tobacco
seedlings grown in pots. Inoculation was made
with a pure culture of the pathogenic fungus and

colony of R. solani in dual culture is presented
in Fig. 3 and Fig. 4.

Fig. 4. Development of 7. asperellum on the
colony of R. solani

with pathogenic and antagonistic fungi grown in
dual culture.

The first symptoms of infection in
seedlings treated with pure culture of the
pathogen in both trials were observed two days
after inoculation. Infection spread rapidly and it
only took few days for over half of the seedlings
to be destroyed. Unlike this, low percentage
of natural infection was observed in the check
variant (untreated) and a very small percentage
of plants were infected in the seedlings inoculated
with dual culture. 10-15 days after inoculation,
seedlings inoculated with the pure culture of the
pathogen were completely destroyed. In seedlings
inoculated with dual culture the spreading of
infection was not only stopped, but they had
better growth and development compared to the
check (Fig. 5 and Fig.6).

Fig. 5. Inoculated seedlings (left-R. solani,
right- R. solani+T. asperellum), 1 trial
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Fig. 6. Inoculated seedlings (left-R. solani,
right-R. solani+T. asperellum), 11 trial
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The high effectiveness of Trichoderma
species in reduction of diseases caused by the
pathogen R. solani in gardening crops was
confirmed in many studies (16). It was observed
that these crops were characterized by faster
growth and higher yields compared to the check
variants. High effectiveness in protection of the
lettuce and tomato seedlings from the pathogens
R. solani and P. debaryanum was achieved
with biological product TRI 003 based on 7.
harzianum, compared to the standard fungicides
Previcur and Dithane (3, 4, 10). In bean plants,
the infection by R. solani was reduced to 92%
when the seed was treated with 7. lignorum
(2). Effectiveness of 89% was obtained in the

protection of cucumber from R. solani, using
a compost prepared from plant waste enriched
with the biological control agent 7. asperellum,
isolate T-34 (17). The biofungicide Trifender
WP based on 7. asperellum showed over 90%
effectiveness in tobacco seedlings protection
from the pathogen R. solani (Taskoski, 15).
According to the results obtained in vitro and in
vivo, the fungus T. asperellum proved to be a good
antagonist and a real mycoparasite which inhibits
the growth of the pathogenic fungus R. solani.
It uses its mechanisms of action - antagonism
and mycoparasitism to suppress the pathogenic
fungus R. solani and to prevent its infection on
tobacco seedlings.

CONCLUSION

Phytopathogenic fungus R. solani grown
as a pure culture on potato-dextrose nutrient agar
has 36.74% faster growth compared to the same
fungus grown with the antagonistic fungus as a
dual culture.

Fungus T. asperellum showed high
antagonistic effect on mycelial colony growth
of the pathogenic fungus. The percentage of
inhibition of colony growth ranged from 50.00
% to 81.82 %, or 63.26 % in average.

Tobacco seedlings inoculated with a pure
culture of the pathogenic fungus was infected and

completely destroyed, while in tobacco seedlings
treated with inoculum prepared from culture of
the pathogen grown together with the antagonist,
the percentage of infected plants was very small.
The seedlings grown in the presence of the
antagonistic fungus had a more raoid growth
and better development compared to the check..
T. asperellum fungus appeared as a real antagonist
and mycoparasite on the fungus R. solan and it
can be used for biological control of this pathogen
in production of tobacco seedlings and other
gardening crops.
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ABSTRACT

Investigations of biological effect of fungicides in the control of pathogenic fungus Rhi-
zoctonia solani - causing agent of the damping off disease on tobacco seedlings were carried out in
biological laboratory at Scientific Tobacco Institute-Prilep in 2009 and 2010. The aim was to study
the effectiveness of fungicides that have already been used in the production of tobacco seedlings,
and some other fungicides, i.e. active ingredients. The results will contribute to possible expanding
of the list of products aimed for protection of tobacco seedlings from this disease.

Artificial inoculation was made with suspension of pure culture of the pathogen and products
with appropriate concentrations were applied through watering. The poorest results were obtained
with the fungicide Previcur (0,15%). Products with active ingredient chlorothalonil showed an aver-
age effectiveness of 78.27%. The best results were achieved with Top M (0,1%) and Quadris (0,2%)
with 87.85% and 94.36% average effectiveness in both years respectively.

Key words: Rhizoctonia solani, fungicide, active ingredient, effectiveness

HUCIIUTYBAIBE HA EOEKTUTE O/l HEKOU ®YHI'MIIUIU 3A KOHTPOJIA
HA RHIZOCTONIA SOLANI BO YCJIOBU HA BEHITAYKA NTHOKOJIYALIUJA

HcnuryBama Ha OMOJIOIIKOTO JejcTBO HAa (pyHIHUMANTE 3a Cy30MBame Ha maroreHara rabda
Rhizoctonia solani — npean3BuKyBa4 Ha OojiecTa ceyermhe Ha TyTYHCKUOT pacaj 0ea M3BpIICHU BO
Buonomkara naboparopuja npu Hayunuot unctutyT 3a TyTyH-IIprnen 8o 2009 1 2010 rox. Tue umaa
LeJl 1a ce ucnuTa e(pUKacHOCTa Ha (YHTULHIUTE KOM BEeKe ce yrnoTpeOyBaaTr BO MPOU3BOACTBOTO
Ha TYTYHCKH pacaj, HO ¥ HEKOH Apyru (QyHTHIMIN, OTHOCHO aKTMBHU Marepuu. Pesynrarute O6u
NpUAOHeNe 32 MOXKHO MPOIIUPYBakE HA JINCTAaTa HAa Mpenapary 3a 3aliTUTa Ha TYTYHCKHOT pacaj
0]l CEUEHETO.

UctpaxyBamara Oea W3BpIICHH CO BEILITaUYKa MHOKYJIAIKja CO CYCIIEH3Hja Off YUCTa KYJATypa o1
NaTOTeHOT, a IpenapaTuTe Co COOIBETHATA KOHLIEHTpalHja Oea arTMIUpaHu co nojesame. Hajcnabu
pesynraru umatie Gyaruuunnot Previcur (0,15%). [Ipenaparute co aktuBHa Marepuja chlorothalonil
nokaxxaa mpoceuHa eduxacHoct 78,27%. HajnoOpu pesyararu nokaxaa npernaparure Top M (0,1%)
co 87,85% u Quadris (0,2%) co 94,36% npocedna euKacHOCT BO JBETE TOJAUHHU.

Kayunn 360poBu: Rhizoctonia solani, yHruuun, akTuBHa Marepuja, e(UKacHOCT

87



Tutun/Tobacco, Vol.62, N© 7-12, 87-94, 2012

INTRODUCTION

Tobacco seedlings production suffers
from serious damage caused by damping off
disease each year. It occurs in all stages of seed-
ling development and can be manifested as pre-
emergence damping off, post-emergence damp-
ing or as rot pruning (Numez, 2005). Bearing in
mind the importance of seedlings for successful
tobacco production, the seriousness of the dam-
age becomes more obvious.

The most common cause of this dis-
ease in our conditions is the pathogenic fungus
Rhizoctonia solani. It is a widespread pathogen
known for its harmful effects on many impor-
tant agricultural and horticultural crops (Grosh,
2003) including beans, peas, soybeans, black
tomato, cucumber, corn, alfalfa, and many others
(Uchida, 2012). Damages that R. solani causes
to yield are proportional to agricultural land and
can reach up to 50% (Wallwork, 2000, loc cit.
Hollaway, 2008).

The application of preventive measures
is of great importance in plant protection. These
measures include crop rotation, optimum seed
quantities, proper use of fertilizers in accordance
with the growing stage, moderate irrigation, aera-
tion, etc. (Uchida, 2012). Protection programs
should be based on prevention of pathogen
infection and maintenance of vigorous plants
(Pataky, 1988).

Despite this, the fight against this patho-
gen is difficult. According to Nunez (2005), R.
solani is a soilborne pathogen which lives in
many types of soils. It persists for many years as
sclerotia or as mycelium on oganic substances, in
various environmental conditions (Pataky, 1988;
Grosh, 2003). Sclerorotia have an ability to float
and to exist in water and thereby they present a
primary inoculum (Ceresini, 1999).

Hollaway (2008) reported that the control
of this pathogen is difficult because the fungus
has a wide circle of hosts, i.e. limited possibili-
ties for crop rotation, and there are not resistant

varieties because the fungus can live and develop
even in the absence of living plant organism — it
has a “saprophytic ability.” Because of all this,
it can not be eliminated, but it can be controlled
to a level that will not cause economic losses.

Due to previous statements, the applica-
tion of chemical products in protection of tobacco
from this disease is necessary.

A number of active ingredients have
been reported for the control of this pathogen.
Frisina (1988) made investigations with benomyl,
iprodione, chlorothalonil and benodanil. Mueller
(1996) recommended the use of pentachloroni-
trobenzene (PCNB). From there investigations
of ED50 of many active ingredients Csinos and
Stephenson (1998) recommended flutolanil,
iprodione, fluazinam and tebuconazole to prevent
the spreading of infection in tobacco seedbeds.

According to Mocioni et al. (2003), azoxys-
trobin and trifoxystrobin, as well as tebuconazole
applied in three different formulations showed
significant effectiveness in the control of RAi-
zoctonia.

Fungicides that contain PCNB (Terrachlor),
Iprodione (Rovral) or Azoxystrobin (Quadris)
are effective against Rhizoctonia solani (Koen-
ning, 2007). Wong (2008) gives an extensive
list of active ingredients and preparations for
control of R. solani in lawns. Fludioxinil, maneb,
penthiopyrad, thiophanate-methyl, PCNB and
azoxystrobin, under different trade names, are
recommended by Schwartz and Gent (2012) in
potato.

The number of products for protection of
tobacco seedlings is limited and in certain cases
unsuitable fungicides are applied which are not
effective in the control of specific causing agent.
Therefore, the purpose of this research was to
study the effectiveness of some fungicides in the
control of causing agent of damping off disease
- the pathogenic fungus R.solani in conditions of
artificial inoculation.

MATERIAL AND METHODS

Investigations were carried out in Bio-
logical laboratory of Tobacco Institute-Prilep,
in 2009 and 2010. For this purpose, seeds of P
23 tobacco variety were sown in 8 pots for each
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variant in both years. The seedlings were grown
in traditional way.

Pathogenic fungus R. solani was isolated
from infected tobacco seedlings and grown on
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potato dextrose agar (PDA). 15-day pure culture
of the fungus was used for inoculation.
Artificial inoculation of the seedling was carried
out prior to the stage of intensive growth and
fungicide treatment was applied the following
day. The check variant was only inoculated.
Fungicides were applied by watering with 3
1/m2 of the suspension with appropriate concen-
tration. The disease development was followed
every day and several calculations were made on
the intensity of disease attack through estimation
of the percentage of infected area, starting few

days to 10-15 days after inoculation. For assess-
ment of the effectiveness, the last estimation was
taken into consideration. The method of Abbott
was used to estimate the effectiveness of the
products.

The selection of products was made ac-
cording to world literature and our personal in-
vestigations, including the experiences from the
production and protection of tobacco seedlings in
Tobacco Institute-Prilep. The list of investigated
fungicides is presented in Table 1.

Table 1. Investigated fungicides

.. . . . Concentration
Fung1c1de Active 1ngredlent a.1. content o
0
Top - M 70% WP Thiophanate- methyl 70% 0.1
Pilari¢ 75% WP Chlorthalonil 75% 0.2
Bravo 500 SC Chlorthalonil 515 g/l 0.2
Quadris 25 SC Azoksistrobin 250 g/l 0.1
Previcur- N Propamocarb 70 g/dm? 0.15
RESULTS AND DISCUSSION

Damping off disease emerges on the stem
at the ground line, where the tissue necrotizes
and dies, making the further development of
plant impossible. Infected plants fall down on
soil surface as if “cut off”. Sometimes, in
conditions of higher seedbed moisture, a whit-

ish mold can be observed on the seedlings. The
disease also spreads on adjacent plants, resulting
in infected infected patches which coalesce and
cover large areas of the bed. For this reason, the
major part of the seedbed is devastated and the
seedlings production is reduced ( Fig. 1).

Fig. 1. Symptoms of damping off disease on tobacco seedbeds
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In artificial inoculation with the pathogen in
2009, the percentage of infected area in the check
variant ranged from 37.75 to 72.00% (Table 2).
The lowest intensity of attack was recorded with
application of Quadris 0.2% and Top M 0.1% and
the highest intensity with Previcur 0.15%, The
latter showed the highest percentage of infected
area compared to other products investigated.

With further analysis, the intensity of the
disease increases. The highest percentage of in-
fected area in the next two analyses was observed
with application of Previcur 0.15% and the lowest

with Quadris 0.2%. With Top M 0.1% the per-
centage of infected area significantly increases,
compared to the first analysis. Similar is the case
with Pilari¢ 0.2%, while with Bravo 0.2% it has
been held in almost the same level.

According to the intensity of attack, the
lowest effectiveness (41.67%) was obtained with
Previcur 0.15% and the highest with Quadris
0.2% (88.72%). Other products showed similar
effectiveness, ranging about 74 - 75% (Table 2,
Graph 1).

Table 2. Effectiveness of fungicides investigated in 2009

o infected area % Effectiveness
Fungicide P 0
Date of estimation %0
16.06  20.06 25.06 -
Top M 0.1% 3.29 12.50 17.50 75.69
Pilari¢ 0.2% 6.32 6.25 17.50 75.69
Bravo 0.2% 16.25 17.50 18.13 74.82
Quadris 0.2% 3.13 5.63 8,13 88.72
Previcur 0.15% 22.50  25.63 42.00 41.67
KonTpona @ 37.75 50.00 72.00 -

In 2010 lower intensity of the disease at-
tack was manifested both in the check ( 21.88
- 55.63%) and in the variants treated with fungi-
cides (3.13% with Bravo 0.2% and 4.38% with
Pilari¢ 0.2%). In application of Top M 0.1% and
Quadris 0.2% no occurrence of the disease was
observed. The highest intensity of the attack ap-
pears with Previcur 0.15% (Table 3).

In the following analysis, again, there is no
presence of the disease in plants treated with the
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fungicides M Top 0.1% and Quadris 0.2%. With
application of Pilari¢ 0.2% and Bravo 0.2%, a
more significant increase of the infected area
was observed in the last analysis. It certainly had
an impact on their effectiveness, which ranged
79.40% and 83.14%, respectively.

Top M 0.1% and Quadris 0.2% showed
100% effectiveness in the control of the pathogen
R. solani (Table 3, Graph 2).
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Table3. Effectiveness of fungicides investigated in 2010

. infected area % Effectiveness
Fungicide — o
Date of estimation Yo
21.05 25.05 31.05
Top M 0.1% - +- - 100.00
Pilari¢ 0.2% 4.38 6.25 11.46 79.40
Bravo 0.2% 3.13 3.22 9.38 83.14
Quadris 0.2% - - - 100.00
Previcur 0.15% 10.63 13.06 20.63 62.75
Kontpona O 21.88 26.94 55.63 -
- no occurrence of disease
+-  insignificant occurrence
Graph 2. Effectiveness of fungicides in 2010
Check O
Previcur 0,15%

Quadris 0,2%

f§ Bravo0,2%

The lowest effectiveness, just as in 2009,
was determined with Previcur 0.15% (Graph 2).
These results are justified because these product
is characterized by a specific activity toward sev-
eral fungi of the class Oomycetes (Extoxnet 1997,
Bayer Crop Science, 2009). In practice it is used
in control of the pathogen Pythium debarianum,
which place in the classification of phytopatho-
genic fungi is completely different than that of R.
solani. For a long time it has been considered as
the only causing agent of the disease, due to the
resemblance of symptoms in tobacco seedlings.
For this reason it was included in the list of se-
lected products. Results of these investigations
imposed the need for correct determination of
the causing agent prior to the use of chemicals
in disease control (Pataky, 1988).

The problem with the presence of two
pathogens (in this case Pythium ultimum and R.
solani) is also emphasized in investigations of

other authors. Most of the fungicides give effi-
cient control of one pathogen only and therefore
great attention should be paid to the choice of
most appropriate product (Mueller, 1996).

4

Figure 2. The effectiveness of Previcur (0.15%)
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Figures 3, 4. Effectiveness of the products with active ingredient chlorothalonil

The products Pilari¢ and Bravo (a.i.
chlorothalonil) showed 74.82% to 83.14% ef-
fectiveness in both years (Figures 3 and 4). In
2009 their effectiveness was the same with that
of M Top, and in 2010 it was lower. Compared
to Quadris, their effectiveness is lower in both
years. Also in the investigations of Frisina (1988)
on pure cultures of R. solani (with mean value of
EDS50 for the investigated isolates) the degree of
inhibition of chlorothalonil was 40-65%. This ac-
tive ingredient is recommended for control of R.
solani by spraying the seedlings of horticultural
plants prior to or after transplanting (UC Pest
Management Guidelines, 2009).

The effectiveness of Top M in 2010 was
100% (Figure 5). In 2009 it was lower, just as
that of other products, taking into consideration

the higher intensity of attack in the check variety.
Compared to Quadris, its effectiveness in the
same year was lower, which is in accordance
with investigations on sugar beet carried out
by William et al. (2004), according to which
thiophanate-methyl was less effective than stro-
bilurins.

Nevertheless, the mean value of the
effectiveness in both years was 87.85%. There-
fore, this product provides good protection from
damping off disease and is applied in seedlings
production in Tobacco Institute-Prilep. Products
with active ingredient thiophanate-methyl are
recommended for control of R. solani in a num-
ber of programs for protection of various crops
(Wong 2008, UC Pest Management Guidelines
2009, Schwartz and Gent 2012).

In both years, the product Quadris gave
excellent results in the control of R. solani
(Figure 6). According to in vitro investigations
of Gveroska (2008) on a number of fungicides
against the pathogen R. solani, Quadris had
shown no reducing effect, which is contrary to
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Figure 5. The effectiveness of Top M (0.1%)

the results obtained with application of another
isolate. Blazier and Conway (2004) reported
that isolates of a different, and even of the same
anastomosis group are characterized by different
susceptibility to azoxystrobin.
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In vitro activity of azoxystrobin is not so
effective as in field conditions and in biological
laboratory. Mycelial growth on PDA can be only
30% at 1000 mg / ml a.i. R. solani belongs to
the fungi that are using the alternative oxidase
enzyme (AOX). It functions well in in vitro
conditions, but not in the tissues treated with
strobilurins. Additionally, the antioxidants of the
host-plant as flavones may interfere with the al-
ternative way in vivo, which affects the reduction
of the intensity of attack. It means that this fun-
gus is more susceptible to strobilurins in natural
conditions. In that way, the effectiveness of this
active ingredient in vivo is higher. Azoxystrobin
(Quadris) is a registered product for protection

of tobacco from blue mold disease, but it can be
also used in treatments of ready-to-transplant
tobacco seedlings to protect them from root rot
caused by R. solani (La Mondia, 2012).

The application of strobilurins during in-
oculation or half dose in inoculation and the other
half two weeks later, provides the most effective
protection. In our investigation, too, fungicides
were applied the next day after inoculation and
the product with a.i. azoxystrobin (Quadris) gave
excellent results. Even with a non-optimal period
of application, azoxystrobin showed higher effec-
tiveness compared to other strobilurins (William
et al., 2004).

Figure 6. The effectiveness of Quadris (0.1%)

CONCLUSIONS

- The lowest effectiveness of fungicides in
both years of investigation (2009, 2010) was
recorded with Previcur (0.15%).

Effectiveness of the product Pilari¢ (0.2%)
was 75.69%, i.e. 79.40% and that of Bravo
(0.2%) - 74.82% and 83.14% in both years.

- The average value of effectiveness of the
products with active ingredient chlorotha-
lonil was 78.27%.

- The standard product Top M (0.1%) in 2009
reached 75.69% effectiveness and in 2010
- 100%. The mean value of effectiveness in
both years equaled 87.85%.

The effectiveness of Quadris (0.2%) was
88.72% in 2009 and 100% in 2010. The aver-
age effectiveness was 94.36%.

- The highest effectiveness was obtained
with the products Quadris (0.2%) and Top
M (0.1%).

- Recommended products the control of
damping off disease on tobacco seedlings
caused by the pathogen R. solani are those
which showed highest effectiveness in condi-
tions of artificial inoculation.

- Investigations should be continued in natural
conditions of seedlings production.
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ABSTRACT

Tobacco flea beetle (Epitrix hirtipennis Melsh) is one of the most important pests of the
Solanaceae family. It can be found in tobacco throughout the whole period of vegetation, causing
severe damages both on seedlings and on transplanted tobacco. In the Republic of Macedonia, in-
vestigations on the morphology, biology and eradication of this pest were carried out by Krsteska,
Stojanoski (5, 6 and 7).

Presently, E. hirtipennis is one of the major pests on tobacco in Macedonia, spreading in
almost all tobacco producing regions in the country.

Having in mind the high consuming ability and expressed poliphagia of E. hirtipennis, the
longevity of adults, the great number of generations and resistance to the atmosphere effects, it is
necessary to perform protection against tobacco flea beetle. The struggle should be precise in order
to achieve visible results.

Key words: tobacco, Epitrix hirtipennis, damage, protection

MOBEKEIOJUIIHU UCITUTYBAA HA MOP®OJIOTNJATA M BUOJIOTAJATA
HA EPITRIX HIRTIPENNIS MELSH KAJ TYTYHOT

TyTtyHckara JnucHa OonBa Epithrix hirtipennis Melsh e eneH 07 eKOHOMCKHM HajBa)KHUTE
HITeTHUIM Ha amuinjata Solanaceae. bonBara € mprcyTHa Ha TYTYHOT HH3 LIEJTUOT BereTallMOHCH
MEPUOJT U MTPEM3BUKYBA TOJEMHU IITETH KaKO Ha pacaaoT Taka M Ha pacaJeHnoT TyTyH. Kpcrecka,
CrojaHOCKH BpILIesie MPOy4YyBama 3a Mopdosiorujara, OMosorujata u Cy30MBambeTO Ha OBO]j IITETHUK
BO PeryOnuka Maxkenonwuja (5, 6 u 7).

Henec, E. hirtipennis € eieH 01 eKOHOMCKH HajBaYKHUTE IITETHUIIM HA TYTYHOT BO Make1oHHUja
1 € KOHCTaTHpaH BO CKOPO CUTE TYTYHO-TIPOM3BOIHU PEOHH BO 3€MjaBa.

Cy30uBame Ha TyTYHOBATa JIMCHA 00JIBa CE MOKaKa KAKO HEOITXOIHOCT, MIMajKH I'0 BO ITPEIBHUT
rojieMara KOHCyMaTHBHA CIIOCOOHOCT M M3pa3uTaTa nonudaruoct Ha E. hirtipennis, HOITHOT aKTUBEH
JKUBOT Ha UMarara, roJIieMHOT Op0j Ha TeHepalliy, OTIIOPHOCTA KOH aTMOCBEpCKUTE Biijanuja. bopbara
Tpeba aa Oue npelu3Ha 3a J1a ce 100UjaT BUIJIMBY 3HAYajHU PE3YJITATH.

Kayunu 300poBu: TyTyH, Epitrix hirtipennis, omTeTyBama, 3alITATA

INTRODUCTION

Intensification and concentration of  in monoculture, make favorable conditions for
tobacco production in many regions of the  frequent mass attacks of harmful insect species
Republic of Macedonia, as well as its growing  on tobacco culture.
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E. hirtipennis is one of the most impor-
tant pests, which has been in large expansion on
tobacco producing regions of the south Balkans
over the past few years.

Originating from North America, this
species has a wide area of distribution and is
highly adaptable. Today, tobacco flea beetle is
present almost everywhere in the world.

The beetle causes severe damages on
cultures of the Solanaceae family, especially on
tobacco. In years of massive attack it produces
serious economic losses.

According to the Handbook of quaran-
tine plant diseases of ex Yugoslavia, it belongs to
the group of non-European species of quarantine
pests of the genus Epitrix. Beside E. hirtipennis,
tobacco can be attacked by other species of this
genus, like E. cucumeris Harris (Eastern parts
of North America, mainly a pest on potato) E.
parvula F. (USA- potato and tomato), E. fascata
Dur. (Puerto Rico —potato, eggplant and tomato)
E. nicotiana Bryant, E. argentinensis Bryant
(South America), etc. (4)

A strong infestation of this pest in Italy
was first observed in 1983, in the region of Ben-
vento (Sannino et al., 1984) (11, 12).

A detailed study of the pest was made by
Sannino et al, in 1985, and afterwards by San-
nino L., Piro F., Balbiani A., Biondi M., Piro F.,
Milano D., Fiorentino F. A variety of commercial
foliar insecticides (alphamethrin, esfenvalerat,
lambda-cyhalothrin, endosulfan, fluvalinate,
carbaryl, acephat etc), granulated soil insecticides
(carbosulfan, phorate, chlorpyriphos, phorate+
terbufos, etc), and microbiological products (bio-

products) based on Beauveria bassiana, Bacillus
thuringiensis were investigated for control of the
pest (1, 10, 13, 14,17).

According to references, investigations
on tobacco beetle control in USA are dating from
1970, with organophosphorous and carbamate in-
secticides (Mistric W.J., Smith F.D.; Semtner P.J.,
Reed T.D.), to the present days with application
of systemic product Admire 2F (a.i. imidacloprid)
(9, 15). Its commercial name in our country is
Confidor SL 200 \Kohinor R 200.

In Albania, E. hirtipennis was first report-
ed by Gixhari in 1986 (2) and today it is present in
almost all tobacco producing regions. Investiga-
tions with foliar application of seven commercial
insecticides (alphamethrin, esfenvalerat, lambda-
cyhalothrin, deltamethrin, endosulfan, carbaryl,
acephat) were carried out for control of this pest
on oriental tobacco.

Likouresis D.P., Mentzos G. (1991) the
first occurrence of the pest was reported in west
Greece, where it was supposed to be transported
from Italy. Today it is widely distributed on to-
bacco plantings in central Greece, too (8).

In Bulgaria, A. Dimitrov (1997) made
investigations for successful control of tobacco
beetle with Sumi-alpha (a.i. esfenvalerate) (3).

The first report on E. hirtipennis in the
Republic of Macedonia was made in 1996 (by
researches of Scientific tobacco institute Prilep)
in the region of Strumica, the village of Kos-
turino. During 1997/1998 the pest was reported
in the regions of Strumica, Radovis, Veles and
Prilep, and presently it is distributed in almost all
tobacco producing regions in the country.

MATERIAL AND METHOD OF WORK

The occurrence of E. hirtipennis on
tobacco was monitored from March to October
during 2001-2011. Investigations were made
during the whole growing period, from seedlings
through field tobacco to suckers in the post-
harvest period.

Investigations were made on morphology
and biology of the pest and its relationship with
soil and climate conditions of the region.

Field trials were carried out for the con-
trol of E. hirtipennis on oriental tobacco with
insecticides. The inspection of tobacco plants
before treatments revealed a heavy infestation
with the pest.
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Chemicals were applied foliary, with
knapsack sprayer, and the treatment included 400
tobacco plants in flowering stage.

The first field trial was performed in
2001-2002. Two synthetic pyrethroids were
applied foliary on the Experimental field of Sci-
entific Tobacco Institute-Prilep: Karate 2.5 EC
(a.i. lambda-cyhalothrin) -0.02%, Sumi-alpha 5
EC (a.i. esfenvalerate)- 0.04%.

Effectiveness of the applied insecticides
was estimated 1, 4, 7, 13 and 20 days after.

During 2007-2008, second field trials
were carried out on the Experimental field of
Scientific Tobacco Institute-Prilep, with three
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systemic insecticides: Confidor SL 200 (a.i.
imidacloprid) -0,03%, Bubastar 20 SP (a.i. ace-
tamiprid) 0,02% and Actara 25 WG (a.i. thiame-

thoxam)-0,02%.
Effectiveness of the applied insecticides
was estimated 1, 4, 9, 17 and 24 days after.

RESULTS AND DISCUSSION

Tobacco beetle Epitrix hirtipennis Melsh.
belongs to the order Coleoptera, family Chryso-
melidae, subfamily Halticinae.

The pest is known under different com-
mon names among the authors, mostly as tobacco
flea beetle or tomato beetle.

It is oligophagous pest, attacking the
plants of the Solanaceae family: tobacco, pepper,
potato, tomato, egg-plant, etc., and could be find
on the weeds of spontaneous flora: Datura stra-
monium, Phytolocca decandra, Vigna sinensis,
Artropa sp., Hyoscyamus sp., Lycium sp, Petunia
sp., etc (according literature data).

During our investigations, the beetle was
also determined on a number of weed species
around tobacco plantings, like: Amaranthus ret-
roflexus, Chenopodium album, Sinapis arvensis,
Datura stramonium, etc.

The pest is present on tobacco during the
whole growing period and attacks seedlings as
well as transplanted tobacco.

The imago of E. hirtipennis is small co-
leoptera 1.2 -2 mm long, dark-brown to reddish,
ovoid in shape. Antennae consist of 11 segments
and the mouthpart is adapted for nibbling. Elytrae
are spotted along the entire length and darken-
ing is present in their middle part and toward
the ends. Legs are modified for jumping and the
femur is darker ( Fig. 1).

Fig. 1 Imago of E. hirtipennis

According to Sannino L. and Balbiani
A., female lays in average 150-200 eggs in the
soil, in the vicinity of host-plant, individually
or in small groups (3-5) The eggs are oval and
elongated, 0.43 x 0.16 mm in size. At the moment
of emerging they are white, and with time they
turn to strawy-yellow. The surface of the horion
is smooth and elastic (11).

Hatching takes place after a week. Newly
hatched larvae are small and tiny, in white color.
The mature larva has cylindrical form, the body
is moderately wrinkled and segmented, reaching
asize of 3.5 - 4.5 mm. Its color is dirty white and
the head is light brown. It has three pairs of short
thoracic legs and a pair of abdominal prolegs on
the last segment.

The larva goes through three stages and
larval development lasts 4 to 5 weeks.

The mature-larva leaves the root system
and makes a soil chamber at a depth of 2-4 cm,
where it becomes a pupa (pupa liberta), sized
1.9x 0.75 mm.

The imago eclodes in 4 to 7 days.

Development of each generation from
egg to imago lasts approximately 6 weeks.

The adults have a considerably long ac-
tive life - about 8 weeks (17).

Due to this, their population rapidly in-
creases and causes losses throughout the whole
period of tobacco growing.

It usually has 3-5 generations a year, and
the adults of different generations mix together.
After harvest, the beetle easily adapts to tobacco
suckers and shelters underneath leaf debris or
other organic matters near tobacco or other plant-
ings where it hibernates.

E. hirtipennis causes three types of damages:
e Damages caused by larvae to under-
ground part of plants;
* Damages caused by imagos feeding on
tobacco plants;
* Indirect damages — the pest appears as a
vector of a number of viruses.
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Larvae feed on the underground parts
of plants, boring choridors through the roots
and stalks. They cause more severe damage to
younger plants.

The most severe damages are caused by
adult insects. These damages are characterized by

Fig. 2 Adults of E. hirtipennis

Gixhari, 1983, reports that tobacco beetle
in Albania has destroyed the whole yield of trans-
planted tobacco in only two days (2).

The beetle can consume food ten times
of'its own weight a day and is easily adaptable to

"
g

AN s
Fig. 4 Damage caused by tobacco beetle

Holes in the leaf present an entrance
for a great number of pathogenic microorgan-
isms. For damaged plants it is difficult to adapt
after transplanting and very often they die. The
damages are particularly pronounced in dry and
windy weather.
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small round holes that give the leaf a sieve-like
appearance (Fig. 2).

When higher population of the beetle
is present, the little holes on the seedlings and
young transplants coalesce and the leaf can dis-
appear in a short time ( Fig. 3).

various environmental conditions (12).

Imagos can cause economically impor-
tant damages both to young seedlings and to
plants transplanted in field.

Fig. 5 Damage caused by tobacco beetle

Damages on plants transplanted in field
depend on the intensity of attack. The increased
number of leaf holes reduces the assimilation
capacity of leaves, by which they slow down
plant growth and reduce the quality of tobacco.
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Fig. 6 Damage caused by tobacco beetle

The most severe damages are expected
the first three weeks after tobacco transplanting.
Unfortunately, tobacco beetle attacks all
leaf insertions, including the suckers and the top
leaves — the best for their aroma and quality.
Tobacco beetle can be potential vector of
the virus disease TRSV (tobacco ring spot virus).
E. hirtipennis hibernates as adult insect
under plant debris or in the stalks remaining in
tobacco fields after harvest. In spring, the imagos
emerge and feed initially on weed plants and
then migrate to tobacco seedbeds. They attack
the germinated plants and lay their eggs on soil
surface near the roots of the plants.
Tobacco beetle in field is spread through trans-
plantation of seedlings attacked by larvae. In the
same manner, the ecloded imagos from tobacco
seedbeds and those from adjacent weeds continue
to hatch on transplanted tobacco in field. The at-
tack proceeds to the end of harvest.
The control of this pest is very difficult, not only
because it is Coleoptera (sheathed wings) but
also because it is Halticinae, finding food by
hopping from one plant to another in short jumps.
Regarding the climate effects, cold winters result
in higher morbidity of the hibernating adults. In

the growing period of tobacco, in sunny days,
when the temperature is moderate, the adult of
E. hirtipennis is active and dwells both on front
and reverse side of leaf (preferring the latter one).
In a period of strong heat (about 35°C), it hides
in shady places or in the soil.

For successful protection of tobacco from this
harmful pest and, which is more important, for
obtaining higher yields of a good qualty to-
bacco, it is necessary to have basic knowledge
on its morphology, life cycle, dwelling place
and environment, damages caused on tobacco,
presence or absence of natural enemies and, fi-
nally, monitoring. Continuous visual monitoring
is necessary during the vegetation period, after
tobacco transplanting in field.

Preventive measures are of major importance in
the control or reduction of beetle attack. Mono-
culture production of tobacco should be avoided
and crop rotation is recommended instead. Crops
in which tobacco beetle can hibernate and su-
rvive, should not be used as a precrop. Wheat or
sunflower are good precrop for tobacco.

Plants of the Solanaceae family should be avo-
ided to be grown near tobacco seedbeds and
plantings.

Chemical control is still indispensable in keeping
the population rate in economically acceptable
frames.

In the first trial (2001-2002) plot treated with
Karate 0.02%, infestation was noticed on 315
plants, i.e. the beetle was identified on 78.75%
of the treated stalks.

In plot treated with Sumi-alpha 0.04%, the infes-
tation was observed in 339 out of the 400 plants
(84.75%).

The percentage of effectiveness was high. Thus,
four days after treatment with Karate tobacco
beetle was observed in 1.75% of the plants, and
20 days after in 9.75% (Graph 1).
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With Sumi-alpha, four days after treat-

Karate 2,5EC
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Graf. 1 Control of E. hirtipennis- plot treated with Karate 2,5 EC

tobacco stalks, and 20 days after in 17.75%

ment tobacco beetle survived in only 1% of  (Graph 2).
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Graf. 2 Control of E. hirtipennis- plot treated with Sumi-alpha 5 EC

In about 24 hours, with this active ingre-
dient, the reduction of infestation is 94 - 99%,
which is in accordance with data reported by
Sannino et al. (13) and Gixhari (2).

In the second trial (2007-2008), the ap-

plied insecticides showed high effectiveness in
tobacco beetle control, which was visible from
the first check 35 hours after their application
up to the 24-st day (Graf 3, 4 and 5).

% of effectivencss

Confidor SL 200

g
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Graf. 3 Confidor SL 200- effectiveness in tobacco beetle control
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Graf. 4 Bubastar 20 SP- effectiveness in tobacco beetle control
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Graf. 5 Actara 25 WG- effectiveness in tobacco beetle control

Our investigations on the effectiveness
of chemicals in the control of E. hirtipennis cor-
respond to those of other authors in the world
(from America, Italy, Greece, Bulgaria, Albania).

To avoid the possibility of resistance, a
change of chemicals during the same growing
period is recommended.

In spring, weeds near tobacco seedbeds
and in tobacco farms should be treated with
adequate insecticides. Pest treatment with insec-
ticides should be made when first holes appear
on leaves in seedbeds or in field and when first
imagos are observed.

For treatment of tobacco in seedbeds or

during its transplantation in field heavily infested
with tobacco beetle in the previous year, it is
necessary to apply systemic insecticides (imida-
cloprid, acetamiprid, or thiamethoxam) in order
to provide a long-term protection of young plants
in the most critical moment of transplantation.

Similarly, if strong attack of adults is
observed in field during the growing period, a
treatment with pyrethroid (esfenvalerate, lambda-
cyhalothrin), is recommended, which will pro-
vide immediate initial control.

In the repeated occurrence of the pest,
some of the systemic products (imidacloprid,
acetamiprid, or thiamethoxam) can be applied.

CONCLUSION

The high consuming ability and ex-
pressed poliphagia of Epitrix hirtipennis, the
longevity of imagos, the great number of gen-
erations and resistance to the atmosphere effects
make this insect difficult for control.

Having in mind that imagos are present

on tobacco throughout the whole period of grow-
ing (April - October), it is necessary to perform a
multiannual integral protection of tobacco, mak-
ing great efforts and applying precise measures
to achieve visible results.
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ABSTRACT

The effects of different rates of chloride application on growth parameters, yield and Cl
accumulation in cured leaves of six Burley cultivars have been studied in stationary field trial. Chloride
treatments were 0, 65 and 130 kg Cl ha!. The chloride source was KCI. The accumulation rates of
chloride in the leaves of six Burley tobacco varieties (Burley 1317, Burley 1000, Burley 1351 from
Bulgaria and TN 86, Banket 102, Kentucky 908 from the United States) were compared.

Statistically significant linear dependence was noted between chloride treatments and Cl
concentration in the leaves. The concentrations of chloride in cured leaves were 0.10-0.40%, 0.30-
0.99% and 0.37-1.87% respectively for 0, 65 and 130 kg Cl ha! treatments. In most cases the chloride
content increased above 1% at the 130 kg ha! ClI level. There were significant variety differences in
chloride accumulation and significant variety x soil chloride application interactions. Therefore, in
order to limit adverse effects of fertilization with high KClI rates the appropriate varieties should be
carefully selected.

Key words: Burley tobacco, chloride

HNCTPAKYBAILE HA KOHIIEHTPALIMJATA HA XJIOPU/l BO TYTYHCKUTE
COPTHU O] TUITIOT BEPJIEJ

Bo cramuoHupaHn MOJCKH OMUT U3BPIIECHHU CE MPOydyBasba HA €PEKTUTE OJ pa3TUIHU
NPUMEHETH JI031 Ha XJIOPWJ BP3 MapaMeTpUTe Ha pa3Boj — MPUHOCOT U akymynanujara Ha Cl Bo
CYBHTE JIMCTOBH OJ] IIECT OepiicjcKu copTH. TpeTupamara co xyopuj 6ea Bo mo3u ox 0, 65 u 130
kg Cl ha''. U3Bopor Ha xmopus 6emie KCl. Kommapupanu ce akyMyJaTHBHHUTE J03H Ha XJIOPHT BO
TYTYHCKHTE JINCTOBHU 0j1 1iect Oepiejcku coptu (bepiej 1317, bepinej 1000 u bepinej 1351 Oepiej o
byrapuja u TH 86, banker 102 u Kenrakn 908 on CAJl). KoHcTrarupaHa € cTaTUCTHYKH 3Ha4YajHA
JIMHEeapHa 3aBUCHOCT MOMEly TpeTHUpamaTa co XJOpHUI U KoHleHTparujara Ha Cl Bo jucToBUTE.
Konnentpamuure Ha xjopua Bo cyBute nuctoBu 6ea 0.10-0.40%, 0.30-0.99% u 0.37-1.87%
cooznBeTHO 3a Tpetupamara ox 0, 65 u 130 kg Cl ha'. Bo moBekero ciyuan compKuHaTa Ha XJIOPH/T
ce mokaun Hax 1% mpu Tpetupambe co 130 kg Cl ha'l. TTocTojar 3Ha9ajHU pa3nuku Mery COPTHUTE BO
OJTHOC Ha aKyMyJalfjara Ha XJIOpH], Kako ¥ 3HauajHH WHTEPAKIIMU TIOMEel'y copTara U 1moyBara Bo
MOBP3aHU CO PUMEHaTa Ha XJIOpuI0T. OTTaMy, 3a J1a ce HamaJiaT HEMIOKEIHNUTE e(PEeKTH 071 F'yOpeHEeTo
co Brucoku 1031 Ha KCl, morpeOHO € BHUMATEIHO Jia ce 010upaaT HajCOOABETHUTE COPTH.

Kayunu 360poBu: GepliejcKu TYTYH, XJIOPHUJT
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INTRODUCTION

Chloride is an essential micronutrient and
there is considerable evidence that beneficial
effects arise with tobacco from the presence
of small amounts of chloride in the fertilizer
(McCants & Woltz, 1967). Elliot and Vickery
(1961) reported that chlorine from 20 to 50
pounds per acre had no effect on yield or leaf-
grade quality of flue-cured tobacco, but increased
applications of chlorine increased the chlorine
content, moisture uptake, and decreased the
burning rate of the cured leaf. Mulchi (1982)
found significant reductions in average price,
quality index, and leaf burning at chloride
application rates above 44 kg/ha or above 0.53%
chloride in the cured Maryland tobacco. Various
soil and fertilization conditions, as well as
various types of tobacco, varieties and methods
of harvesting might contribute to the differences
in absorption and distribution of chloride with
respect to stalk positions and the total leaf
chloride content (Tso, 1990). The quality of
tobacco is known to be adversely affected by
excessive amounts of chloride in the media and
fertilization with KCl leads to accumulation of
unacceptable levels of chloride, which impairs
the quality of the cured leaf. The preferred source

of potassium is potassium sulfate but the cost of
fertilization tempts tobacco growers to use the
cheaper muriate of potash source (Palmer and
Pearce, 1999). Gul et al. (2006) illustrated that
tobacco cultivars showed different response to
the KCI induced chloride toxicity. The same
authors reported that chloride, reducing sugars,
nitrogen, nicotine and K contents of leaves
increased with increasing KCIl. Darvishzadeh
et al. (2011) observed that Cl uptake by oriental
tobacco varied with genotypes and suggested
that Cl accumulation is genetically controlled.
According to Karaivazoglou et al. (2004) the
differentiation among varieties in accumulation
rate of chloride with increased chloride level
indicate that, when the chloride concentration
in the available irrigation water is high, a choice
exists to select among Oriental, Virginia and
Burley tobacco varieties that exhibit the less
adverse effect from chloride.

The objective of the current study was
to investigate the influence of Cl addition on
growth parameters, yield of cured leaves and
Cl accumulation in cured leaves from different
primings of six Burley cultivars.

MATERIAL AND METODS

The effect of chloride applied in the soil on
the growth, yield and chloride concentration in
Burley tobacco genotypes was investigated in
2006. The study was conducted in a stationary
field trial. The soil used was sandy loam, alluvial-
meadow with low chlorine content - 1,78 mg
kg!; humus — 1,82%; total nitrogen - 0.076%;
PO, - 16 mg kg'; KO - 266,5 mg kg'; bulk
density - 1,3 g/cm?; pH 1,0, - 8.43.

The stationary plots (1,5 m long and 1,5
meters wide) had a depth of 0,5 m and area of 2,25
m?. During field preparation, each plot received
P broadcast at a rate equal to 100 kg ha', using
triple superphosphate as fertilizer. Nitrogen was
applied at a rate of 140 kg ha' as ammonium
nitrate. Chloride treatments were 0, 65 and
130 kg CI ha'. The chloride source was KCI.
Before transplanting, the fertilizers (ammonium
nitrate and potassium chloride) were uniformly
broadcast over the soil surface of each plot and
incorporated into the soil.
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The accumulation rates of chloride in the
leaves of six Burley varieties - Burley 1317, Burley
1000 and Burley 1351 from Bulgaria and TN 86,
Banket 102 and Kentucky 908 from the United
States were compared.

Cultural practices were applied according to
the recommendations for commercial plantations.

The following measurements were taken: plant
height and number of leaves per plant (as measured
at flowering), yield of cured leaves per plant and
chemical analyses of the leaves. Cured leaves at
first (lower leaves), second (middle leaves) and
third (upper leaves) priming were collected for
analyses. All samples were oven-dried at 65°C and
ground. The chlorine content was determined by
titration using the silver nitrate method.

The analysis of variance was used for
statistical processing of data. Regression analysis
was used to establish relationships between
chloride treatments rates and changes in chloride
contents in cured leaves.
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RESULTS AND DISCUSSION

Chloride toxicity in green tobacco has
been characterized as thickened leaves which
are exceedingly brittle with upward curling of
leaf margins (McCants & Woltz, 1967). No
symptoms of chloride toxicity appeared under our
experimental conditions during the growing season.

Growth parameters including plant height
and leaf number per plant were not significantly
affected by Cl addition (Table 1). Genotype
differences were significant, but varieties x
soil chloride application interactions were

in crop yields were not significant among
rates of chloride applications and variety x
soil chloride application interaction. However,
genotype differences for yield of cured leaves
were statistically significant. Gul et al. (2006) in
outdoor pot experiment with tobacco cultivars
observed that all growth parameters increased
with the initial dose of 4 mmol kg'of KCIl, but
then decreased with higher levels. Our results
indicate that chloride treatments up to 130 kg Cl
ha'! did not influence growth processes of Burley

significant for plant height only. Differences

tobacco plants and yield of cured leaves.

Table 1. Effect of soil chloride application and variety on growth parameters and
yield of cured leaves

Soi? ch.loride ) , Total number of ) |
apphc}?tllon, kg Variety Plant height, cm leaves per plant Yield, g plant
o
Burley 1317 123.2 23.8 78.0
Burley 1000 140.2 23.8 80.2
Burley 1351 141.2 25.2 84.2
0 TN 86 138.6 23.6 74.0
Banket 102 135.0 25.0 85.0
Kentucky 908 121.6 23.6 74.2
Burley 1317 122.5 23.5 80.2
Burley 1000 137.1 23.6 83.0
Burley 1351 137.5 254 81.4
65 TN 86 135.0 235 81.0
Banket 102 134.5 253 78.4
Kentucky 908 120.0 23.8 76.0
Burley 1317 125.3 22.9 76.4
Burley 1000 145.0 24.0 78.8
Burley 1351 141.5 25.6 87.8
130 TN 86 139.7 24.0 80.4
Banket 102 130.5 24.5 80.2
Kentucky 908 113.8 24.0 77.4
Significance of F-tests
CI Application (CI A) NS NS NS
Variety (V) *ok *E *
ClxV * NS NS

* ** Significant at the 0.05 and 0.01 probability levels, respectively; NS — not significant

Variations of Cl concentration in tobacco
leaves due to Cl addition and variety differences
are shown in Table 2. The chloride content
in tobacco leaves varied from 0.10 to 1.87%.
According to Flower (1999), the highest

concentration of chloride is found in the lower
leaves and it decreases progressively to the top
of the plant. Generally, the chlorine concentration
in our investigation was the highest in the
lower priming and diminished with successive
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primings. The variation in Cl contents in the
second and third priming was not related to
leaves’ stalk position, which could be explained
by the fact that Cl- is mobile within the plant.
The CL concentration in cured leaves from
control treatment is not high - from 0.10 to 0.40%.
With the increase of chloride application rates
the CI content in leaves from the first, second
and third priming was significantly increased.

Chloride concentrations in tobacco leaves grown
under the highest KCl rates were 4-5 times higher
than those grown on plots without Cl addition.
Chloride concentrations in excess of 1% can
produce poor quality tobacco (Flower, 1999). In
our experiment, the tobacco from 0 and 65 kg
CI ha'! treatments did not reach this detrimental
accumulation rate. In most cases the chloride
content rose above 1% at the 130 kg ha' Cllevel.

Table 2. Effect of soil chloride application and variety on chloride concentration in cured leaves

(% of dry weight)
Soil ghlqude . Lower Middle Upper
application, Variety leaves leaves leaves Average
kg ha’!
Burley 1317 0.25 0.12 0.12 0.16
Burley 1000 0.20 0.10 0.13 0.14
0 Burley 1351 0.40 0.23 0.14 0.25
TN 86 0.22 0.21 0.17 0.20
Banket 102 0.31 0.17 0.16 0.21
Kentucky 908 0.21 0.22 0.15 0.20
Burley 1317 0.54 0.99 0.42 0.65
Burley 1000 0.61 0.70 0.58 0.63
65 Burley 1351 0.98 0.30 0.53 0.60
TN 86 0.76 0.43 0.38 0.52
Banket 102 0.69 0.49 0.50 0.56
Kentucky 908 0.73 0.38 0.80 0.64
Burley 1317 1.51 0.72 0.84 1.02
Burley 1000 1.29 0.53 0.37 0.73
130 Burley 1351 1.04 0.62 121 0.96
TN 86 1.62 1.17 1.24 1.34
Banket 102 1.75 1.19 1.54 1.49
Kentucky 908 1.87 1.37 1.85 1.70
Significance of F-tests

Cl Application (Cl A) *x o ox

Variety (V) * *x *

Cl X V * sk %

* ** Significant at the 0.05 and 0.01 probability levels, respectively

Statistically significant linear dependence
was noted between chloride treatments and
the concentration of Cl in the leaf tissues. The
equations in Table 3 can be used to predict the
maximum chloride rate to keep leaf chloride
concentrations from exceeding 1%. If y=1%,
the corresponding Cl rates are 79, 136, and
113 kg ha! for lower, middle and upper leaves,
respectively. These rates are higher than the
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chloride rate of 44 kg ha'! obtained by Mulchi
(1982) above which he observed significant
reductions in some parameters of cured tobacco.
Therefore, the calculated rates point to the highest
acceptable levels above which the leaf quality is
expected to be reduced. Peedin (1999) emphasize
that the y intercept of the regression equation will
vary depending on the amount and distribution of
rainfall, soil types and some cultivation practices.
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Table 3. Relationships between chloride treatment rates and changes in chloride contents in lower,
middle and upper leaves of Burley tobacco

Leaf position

Relationship

Correlation coefficient (r)

Lower leaves
Middle leaves

Upper leaves

Y=0.21+0.010x
Y=0.18+0.006x
Y=0.10+0.008x

0.927**
0.794**
0.820**

** Significant at the 0.01 probability level

Evanylo et al. (1988) established nutrient

norms for cured Burley tobacco and observed that
the mean chloride concentrations for desirable
yield and price were 9.6 and 9.9 mg g'. The
same authors concluded that because of a large
SD value for mean Cl concentration in the high-
price subpopulation high-quality tobacco may be
attained under a fairly wide rage of Cl.
Having in mind the emerging consensus views
from the cited literature and the data obtained
in our experiments, chloride application of 65
kg ha"' should be considered as optimal for
producing high cured-leaf quality under South
Bulgarian conditions.

The accumulation rate of chloride in
leaves at three chloride levels varied between
cultivars (Table 2). There were significant
variety differences in chloride accumulation and

significant variety x soil chloride application
interactions. The average Cl concentration of six
genotypes ranged from 0.14 to 0.25% in plots
not receiving KCI. In control treatments Burley
1351 was the highest Cl accumulator but the same
did not apply to the application of 65 and 130 kg
Cl ha'. Averaged for all primings, Burley 1317
had the highest chloride concentration in leaves
as compared to other cultivars when CI rate
was 65 kg ha''. In the highest Cl treatment the
average chloride concentration varied from 0.73
to 1.70% and all Bulgarian cultivars accumulated
less chloride in the leaves compared to the three
introduced varieties. These results indicate that,
when properly applied, the cheaper muriate of
potash source can be safely used by tobacco
growers to increase the economic efficiency of
fertilizer application.

CONCLUSIONS

Our results indicate that KCl applications
should be planed carefully to prevent its adverse
effects on quality of tobacco even when tobacco
is grown on soils with low chlorine content.

Under our experimental conditions, no
symptoms of chloride toxicity appeared during
the growing season. Growth parameters and
yield of cured leaves were not significantly
affected by Cl addition but statistically significant
linear dependence was noted between chloride
treatments and the concentration of Cl in the
leaves. The concentrations of chloride in cured
leaves were 0.10-0.40%, 0.30-0.99% and 0.37-

1.87% respectively for 0, 65 and 130 kg CI ha'!
treatments. In most cases the chloride content
rose above 1% at the 130 kg ha'! Cl level.

There were significant variety differences
in chloride accumulation and significant variety
x soil chloride application interactions. In the
highest Cl treatment, cultivars Burley 1317,
Burley 1000 and Burley 1351 accumulated less
chloride in the leaves compared with the three
introduced varieties. Therefore, in order to limit
adverse effects of fertilization with high KCl
rates the appropriate varieties should be carefully
chosen.
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STUDY OF TECHNOLOGICALLY UNUSABLE TOBACCO WASTE AND PRACTICAL
SOLUTIONS FOR ITS RECOVERY

Hristo Bozukov, Stefka Kirkova, Penka Zapryanova
Tobacco and Tobacco Products Institute, Plovdiv, Bulgaria

ABSTRACT

Tests of biological waste from the tobacco industry were carried out. The test results led to the
following waste recovery solutions. The above 1.00 mm fractions /10% of the sample/ can be utilized
for producing briquettes. The carbon monoxide yield as compared to the cigarette smoke was below
the standard limit of 10.00 mg/cig. The above 0.4 mm fractions /90% of the sample/ are suitable for
nicotine extraction. An aggregate /mixed/ sample should be used for nicotine extraction. The tobacco
dust /fraction under 0.4 mm/ with high iron content is suitable for being used as fertilizer following
composting in alkaline soils. All fractions are suitable for nicotine extraction and subsequent
composting — the fractions contain an optimal amount of nutrients and are low in heavy metal content.
The material of all fractions can undergo pyrolysis to generate gas.

Key words: fobacco, tobacco waste, tobacco waste utilization

INPOYYYBAIBE HA TEXHOJIOIIKU HEYITIOTPEBJIMBUOT TYTYHCKHA OTHAJ 1
IHNPAKTUYHU PEHIEHUJA 3A HE'OBOTO OBHOBYBAIBE

HM3BperieHn ce NCIUTyBamkba Ha OMOJIOIIKK OTIAJ O TYyTYHCKaTa MHAyCTpHja. Pesymrarure ox
OITUTOT JIOBEOA 0 CIEAHUBE pelIeHHja 32 OOHOBYBame Ha oTnajoT. [opuute dpakuun ox 1,00
mm/10% ox mpuMepoKOT/ MOXKaT Ja c€ UCKOPHUCTAT 3a MPOU3BOACTBO Ha Opukeru. KonmnunHara Ha
jarmepos MOHOKCHJT BO criopeida co 4a 0T O IIMTapuTe € oA cTanaapaHara rpanuna ox 10,00 mg/
cig. l'opaure ppakuun ox 0,4 mm / 90% o npuMepOKOT/ ce€ MOTOIHH 3a EKCTPaKIHja Ha HUKOTHH.
Arperar / Melanu / mpuMepok Tpeda J1a ce KOPUCTHU 32 HUKOTHH eKcTpakiuja. TyTyHckara mpammHa
/paknujara mox 0,4 mm/ 3apaiv BUCOKaTa COPYKMHA Ha XKEJIE30 € IIOTO/IHA /1A Ce KOPHCTH KaKo I'yope
10 KOMITOCTHPAH-ETO Ha aJIKaTHUTE M0YBU. CHTe (hpaKiy ce MOroHM 3a eKCTPAKIHM]ja Ha HUKOTHHOT
U [TOCJIE/IOBATEITHO KOMITOCTHPAILE - (PPAKIMUTE COAPIKAT ONTUMAIIHA KOJIMYMHA Ha XPAHJIMBU MaTePUU
U C€ CO HHCKa COJP)KMHA Ha TEIIKH MeTali. Matepujasior o1 cute Gppakuui MOXKe Ja Ce MOITIOKHI
Ha MPOJIU3a 3a T00MBabe Ha Tac.

Kny4ynu 300poBH: TyTyH, TyTYHCKHU OTIIaJ], HCKOPUCTYBaIbE Ha TYTYHCKHOT OTHAJ

INTRODUCTION

Currently there are four cigarette factories ~ of companies involved in tobacco purchasing
operating in Sofia, Plovdiv, Blagoevgrad and and preparation. Impurities in the tobacco
Stara Zagora, one tobacco processing plant in  products are not allowed. Impurities could be
the village of Yasen and a considerable number  organic, inorganic and miscellaneous materials
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on tobacco leaves and between them [1]. This
is why throughout the technological processing
of tobacco, it is cleaned and dedusted numerous
times. Pneumatic tubes, separation machines and
aspiration systems are applied for the purpose.
Particles of tobacco origin are being in this
way also captured and respectively discarded.
This tobacco waste consists of tobacco dust,
cigarette machine crumbs, mid-rib and leaf blade
pieces, even leaves. Such waste is referred to as
“technologically unusable”. It is disposed of in
regulated waste depots. Its quantity is significant
— more than 100 tons per month. It is not being
utilized at this point. Moreover, it creates a burden
for the processing plants and cigarette factories.
There are companies which offer briquetting of
waste to reduce the volume and facilitate storage

and transport. Even as a waste tobacco is an
organic material in which physical, chemical,
biochemical and autolytic processes continue to
flow. For this reason it heats up and combusts,
i.e. the fire risks with tobacco waste storage
are significant. On the other hand Bulgaria is
legally obliged to comply with environmental
requirements in tobacco growing and tobacco
products manufacturing [2]. It had been proven
that the so called “technologically unusable
waste” has ample potential. Biologically active
substances and energy could be derived from it
and it can be used for fertilizers [3].

The objective of the study was to explore
the opportunities for utilizing the biological waste
from the tobacco industry.

MATERIAL AND METHODS

We analyzed samples broken down by
type of waste and aggregate /mixed/ samples
containing different ingredients /dust, crumbs,
briquettes, leaf parts, etc./. The tobacco industry
biological waste sample underwent fractionation.
The fraction analysis aimed at fractionating
the sample based on the size of the constituent
particles. The fractional composition was
established as per BSS 8026-88 using sieves with
mesh size of respectively 3.0 mm, 2.0 mm, 1,0
mm and 0.4 mm. In this way we obtained five
fractions with the fifth one being in the below
0.4 size range or the so called tobacco dust.
Tobacco dust is particles of tobacco ribs and

leaf which were sifted through a 0.4 mm sieve.
Usually it also contains sand. Sand is composed
of inorganic particles stuck on the tobacco leaf
or impurities in the dust fraction derived from
the tobacco dedusting process. The subsequent
tests were carried out by fractions to determine
the basic chemical properties of tobacco. The
content of the analyzed harmful substances —
nicotine, tar and CO — was established by testing
lab-manufactured cigarettes. The nicotine content
in the extract was analyzed, as well as the content
of micro and macro elements. Standardized
methodology was applied for the analysis and
data processing.

RESULTS AND DISCUSSION

The results of the fractional composition of the aggregate /mixed/ sample are shown in Table 1.

Table 1 Fractional composition

Fraction Result, %
I fraction - above 3 mm 0.58
II fraction - above 2 mm 2.04
III fraction - above 1 mm 7.13
1V fraction - above 0.4 mm 27.82
V fraction - below 0.4 mm 62.43

The results show the highest percentage
was registered in the dust fraction. The lowest
was for the particles above 3.0 mm. The sample
consisted mainly of particles below 1.0 mm.
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Due to the small amount of the I and II
fractions, the samples were collected for future
studies. Sand was found only in fraction V —8.52%.

The results are shown in Figure 1.
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Fig.1 Basic chemical

It is evident that the first and second
fractions contain the highest amounts of
carbohydrates. In terms of nicotine and ash
contents they are similar to the fifth fraction.
The third and fourth fractions exhibit the highest
nicotine levels and the lowest ash content. The
total nitrogen values are relatively similar.

The test results so far serve for informational
purposes and as a basis for outlining further action.

Lab samples of cigarettes containing
waste from fractions I, II and III were made for
testing the tobacco smoke yields — nicotine, tar
and CO, for two reasons:

1. The relatively similar composition
of the fractions in terms of the basic properties

properties of tobacco

of tobacco — nicotine, carbohydrates and total
nitrogen.

2. The relatively larger size of the
particles. It is not possible to make cigarettes
using tobacco particles smaller than 1 mm.

Our objective was mainly to establish
the carbon monoxide yields.

The tests were carried out on filterless
cigarettes with a weight of 0.650 g, paper air
permeability —43.00 CU and cigarette stub length
-23.00 mm.

We assigned arbitrary numbers to the
samples, e.g. Sample 1 — fractions I and II
together, Sample 2 — fraction III.

The test results are shown in Fig. 2.
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Fig.2 Harmful substance

The results are typical and meet the
legislative requirements for manufactured
cigarettes. Pursuant to TTPA the maximum
carbon monoxide yields are 10.00 mg/cig.

Further tests were made to determine
the nicotine content in an extract of fraction II1

in tobacco smoke, mg/cig

/above 1 mm/, fraction IV /above 0,4 mm/ of
the aggregate starting sample and separately
for briquette, tobacco dust and tobacco leaf and
crumb extracts.

The results are shown in Fig. 3.
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Fig.3 Nicotine content in the extract

The results are indicative of the nicotine
variation limits in the extract in the case of
separate waste use. The variation is from 0.07 %
to 0.15 %. This large value fluctuation does not

allow for nicotine extraction from the separate
types of waste. In order to retrieve a relatively
constant amount of nicotine the biological waste
needs to be mixed.
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Figure 5. Fe and Mn content in the separate fractions
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The nutrients content in the five tested
samples was at the normal levels for tobacco and
corresponded to the levels cited in the scientific
literature (Jones et al., 1991; Drossopoulos, 1992;
Campbell, 2000; Zapryanova and Bozhilova,
2009). The iron content registered higher values.
According to other publications, the optimal
iron content in tobacco leaf is 50 to 300 mg/kg
(Campbell, 2000). The iron content found in the
four tobacco fractions (from I to IV) is within this
range. A concentration of 40-50 mg/kg is deemed
to be low (Jones et al., 1991). Data collected by
Tso (1990) shows that the iron content in the

Virginia tobacco varies from 132 to 595 mg/kg,
whereas in the Burley it is 200 to 650 mg/kg.
Radojicic et al. (2003) cite levels of 170.72 to
995.87 mg/kg for the Virginia tobacco, Stoilova
and Zapryanova (2003) established iron content
levels in the Burley tobacco of up to 2257 mg/
kg, and Pelivanoska (2007) found iron content
levels in the Oriental tobacco from 271 mg/kg to
2532 mg/kg. The iron content in the fifth fraction
was 3200 mg/kg.

The heavy metals content in all tested
fractions was lower than the critical levels in
tobacco (Bozhinova et al., 1995).
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Figure 7. Cd and Pb in the separate fractions
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CONCLUSIONS

The test results lead to the following
conclusions in terms of utilization of biological
waste from tobacco industry.

1. The fractions in the above 1.0 mm
range /10 % of the sample/ can be used for
producing briquettes. The carbon monoxide
emission as compared to the cigarette smoke was
below the standard limit of 10.00 mg/cig.

2. The above 0.4 mm fractions /90% of
the sample/ are suitable for nicotine extraction.
An aggregate /mixed/ sample should be used for
nicotine extraction.

3. The tobacco dust /fraction under 0.4
mm/ with high iron content is suitable for being
used as a fertilizer following composting in
alkaline soils.

4. All fractions are suitable for nicotine
extraction and subsequent composting — the
fractions contain an optimal amount of nutrients
and are low in heavy metal content.

5. The material of all fractions can
undergo pyrolysis to generate gas.

REFERENCES

1. BSS 8391-85 ”"Tobacco and Tobacco
Products. Terminology™:

2. Bozhinova P., H. Chuldjian, V Krastevs,
B. Georgiev, 1995. Heavy metal pollution
in the region of the Lead and Zink Plant
— Kardjali and land use opportunities.
SUB, Kurdjali. Scientific conference,
3-10.

3. Bozukov, H. 2012. Tobacco as
energy generating plant with high
environmental potential. Presentation
during the International Business Forum
organized by ALDE «New Technologies
for Environment Protection», Sofia,
Sheraton Hotel.

4. Zapryanova P., R. Bozhinova, 2009.
Nutrients content and heavy metal
content in the Oriental  tobaccos and
Virginia tobacco, Ecologia i badeshte ,
4,20-29.

5. Pelivanoska V., 2007. Heavy metal
content tests in the tobacco of the Prilep
region, Tobacco, 33-41.

6. Framework Convention on Tobacco
Control of the World Health Organization,
Art. 18 Environment Protection.

7. Stoilova A., P. Zapryanova, 2003.

114

Analyzing the mineral content of
Bulgarian tobaccos using Atomic
Absorption Spectrometry. Food
Technology University _ Plovdiv.
Scientific publication, Vol. L, 3, 333-
339.

8. Campbell C.,2000. Reference Sufficiency
Ranges Field Crops, Tobacco, Flue-
cured, www.Ncargr.com/agronomi/
saaesd/fluecure.htm.

9. Drossopoulos J. B., A. J. Karamanos,
G.G. Kouchaji, 1992. A survey of
selected nutrient levels at different leaf
position of oriental filed-grown tobacco
plants, Tob. Sci., 36, 10-15.

10. Jones J., Benjamin Wolf, Harry A. Mills,
1991. Plant Analysis Handbook, Micro-
Macro Publishing Inc..

11. Radojicic V. O., Cvetkovic O., Dukic
M., 2003. Uticaj agroekoloskih uslova
gajenja na sadrzaj mineralnih materija
u duvanu lowera Virdzinija, Tutun/
Tobacco,53,3-4,96-104.

12. Tso T. C., 1990. Production, physiology
and biochemistry of tobacco plant. Inst.
of Int. Development & Ed. in Agr. and
L. Sciences, B. Maryland, USA.



ISSN 0494-3244
Tutun/Tobacco, Vol. 62, Ne 7-12, 115-264, 2012 UDC: 633.71
Original scientific paper

ANEW MATHEMATICAL MODEL OF CIGARETTE COMBUSTION

Ice B. RISTESKI
2 Milepost Place # 606, Toronto, Ontario, Canada M4H 1C7
Email: ice@scientist.com

ABSTRACT

The global cigarette combustion problem, which is one of the hardest scientific problems, until now is
not fully solved, because its solution is connected with numerous technical and scientific difficulties. For
better understanding of this problem, it should be considered as an open multidisciplinary problem. In the
offered research work, this problem is treated only from the mathematical point of view, for whom is given a
completely new approach toward its solution. It is considered as a complex mathematical problem, which is
composed from the following few subproblems: the problem of balancing chemical reaction of tobacco
combustion, field temperature problem in the combustion zone, smoke filtration problem, and the problem
of groups’ formation of reaction coefficients. For solution of these problems were used theories of ordinary
and partial differential equations as well as theory of linear vector spaces and theory of groups. These
problems are particularly solved for the certain simulation conditions. For instance, the smoke infiltration
problem is founded and solved by virtue of partial differential equation of first order. The field temperature
problem in the combustion zone is modeled by the two-dimensional heat transfer equation which is solved
by quadratures. The chemical reaction which describes tobacco combustion is a completely new reaction and
it includes all important alkaloids and toxins. This reaction belongs to the class of continuum chemical
reactions with integer oxidation numbers. In fact, it is a very hard chemical reaction, which cannot be
balanced by a computer, because right now in the theory of computer sciences there is not powerful
software, which can be used for its balance. The unique way to balance this reaction is by the usage of
mathematical method. For that particular case we chose a new algebraic method developed by the author.
Since, the reaction of tobacco combustion is very complicated we found only its general solution and one
particular solution. This reaction spans real vector spaces. For the reaction coefficients are calculated a
symmetric group Ssg, an alternating group Asgand 38 primitive groups.

Keywords: cigarette, cigarette combustion, smoke filtration, field temperature, groups of reaction
coefficients.

HOB MATEMATHUYKU MOJEJI 3A 'OPEILETO HA IMI'APATA

I'mobanHuOT Tpo0sIeM Ha rOperhe Ha IUrapaTa, Koj € eIcH O/ HajTCIIKATEe HayYHH MTPOOJIEMH, 10 Cera He
€ pelleH 11eJI0CHO, OW/IejKu HEroBOTO PELICHHE € MOBP3aHO CO HM3a TEXHUYKU U HAY4YHU TEIIKOTHH. 3a
moo0po pa3dupame Ha OBOj mpoOiieM, TOj OM Tpedano na ce pas3riieayBa Kako OTBOPCH MYJITH-
JCLUITIMHApeH npobieM. Bo mpemnnoskeHaBa ucTpaxyBauka paboTa, 0BOj IpoOJeM € TpeTHpaH caMo 0.
MaTreMaTuyKa IJie/{Ha TOUKa, 32 KOro € JAaJeH KOMIUIETHO HOB MPUCTAaN BO MpaBel] Ha HETOBO penraBame. 10j
€ pas3rieJaH Kako KOMIUIGKCEH MaTeMaTH4YKH mpo0sieM, KOj € COCTaBeH Of CIIEAHUBE HEKOJIKY
HOANPOOIEMH: MPOOIEMOT Ha M3eHAYYBAhE Ha XEMUCKATa PEAKIIMja 32 TOPEHE HA TYTYHOT, NPOOJIEMOT 3a
TEeMIIEPaTYpPHOTO MOJie BO 30HATA HA TOpeHe, NPOoOJIeMOT 3a (uiTpaunuja Ha 4YaaoT W MPoOIEeMOT Ha
dopmupame Ha rpynure O KOe(WIMEHTHUTE Ha peakiujara. 3a peliaBame Ha OBHE MpoOiiemu Oea
ynoTpeOeHH TeopuuTe Ha OOWYHM W TMapuujanHu IudepeHIjaTHi PaBeHKHW, Kako W TeopHjaTa Ha
JHMHEapHUTE BEKTOPCKU MPOCTOPHM M Teopujata Ha rpynd. OBHe mpoOieMH ce MapTHKYJIapHO PELIeHH 3a
W3BECHH CHUMYJIALOHU ycioBU. Ha mpumep, npo6iaeMoT 3a ¢untpanynja Ha 4agoT € 3aCHOBAH W pelIeH Bp3
OCHOBa Ha NapUUjaJHU AU(EpeHLHjaTHN paBeHKH ox mpB pen. IIpobieMoT 3a TeMnepaTypHOTO IIOJie BO
30HAaTa Ha FOpemkEe € MOJICIMPAaH CO JBe-IMMEH3HOHAIHATA PaBEHKA 3a IIPEHOC Ha TOIUIMHA KOja € pelleHa co
KBajipaTypH. XeMHUCKaTa paBeHKa LITO I'0 ONHIIYBa FOPEHETO HA TYTYHOT € KOMIUIETHO HOBa peakiiyja U Taa
T'M BKIIy4yBa CHTe OMTHHM ajJKaJouau U TokcuHU. OBaa peakuyja criafa BO Kiacara Ha KOHTHHYYM XEMHCKH
pEaKIMU cO LeIH OKCUIANMOHK 00eBH. BeylmHoCT, Taa € MHOTY TelllKa XeMHCKA peakiinja, Koja He MOXKe 1a
Oune n3eaHau€Ha co KOMIjyTep, OMejku cera BO TeopHjara Ha HH(popMaTHKaTa HeMa MOKEH Iporpam, ITo
MOXe J1a Ounme ynorpeOeH 3a HejUHO H3eAHauyBame. ENMHCTBEH HAuYMH Ja ce W3eJHAYd OBaa peakiuja e
ynorpeba Ha MaTeMaTHYKHA METO. 3a OBOj MAPTHKYJIAPEH CIIy4aj n30paBMe HOB alred0apcKu METO[l pa3BHEH
on aBTOpOT. bunejkn peaknnjata 3a ropeme Ha TYTYHOT € MHOTY KOMIUTHIIPaHa HajIOBME CaMmoO HEj3HHO
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OIIIITO pelIeHNEe U eHO MapTHKyJIapHO pemreHre. OBaa peakiifja pa3anHyBa peaieH BeKTOPCKH IpocTop. 3a
KOepUIMEHTHTE Ha peaKIjaTta ce MPeCMETaHW CUMETPHYHATa TPyIa Syg, aNITepHATHBHATA Tpymna A 1 38

MPUMHUTUBHH TPYIIH.

Kayunu 3060poBu: yueapa, copere Ha yueapama, uimpayuja Ha waoom, memMnepamypHo noie, 2pynu 00

Koeghuyuenmume Ha peakyujama.

1. INTRODUCTION

Cigarette smoking as a bad habit with
dangerous consequences to people health is
always in the focus of scientific research. This
topic in professional literature, for instance in
medicine, chemistry, tobacco science and so
on, is considered from different points of view,
but unfortunately in mathematics this problem
was totally neglected. Why? It is hard to reply!
Perhaps one of the main causes is that this
problem looks for multidisciplinary treatment,
because its formulation depends of other
factors which are out of the mathematics
sphere.

Really for its formulation is necessary a
strong knowledge of contemporary chemical
engineering, heat transfer theory and chemical
thermodynamics, while its solution belongs
only in the sphere of mathematics. Just this,
was author’s main challenge and motive to
solve this problem in this article.

With a goal to shed light on this important
subject, this work will introduce a new
approach toward solution of cigarette smoking
problem by virtue of mathematical research.
With an intention for better understanding of
this approach, emphasis is made throughout the
prism of theory of balancing chemical reaction
of tobacco combustion, field temperature in the
combustion zone, smoke filtration problem,
and the problem of groups’ formation of
reaction coefficients.

Now, this question arises: how stay things
about this topic in scientific literature? Most of
published papers deal with cigarette properties
[1-11]. One group of publications is written by
authors associated with the tobacco industry.
They contain substantial information for burn
rate and temperature of the burning cigarette.
Among the variables discussed are tobacco
type, cigarette dimensions and packing density,
filter parameters and paper porosity, and
additives. The major objective these publications
seems to be to obtain basic understanding of
the burning cigarette, with emphasis on
reduction of tar, nicotine, carbon monoxide,
and other smoke components. Some of these
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papers have two major limitations for the
present objective:

a) most of the data are obtained during the
puff, and

b) the results are obtained with the cigarette
held in air.

In the following, some basic cigarette
characteristics will be discussed first.

2. CIGARETTE CHARACTERISTICS

As a support in understanding the general
trend of this work, some of the important
factors which the author thinks are
interconnected.

» Cigarette length. The tobacco column
length involves the time a cigarette burns and
thus the probability of it being dropped (since
it takes some aware effort to light a cigarette,
one may suppose that a short burn time reduces
the probability that the smoker becomes
inattentive and drops the cigarette stub.).

» Burn rate. This factor is presented as a
change in length or mass with time. Whether a
cigarette is burning in air or is being puffed,
the burn rate involves the remaining cigarette
length and thus the probability of dropping the
cigarette.

» Packing density. Lower packing density
(achieved primarily by the use of expanded
tobacco but also involved by the tobacco blend
and cut width, i. e., the width of the tobacco
strands) reduces the mass of available fuel.

» Tobacco type. The tobaccos used in
various cigarette packing may vary in heat
yield and burn rate due to variations in tobacco
blend constituents and ratios, as well as in
types and concentrations of flavorings and
humectants.

» Paper parameters. Paper parameters cause
differences in cigarette heat yield and burn
rate. The paper permeability affects the flow of
oxygen from the outside air to the combustion
zone and the diffusion of pyrolysis gases from
this zone to the outside. Chemicals are added
to the cigarette paper as smolder accelerants or
retardants and to modify the appearance of the
ash.
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« Filter characteristics. The presence and
nature of filter tips also affects the flow of air
through the cigarette. Additional perforations is
often provided in the paper covering the filter,
reducing the flow of air through the tobacco
column (ventilation; this is used to reduce the
exposure of the smoker to smoke components).

3. ANEW CHEMICAL FORMAL SYSTEM

In this section we shall develop a new
chemical formal system founded by virtue of
principles of the theory of real finite
dimensional vector spaces [12, 13] and group
theory [14].

Into a mathematical model must be
introduced a whole set of auxiliary definitions
to make the chemistry work consistently. Just
this kind of set will be constructed below.

Only on this way chemistry will be
consistent and resistant to paradoxes
appearance.

Here, by R is denoted the set of real
numbers and by R" is denoted the Euclidian n-
dimensional vector space with real entries.
Throughout, the set of mxn matrices over a
field will be denoted by R™".

Definition 3. 1. A vector space over the
field R consists of a nonempty set V of objects
called vectors for which hold the axioms for
vector addition

(A) Ifu,veV,then(u+v) eV,

(AJu+tv=v+u,VYuveV,

(A Ju+(v+w)=(u+v)+w, Yu,v,weV,

(AJu+0=u=0+u,VueV,

(As)-u+u=0=u+(-u),VYueV,
and the axioms for scalar multiplication

(Sy) Ifu e V,thenau € V, Va € R,

(S2)a(u+v)=au+av,Vu,ve VaVaeR,

(S3) (@a+bu=au+bu,YVueVAaVabeR,

(S4) a(bu) = (abu), Yu € V A Vab € R,

(Ss) lu=u, Yu e V.

Remark 3. 2. The content of axioms (A;)
and (S;) is described by saying that V is closed
under vector addition and scalar multiplication.
The element 0 in axiom A, is called the zero
vector.

Definition 3. 3. If V is a vector space over
the field R, a subset U of V is called a
subspace of V if U is itself a vector space over
R, where U uses the vector addition and scalar
multiplication of V.

Definition 3. 4. Let V be a vector space

over the field R, and let v; € V, (1 <i<n). Any
vector in V of the form

V=apvy +agVvp + o F anV,
where a; € R, (I < i < n) is called linear
combination of v;, (1 <i<n).

Definition 3. 5. The vectors vy, vy, ..., V,
are said to span or generate V or are said to
form a spanning set of V if V = span{vy, v, ...,
vn}. Alternatively, vi € V, (1 <i <n) spanV, if
for every vector v € V, there exist scalars a; €
R, (1 <i<n)such that

V=aiVy + aVy + - + agVp,
i. e., vis a linear combination of

vy +agVp + -+ apvi.

Remark 3. 6. If V = span{vy, v, ..., Vn},
then each vector v € V can be written as a
linear combination of the vectors vy, vy, ..., Vy.
Spanning sets have the property that each
vector in V has exactly one representation as a
linear combinations of these vectors.

Definition 3. 7. Let V be a vector space

over a field R. The vectors v € V, (1 <i<n)

are said to be linearly independent over R, or
simply independent, if it is satisfies the
following condition if

S1V1 + SoVp + -+ + S, = 0,
then

$1=8,=-=5,=0.

Otherwise, the vectors that are not linearly
independent is said to be linearly dependent, or
simply dependent.

Remark 3. 8. The trivial linear combination
of the vectors v;, (1 < i < n) is the one with
every coefficient zero

Ovy + 0vy + - + Ov,,.

Definition 3. 9. A set of vectors {ey, e, ...,
en} Is called a basis of V if it satisfies the
following two conditions

1° ey, ey, ..., €, are linearly independent,

2°V =span{ey, e, ..., en}.

Definition 3. 10. A vector space V is said to
be of finite dimension n or to be n-dimensional,
written dimV = n, if V contains a basis with n
elements.

Definition 3. 11. The vector space {0} is
defined to have dimension 0.

Definition 3. 12. For any matrix A € R
we denote

ImA ={y e R™ y = Ax for some x € R"}
the image of A or range of A.

mxn

117



Tutun/Tobacco, Vol. 62, Ne 7-12,115-264, 2012

mxn

Definition 3. 13. For any matrix A € R

we denote
KerA ={x € R": Ax =0}
the kernel of A or null space of A.

Definition 3. 14. If U and W are subspaces

of a vector space V the sum
U+W={u+w:ue U we W}

Definition 3. 15. The vector space V is said
to be direct sum of its subspaces U and W,
denoted by

V=U®W,
if every vector v € V can be written in one and
only one way asv =u +w, where u € U and w
e W.

Definition 3. 16. Let V and U be vector
spaces over the field R. A mapping F: V —> U
is called a linear mapping (or linear
transformation or vector space homomorphism)
if it satisfies the following two conditions

1°Vu,v e V, F(u +v) = F(u) + F(v),

2°Vk € R, Yu € V, F(ku) = kF(u).

Definition 3. 17. Let F: V — U be a linear
mapping. The kernel of F, written KerF, is the
set of elements in V which map into

0 € U: KerF ={v € V: F(v) = 0}.

Definition 3. 18. Let F: V — U be a linear
mapping. The image of F, written ImF, is the
set of image points in U:

ImF = {u € U: 3v e V for which F(v) = u}.

Definition 3. 19. The rank of a linear map
F: V — U is defined to be the dimension of its
image, i. e.,

rankF = dim(ImF).

Definition 3. 20. The nullity of a linear map
F: V — U is defined to be the dimension of its
kernel, i. e.,

nullityF = dim(KerF).

Definition 3. 21. A linear mapping F: V —
U is said to be singular if the image of some
nonzero vector under F is O, i. e., if there exists
v € V for which v = 0 but F(v) = 0. Thus F: V
— U is nonsingular if only 0 € V maps into 0
€ U or equivalently, if its kernel consists only
of the zero vector, KerF = {0}.

Definition 3. 22. A mapping F: V —> U is
called an isomorphism if F is linear and if F is
bijective, i. e., if F is one-to-one and onto.

Definition 3. 23. A vector space V is said to
be isomorphic to a vector space U, written V ~
U, if there is an isomorphism F: V — U.

Definition 3. 24. An inner product on a
vector space V is a function that assigns a
number {u, v) to every pair u, v of vectors in V
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in such a way that the following axioms are
satisfied

(Py) {u, v) is a real number, Yu,v € V,

(P2) (u, v) ={v, u), Yu, v e V,

(P3) (u +v, w)={U, w)+{v,w), Yu,v,w eV,

(Pg) {ru, v) =r{u, v), vu,ve VA Vr e R,

(Ps) (u,uy>0,Vu=0e V.

A vector space V with an inner product { , )
will be called an inner product space.

Remark 3. 25. A real inner product space
R" with the dot product as inner product (u, v)
=u - vis called a Euclidean space.

Definition 3. 26. If (, ) is an inner product
on a space V, the norm or length |lv|| of a
vector v e V, is defined by ||v|| = (v, v)%.

Definition 3. 27. Two vectors u and v in an
inner product space V are said to be orthogonal,
writtenu L v, if (u, v) =0.

Definition 3. 28. Two vectors u and v in an
inner product space V are said to be orthogonal,
writtenu L v, if (u, v)=0.

Definition 3. 29. A set {e;, e, ..., e,} of
vectors is called an orthogonal set of vectors if
eache; =0, (1<i<n)and(ej,e)=0, Vi#]j.

Definition 3. 30. If, in addition, ||ej|| = 1, Vi,
the set {ey, ey, ..., en} is called an orthonormal
set.

Definition 3. 31. Let U be a subspace of an
inner product space V. The orthogonal
complement U * of U in V is defined by

Ut={v:iveV,{,uy=0,Vu e U}.

Definition 3. 32. Let S = {vy, Vs, ..., Vp} be
a set of vectors in an inner product space V,
then S is said to be orthogonal if each of its
vectors are nonzero and if its vectors are
mutually orthogonal, i. e., if {v;, vi) # 0 but (v;,
vj) =0, Vi #].

Definition 3. 33. A permutation o, with a
notation o = (jy, j2, ..., jn), Where ji = ofi), (1 <
i <n) of a finite set J'is a one-to-one mapping
of J'into itself.

Definition 3. 34. In the particular case
where 3= {1, 2, ..., n}, we write 5= S, then
Sy is called the symmetric group of degree n.

Definition 3. 35. The alternating group of
degree n, denoted by A, is a set of even
permutation in Sp.

Definition 3. 36. By an inversion in o we
mean a pair of integers (i, k) such that i > Kk,
but i precedesk in o.

Definition 3. 37. The sign of o, written
sgno, is defined by sgno = (- 1), where k is a
total number of inversions in o.



Ice B. Risteski: A new mathematical model of cigarette combustion

Definition 3. 38. A permutation o is said to
be even or odd according as there is an even or
odd total number of inversions in o.

Definition 3. 39. A transposition is a
permutation zwhich interchanges two numbers,
i and j > i, and lives the other numbers fixed:
r=(12..30-ji+1)...¢-0iG+1)...n).

Definition 3. 40. If &, (I <i < m) are
distinct integers in S, (a1, a,, ..., ay) stands
for the permutation that maps each integer in
S -{ay, a,, ..., an} to itself, and maps a; — ay,
A — as, ..., n1 —> am, am — a1, We call such a
permutation an orbit & of length m.

Definition 3. 41. Let n be a positive integer
and o be a permutation, such that o" = g,
where : is an identity permutation, then the
permutation o is of order n.

Let G be a finite group, of order |G|.

Definition 3. 42. The center of G is the set
of elements which commute with all elements
of G.

It is a normal subgroup of G. The center of
G equals G if and only if G is abelian.

Definition 3. 43. Two elements g; and g, of
the group G are conjugate, if there is an
element h € G such that

hglh-l =0o.

Definition 3. 44. The conjugacy class of an
element g € G is the set of elements conjugate
tog.

Definition 3. 45. In the same way, two
subgroups H; and H, of G are conjugate, if
there is an element h € G such that

hth-l = Hg.

Definition 3. 46. A subgroup H is normal if
there is no other subgroup conjugate to it.

Definition 3. 47. G is a simple group if it
contains no normal subgroup other than G and
the trivial subgroup.

Definition 3. 48. The commutator subgroup
or derived subgroup of G, [G, G], is the
subgroup generated by all the commutators

-1
010201702 .

It is a normal subgroup of G, the smallest
such that the quotient group is abelian. [G, G]
is trivial if and only if G is abelian.

Definition 3. 49. G is a perfect group if [G,
G]=6G.

Definition 3. 50. The derived series of G is
the series of subgroups N; © N, o - D Ni,
where N; = [G, G] (commutator subgroup),
and N; = [Ni-li Ni—l] fori>1.

And the series stops at Ny such that Ny =
[Nk, Ni]. All the terms N; in the derived series
are normal subgroups of G.

Definition 3. 51. G is a solvable group if
the derived series stops at the trivial subgroup.

Definition 3. 52. The exponent of G is the
Icm of orders of all elements of G. It divides |G]|.

Definition 3. 53. The lower central series of

G is the series of subgroups Ny > N; © -+ D Ny,
where N; = [G, G], and N; = [G, N;] fori> 1.

And the series stops at N, such that Ny = [G,
Ny
All the terms N; in the lower central series are
normal subgroups of G.

Definition 3. 54. The normal closure of a
subgroup H is the subgroup N of G generated
by elements in H and all its conjugates.

N is a normal subgroup of G.

Definition 3. 55. The normalizer of a
subgroup H is the largest subgroup N of G
containing H, such that H is a normal
subgroup of N.

Let p be a prime factor of |G]|.

Definition 3. 56. A p-Sylow subgroup of G
is a maximal subgroup H whose order is a
power of p.

[H| equals the largest power of p dividing
|G

A p-Sylow subgroup needs not to be
normal, but all p-Sylow subgroups are
conjugate to each other.

Definition 3. 57. The upper central series

of G is the series of subgroups Ny > N, © -+ o
N, where Ny is the center of G, and N; is the
center of the quotient group G/N;.; for i <k.

And either N; = G, or G/N; has trivial
center. All the terms N; in the upper central
series are normal subgroups of G.

Definition 3. 58. G is a nilpotent group if
Nl =G.

An essential role for every chemical
equation plays its stability. For that goal here is
introduced a new criterion for stability of
chemical equations.

Let an arbitrary chemical reaction is given
in its algebraically free form

n

Z Xij - 0, (3 1)
=1

where x;, (1 < j < n) are required rational
coefficients and M;, (1 < j < n) are molecules,
then its stability array can be constructed on
this manner
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Xn Xn-1 Xn-2 . X2 X1
Xl X2 X3 o Xn_l Xn
a a, az e Gpq O
by b, bz ... O 0
7 Zo 0 ... 0 0

The elements in third rows are calculated as
shown below
ar = (XaXp-1 - XoXn)/X1,
az = (X1Xn-2 - XaXn)/X1,
az = (X1Xn-3 = XaXn)/Xq,

An-1 = (XaXq = XnXn)/X1,
while the elements in fourth row are
b1 = (a1xz - X1a2)/ay,
b, = (aiXs - X1a3)/ay,
bs = (aiXs - X1a4)/ay,

bn-2 = (a1Xn-1 - Xa@n1)/as,

and the elements in the last row are

21 = (01P2 - P102)/01
and

2, = (Q1Ps - P103)/0s.

Definition 3. 59. For chemical reaction (3.
1) to be stable the primary requirement is the
elements in first column of the above array to
have the same sign.

Other results for stability criteria are
obtained in works [15, 16] for some general
classes of complex vector functional equations
[17-19].

Let .2 be a finite set of molecules.

Definition 3. 60. A chemical reaction on .2
is a pair of formal linear combinations of
elements of .2, such that

p- 1:21 aiXj —> JZ]_ bi,-yj, (1 <i< m) (3 2)

with ajj, bij >0.
Definition 3. 61. Chemical equation is a
numerical quantification of a chemical reaction.
In [20] is proved the following proposition.
Proposition 3. 62. Any chemical equation
may be presented in this algebraic form

n m

Byiaij = Z Xj H SUibij, (3 3)

j=s+1 1=l

S m
2% |
=1 =1

where X, (1 < j < n) are unknown rational
coefficients, ¥ 'a and ¥ 'oj, (1 <i < m) are
chemical elements in reactants and products,
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respectively, a; and by, (1<i<m;1<j<n;m
< n) are numbers of atoms of elements ¥ 'aj
and ¥ 'ojj, respectively, in j-th molecule.

Definition 3. 63. Each chemical reaction p
has a domain

Domp ={x e 2 |&;>0}. (3.4)

Definition 3. 64. Each chemical reaction p

has an image
Imp={y e & | bij >0} (3.5)

Definition 3. 65. Chemical reaction p is
generated for some x € 4, if both a; > 0 and
bij > 0.

Definition 3. 66. For the case as the
previous definition, we say x is a generator of p.

Definition 3. 67. The set of generators of p
is thus Domp M Imp.

Often chemical reactions are modeled like
pairs of multisets, corresponding to integer
stoichiometric constants.

Definition 3. 68. A stoichiometrical space
is a pair (2, @7), where 2tis a set of chemical
reactions on 2. It may be symbolized by an
arc-weighted bipartite directed graph 7'(.<;, 7))
with vertex set 27U @#, arcs X — p with weight
ajj if &; > 0, and arcs p — y with weight by; if b;;
>0.

Let us now consider an arbitrary subset .27
c o

Definition 3. 69. A chemical reaction p may
take place in a reaction combination composed
of the molecules in A if and only if Domp < .7

Definition 3. 70. The collection of all
possible reactions in the stoichiometrical space
(@5, @»), that can start from .27 7is given by

R, ={pe R|Dompc .7} (3.6)

4. REACTION OF TOBACCO COMBUSTION

Begin of this section we shall create with a
theoretical approach, i. e., we shall give a
completely new method for balancing chemical
reactions.

We shall do that, because most of the
current chemical ways for balancing chemical
reactions are out of order, or they are useless
for complex reactions.

Theorem 4. 1. Any chemical equation may
be presented in a free algebraic form on this
way

n m _
ZXJ'H ‘P'aij =O,
=1 =1

where x;, (1 < j < n) are unknown rational
coefficients, ¥', (1 < i < m) are chemical

4. 1)
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elements and aj;, (1 <i<m, 1 <j<n)are atom
numbers of i-th element ¥ in j-th molecule.

Proof. Let there exists an arbitrary chemical
equation from m distinct elements and n
molecules

n
> xvj =0, (4.2)
=1

where

— ya 2 H
Vi = Syi’:lljﬂy agj - Sl'n_]amj, (1<) n).
Then previous expression becomes

n

z g/lalj Syzazj Wmamj =0. (4 3)
=1

If we write the above equation in a compact
form, then immediately follows (4. 1). O

Theorem 4. 2. The chemical equation (4. 1)
reduces to the following matrix equation

Ax=0, (4.4)

where A = [a@jj]mx, (1 <i<m, 1 <j<n)isa
reaction matrix, X' = (X1, X, ..., X) is a column
vector of the coefficients x;, (1 <j<n)and 0" =
(0,0, ..., 0) is a null column vector of order m,
and T denotes transpose.

Proof. If we develop the molecules of the
reaction (4. 1) in an explicit form, then we
obtain the reaction matrix A shown below

— o c
5 £ £
S 5
Y 9 Y
- [9V] o
59 Xy Xy
1 1 1
Ll N =
> > >
1
¥ diy aio din
2
y doy oo don
lpm am1 ama Amn

From the above development we obtain that
m

Vi = Z aijﬂl’i, (1 fj < n). (4. 5)
1=1

If we substitute (4. 5) into (4. 2), follows

n m

Z X Z ai,-‘Pi =0, (4 6)
S
or
lpi z ajjX; = 0, (4 7)
T =
ie.,

n
2. ap=0,(l<i<m). (4.8)
=1

Last equation if we present in a matrix
form, actually we obtain (4. 4). m

According to [21], the deterministic
approach is important, since it enables us to
classify the chemical reaction as:

1° impossible, when the system (4. 8) is
inconsistent.

2° unique, (within relative proportions)
when the system (4. 8) has unique solution.

3° non-unique, when the system (4. 8) has
an infinite number of solutions.

Last kind of the reactions exhibit infinite
linearly independent solutions all of which
satisfy the chemical balance, and yet they are
not all chemically feasible solutions for a given
set of experimental conditions. A unique
solution is obtained by imposing a chemical
constraint, namely, that reactants have to react
only in certain proportions.

The coefficients satisfy
principles

« the law of conservation of atoms,

« the law of conservation of mass, and

« the time-independence of the reaction.

Theorem 4. 3. Suppose that chemical
equation (4. 2) is a vector space V over the
field R spanned by the vectors of the molecules
Vi (1 <i<n). If any set of m vectors of the
molecules in V is linearly independent, then m
<n.

Proof. Let

V =span{vy, Va, ..., Vo }.

We must show that every set {us, U, ...,
Unm} of vectors in V with m > n fails to be
linearly independent. This is accomplished by
showing that numbers X;, Xp, ..., Xn can be
found, not all zero, such that

m

D XjUj = XgUy + XUz + -+ + XUy = 0.
=1

three  basic

Since V is spanned by the vectors vy, vy, ...,
Vs, €ach vector u; can be expressed as a linear
combination of v;

n

Uj = agVy + gV + = + agVn = Y &gV,
i=1

Substituting these expressions into the

preceding equation gives
0= ,21 Xi (Izl avy) = Zl (,-Zi aXjVi.
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This is certainly the case if each coefficient
of vj is zero, i. e., if

m
Z a;X; =0, @d<i<n).
=i

But this is a system of n equations in the m
variables xy, X, ..., Xm, SO because m > n, it has
a nontrivial solution. This is what we wanted.o

Now we shall prove the following results.

Theorem 4. 4. Let U be a subset of a vector
space V of the chemical equation (4. 2) over

the field R. Then U is a subspace of V if and
only if it satisfies the following conditions
0 € U, O isthe zero vector of V, (4.9)
If uy, u; € U, then (u; + u,) € U, (4.10)
Ifue U, thenau e U,Vae R. (4.11)

Proof. If U is a subspace of V of the
chemical equation (4. 1), it is clear by axioms
(A1) and (Sy), that the sum of two vectors in U
is again in U and that any scalar multiple of a
vector in U is again in U. By other words, U is
closed under the vector addition and scalar
multiplication of V. The nice part is that the
converse is also true, i. e., if U is closed under
these operations, then all the other axioms are
automatically satisfied. For instance, axiom
(A,) asserts that holds u; + u; = U + uy, Yuy,
u, € U. But, this is clear because the equation
is already true in V, and U uses the same
addition as V. Similarly, axioms (As), (S2), (Sa),
(S4) and (Ss) hold automatically in U, because
they are true in V. All that remains is to verify
axioms (A4) and (As).

If (4. 9), (4. 10) and (4. 11) hold, then
axiom (A,) follows from (4. 9) and axiom (As)
follows from (4. 11), because - u = (- 1)u lies
in U, Yu € U. Hence U is a subspace by the
above discussion. Conversely, if U is a
subspace it is closed under addition and scalar
multiplication, and this gives (4. 10) and (4.
11). If z denotes the zero vector of U, then z =
OzinU.But,0z=01inV, so 0 =2z lies in U.
This proves (4. 9). m

Remark 4. 5. If U is a subspace of V of the
chemical equation (4. 2) over the field, then the
above proof shows that U and V share the
same zero vector. Also, if u € U, then - u = (-
Du € U, i. e., the negative of a vector in U is
the same as its negative in V.

Proposition 4. 6. If V is any vector space V

of the chemical equation (4. 2) over the field R,
then {0} and V are subspaces of V.
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Proof. U = V clearly satisfies the conditions
of the Theorem 4. 4. As to U = {0}, it satisfies
the conditions because

0+0=0anda0=0, Va € R. ]

Remark 4. 7. The vector space {0} is
called the zero subspace of V of the chemical
equation (4. 2) over the field R. Since all zero
subspaces look alike, we speak of the zero
vector space and denote it by 0. It is the unique
vector space containing just one vector.

Proposition 4. 8. If v is a vector of some
molecule in a vector space V of the chemical
equation (4. 2) over the field R, then the set Rv
= {av, Va € R} of all scalar multiplies of v is a
subspace of V.

Proof. Since 0 = Qv, it is clear that O lies in
Rv. Given two vectors av and bv in Rv, their
sum av + bv = (a + b)v is also a scalar multiple
of v and so lies in Rv. Therefore Rv is closed
under addition. Finally, given av, r(av) = (ra)v
lies in Rv, so Rv is closed under scalar
multiplication. If we take into account the
Theorem 4. 4, immediately follows the
statement of the proposition. O

Proposition 4. 9. Let A € R™". The set
ImgU = {Ax: x € R"}, called the range or
image of the matrix A is a subspace of R™.

Proof. Note first that U is in fact a subset of
R™ because A is mxn. Each vector in U is of
the form Ax for some vector x € R". To apply
the Theorem 4. 4, note that 0 = AO has the
required form, so 0 lies in U. Similarly, the
equation

AX + Ay = A(X +Y)
and
r(Ax) = A(rx)
show that sums and scalar multiplies of vector
in U again have the required form. Hence U is

a subspace of R™. O
Proposition 4. 10. Let A € R™". The set
nullU = KerU = {Ax=0: x € R"},
called the null space or kernel of the matrix A

is a subspace of R".
Proof. Here U consists of all columns x in

R" satisfying the condition that Ax = 0. Since

A0 = 0, it is clear that O lies in U. If x and y

both lie in U, then
Ax+y)=Ax+Ay=0+0=0.

This shows that x + y qualifies for
membership in U, so U is closed under
addition. Similarly,

A(rx) =r(Ax) =r0 =0,
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so rx lies in U. Thus U is closed under scalar

multiplication and is a subspace of R". m

Theorem 4. 11. Let

U =span{vy, Vo, ..., Vn}

in a vector space V of the chemical equation
(4. 2) over the field R. Then,

U is a subspace of V containing each of v;,
(1<i<n), (4.12)

U is the smallest subspace in the sense that
any subspace of V that contains each of v;, (1 <
i <n) must contain U. (4.13)

Proof. First we shall proof (4. 12).

Clearly

0 =0v; +0vy + -+ + Ov,
belongs to U. If

V=iV + vy + - + apV,
and

W= b1V1 + b2V2 + -+ ann
are two members of U and a € U, then
V+w=(a; +byvy + (a2 + bo)v,

+ -t (an + bn)Vna

av = (aar)v; + (@az)Vz + - + (@an)Vn,
so both v + w and av lie in U. Hence U is a
subspace of V. It contains each of v;, (1 <i <
n). For instance,

Vo = 0vy + 1vy + Ovz + - + Ov,,.

This proves (4. 12).

Now, we shall prove (4. 13). Let W be
subspace of V that contains each of vj, (1 <i <
n). Since W is closed wunder scalar
multiplication, each of ayv;, (1 <i<n) liesin W
for any choice of a;, (1 <i<n)in R. But, then
avi, (1 <i<n)liesin W, because W is closed
under addition. This means that W contains
every member of U, which proves (4. 13). o

Theorem 4. 12. The intersection of any
number of subspaces of a vector space V of the
chemical equation (4. 2) over the field R is a
subspace of V.

Proof. Let {W;: i € I} be a collection of
subspaces of V and let W =~ (W;: i € 1). Since
each W; is a subspace, then 0 € W;, Vi € I
Thus 0 € W. Assume u, v.e W. Then, u, v e
Wi, Vi € 1. Since each W; is a subspace, then
(au + bv) € W;, Vi € I. Therefore (au + bv) e
W. Thus W is a subspace of V of the chemical
equation (4. 2). m

Theorem 4. 13. The union W; U W, of
subspaces of a vector space V of the chemical
equation (4. 2) over the field R need not be a
subspace of V.

Proof. Let V = R*and let W, = {(a, 0): a €
R} and W, = {(0, b): b € R}. That is, W, is the
x-axis and W, is the y-axis in R2. Then W, and
W, are subspaces of V of the chemical equation
(4. 2). Letu = (1, 0) and v = (0, 1). Then the
vectors u and v both belong to the union W; v
Wy, but u + v = (1, 1) does not belong to W; U
W,. Thus W; U W, is not a subspace of V. o

Theorem 4. 14. The homogeneous system
of linear equations (4. 8), obtained from the
chemical equation (4. 1), in n unknowns X1, Xa,
..., Xp over the field R has a solution set W,
which is a subspace of the vector space R".

Proof. The system (4. 8) is equivalent to the
matrix equation (4. 4). Since A0 = 0, the zero
vector 0 € W. Assume u and v are vectors in
W, i. e., u and v are solutions of the matrix
equation (4. 4). Then Au=0and Av=0.

Therefore, Va, b € R, we have
A(au +bv) =aAu +bAv=a0+hb0=0+0=0.

Hence au + bv is a solution of the matrix
equation (4. 4),i.e.,au +bv e W. Thus W is a
subspace of R". 0

Theorem 4. 15. If S is a subset of the vector
space V of the chemical equation (4. 2) over
the field R, then

1° the set span{S} is a subspace of V of the
chemical equation (4. 2) over the field R which
contains S.

2° span{S} < W, if W is any subspace of V
of the chemical equation (4. 2) over the field R
containing S.

Proof. 1° If S = &, then span{S} = {0},
which is a subspace of V containing the empty
set &. Now assume S# . If ve S, then lv=v
€ span{S}, therefore S is a subset of span{S}.
Also, span{S} = & because S # <. Now
assume v, w € span{S}, say

V=avVy + -+ anVn
and

vV =bywy + - + byw,
where v;, w; € S and a;, b; are scalars.

Then
vV+w
=ayVvy + -+ anVy + bywy + - + bow,
and for any scalar k,
kv = k(apvy + - + amV) = kagvy + - + kanVn

belong to span{S} because each is a linear
combination of vectors in S. Thus span{S} is a
subspace of V of the chemical equation (4. 2)

over the field R which contains S.
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2°. If S = &, then any subspace W contains
S, and span{S} = {0} is contained in W. Now
assume S = J and assumevie ScW, (1 <i<
m). Then all multiples av; € W, (1 <i <m)

where a; € R, and therefore the sum (ayvy + -
+ anvm) € W. That is, W contains all linear
combinations of elements of S. Thus, span{S}
c W, as claimed. ]

Proposition 4. 16. If W is a subspace of V

of the chemical equation (4. 2) over the field R,
then span{W} = W.

Proof. Since W is a subspace of V of the
chemical equation (4. 2) over the field R, W is
closed under linear combinations. Hence
span{W} < W. But W < span{W}. Both
inclusions yield span{W} = W. m

Proposition 4. 17. If S is a subspace of V of
the chemical equation (4. 2) over the field R,
then span{span{S}} = span{S}.

Proof. Since span{S} is a subspace of V, the
above Propositions 4. 16 implies that
span{span{S}} = span{S}. m

Proposition 4. 18. If S and T are subsets of
a vector space V of the chemical equation (4.
2) over the field R, such that S < T, then
span{S} < span{T}.

Proof. Assume v € span{S}. Then

V=aUup + - +ay,
wherea e R, (1<i<randu;eS, (1<i<r).
But S c T, therefore every uj e T, (1 < i <),
Thus v e span{T}. Accordingly, span{S} <
span{T}. o

Proposition 4. 19. The span{S} is the
intersection of all the subspaces of a vector
space V of the chemical equation (4. 2) over
the field R which contains S.

Proof. Let {W;} be the collection of all
subspaces of a vector space V of the chemical
equation (4. 2) containing S, and let W = n W;.
Since each Wi is a subspace of V, the set W is a
subspace of V. Also, since each W; contains S,
the intersection W contains S. Hence span{S}
< W. On the other hand, span{S} is a subspace
of V containing S. So span{S} = W, for some k.
Then W < Wy = span{S}. Both inclusions give
span{S} =W. o

Proposition 4. 20. If span{S} = span{S v
{0}}, then one may delete the zero vector from
any spanning set.

Proof. By Proposition 4. 18, span{S} <
span{S v {0}}. Assume v € span{S v {0}},
say
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vV =a.Up + - +agu, + b0
wherea, be R, (1<i<n)anduje S, (1<i<
n). Then

V=aiu; + -+ ayuy,
and so v e span{S}. Thus span{S u {0}} <
span{S}. Both inclusions give span{S} =
span{S v {0}}.
Proposition 4. 21. If the vectors v; € V, (1 <
i < n) span a vector space V of the chemical

equation (4. 2) over the field R, then for any
vector w € V, the vectors w, v;, (1 <i < n) span
V.

Proof. Let v € V. Since the v;, (1 <i <n)
span V, there exist scalars a;, (1 <i < n) such
that

O

V=avq + - +agv, + 0w,

Thusw, v;, (1 <i<n)spanV. m

Proposition 4. 22. If v;, (1 <i < n) span a
vector space V of the chemical equation (4. 2)
over the field R, and for k > 1, the vector vy is a
linear combination of the preceding vectors v;,
(1 <i<k-1)thenv; without v spanV,i. e.,

span{vy, Va, ..., Vi1, Viet, -..s Vnp = V.

Proof. Let v € V. Since the v;, (1 <i <n)
span V, there exist scalars a;, (1 < i < n) such
that

V=aVy + -+ apvn.
Since v, is a linear combination of v;, (1 <'i
< k - 1) there exist scalars b;, (1 <i<k-1)
such that

Vi = byvy + -+ QeaVier.
Thus

V=aiVy + o+ W + -+ apv,
=auVy + -+ ag(Dive + o+ DieaVia) + -+ @V
= (a1 + aby)vy + - + (A + A1) Vir

+ As1Viry T T ARV,
Therefore,
span{vy, Vo, ..., Vi1, Vket, ..., Vn F= V. O

Proposition 4. 23. If W;, (1 <i < k) are
subspaces of a vector space V of the chemical
equation (4. 2) over the field R, for which Wy —
W cWeand W=W; UW, U - uUW,
then W is a subspace of V.

Proof. The zero vector 0 € W;, hence 0 e
W. Assume u, v € W. Then, there exist j; and j,
such that u € Wj, and v € Wj,. Let j = max(jy,
J2)- Then Wj, < Wjand Wj, c W, and so u, v
W;. But W is a subspace. Therefore (u + v) €
W; and for any scalar s the multiple su € Wi.
Since W; < W, we have (u + V), su € W.
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Thus W is a subspace of V. m

Proposition 4. 24. If W;, (1 <i < k) are
subspaces of a vector space V of the chemical
equation (4. 2) over the field R and S;, (1 <i <
k) span W, (1 <i <Kk) then

S=81USZU“'USK
spans W.

Proof. Let v € W. Then there exists j such
that v e W;. Then v e span{S;} < span{S}.
Therefore W < span{S}. ButSc W and W is a
subspace. Hence span{S} < W. Both inclusions
give span{S} =W, i. e., S spans W. o

Theorem 4. 25. Let {vi, Vo, ..., Vu} be a
linearly independent set of vectors in a vector
space V of the chemical equation (4. 2) over

the field R, then the following conditions

1° {vy, Vo, ..., Vpo} is a linearly independent
set,

2° v does not lie in {vi, vy, ..
equivalent for a vector vin V.

Proof. Assume 1° is true and assume, if
possible, that v lies in span{vy, Vo, ..., Vi }, say,

., Vn}, are

V= 3.1V1 + -+ anVn.
Then

V-avi+ - +av,=0
is a nontrivial linear combination, contrary to
1°. So 1° implies 2°. Conversely, assume that 2°
holds and assume that

av+avy + - +av,=0.
If a =0, then

v =(-a/a)v, + - + (- an/a)vp,
contrary to 2°. So a =0 and

aivy + - +ayv, =0.
This implies that

a=-=a,=0,
because the set {vi, Vo, ..., Vo} is linearly
independent. This proves that 2° implies 1°. o
Proposition 4. 26. Let {vi, Vo, ..., vy} be a
linearly independent in a vector space V of the

chemical equation (4. 2) over the field R, then
{aivi, ay,, ..., apv,p is also linearly
independent, such that the numbers a;, (1 <i <
n) are all nonzero.

Proof. Suppose a linear combination of the
new set vanishes

S1(a1V1) + 82(@2V2) + -+ + Sp(@nVn) = 0,
where s;, (1 <i<n)liein R.
Then

S1d; = Spdp = - = Spdy

by the linear independence of {vi, v, ..., Vp}.
The fact that each a; # 0 (1 <i<n) now implies
that

§1=5,=--=5,=0. ]
Proposition 4. 27. No linearly independent
set of vectors of molecules can contain the zero
vector.
Proof. The set {0, vy, Vo, ..
linearly independent, because

1.0+ Ovy + - + 0v,, = 0,
is a non-trivial linear combination that
vanishes. o
Theorem 4. 28. A set {vi, Vo, ..., Vy} of
vectors of molecules in a vector space V of the

chemical equation (4. 2) over the field R is
linearly dependent if and only if some v; is a
linear combination of the others.

Proof. Assume that {vi, Vo, ..., Vqo} iS
linearly dependent. Then, some nontrivial
linear combination vanishes, i. e.,

., Vn} cannot be

avy + avo + - +apv, =0,
where some coefficient is not zero.
Suppose a; = 0. Then,

Vi = (- afag)Vva + - + (- anfag)vy
gives v; as a linear combination of the others.
In general, if a; = 0, then a similar argument
expresses v; as linear combination of the others.
Conversely, suppose one of the vectors is a
linear combination of the others, i. e.,

Vi = apVy + - + ayV,.
Then, the nontrivial linear combination 1v;

-V - - - anVy, equals zero, so the set {vi, vy,
..., Vn} is not linearly independent, i. e., it is
linearly dependent. A similar argument works
if any vi, (1 <i < n) is linear combinations of
the others. m

Theorem 4. 29. Let V = 0 be a vector space

of the chemical equation (4. 2) over the field R,
then

1° each set of linearly independent vectors
is part of a basis of V,

2° each spanning set V contains a basis of
vV,

3°V has a basis and dimV < n.

Proof. 1° Really, if V is a vector space that
is spanned by a finite number of vectors, we
claim that any linearly independent subset S =
{v1, Vo, ..., v} of V is contained in a basis of V.
This is certainly true if V = span{S} because
then S is itself a basis of V. Otherwise, choose
Vi+1 outside span{S}. Then

S = {Vl, Vo, ..., Vg, Vk+j|_}
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is linearly independent by Theorem 4. 25. If V
= span{S;} then S; is the desired basis
containing S. If not, choose vy, outside
span{vy, Va, ..., Vi, Viks1} SO that
So ={V1, Vo, ..., Vi, Vi1, Viea}
is linearly independent. Continue this process.
Either a basis is reached at some stage or, if
not, arbitrary large independent sets are found
in V. But this later possibility cannot occur by
the Theorem 4. 3 because V is spanned by a
finite number of vectors.
2° Let
V =span{vy, Va, ..., Vm}

where (as V # 0) we may assume that each v; #
0. If {vy, vy, ..., Vu} is linearly independent, it
is itself a basis and we are finished. If not, then
according to the Theorem 4. 28, one of these

vectors lies in the span of the others.
Relabeling if necessary, assume that v, lies in
span{Vy, ..., Vm} SO that

V =span{vy, ..., Vim}-

Now repeat argument. If the set {v,, ..., Vin}
is linearly independent, we are finished. If not,
we have (after possible relabeling)

V =span{vs, ..., Vmn}-

Continue this process. If a basis is
encountered at some stage, we are finished. If
not, we ultimately reach

V = span{Vvp}.

But then {v..} is a basis because vy, # 0 (V #
0).

3° V has a spanning set of n vectors, one of
which is nonzero because V # 0. Hence 3°
follows from 2°. m

Corollary 4. 30. A nonzero vector space V

of the chemical equation (4. 2) over the field R
is finite dimensional if only if it can be spanned
by finitely many vectors. O

Theorem 4. 31. Let V be a vector space of

the chemical equation (4. 2) over the field R
and dimV =n > 0, then

1° no set of more than n vectors in V can be
linearly independent,

2° no set of fewer than n vectors can span
V.

Proof. V can be spanned by n vectors (any
basis) so 1° restates the Theorem 4. 3. But the n
basis vectors are also linearly independent, so
no spanning set can have fewer than n vectors,
again by Theorem 4. 3. This gives 2°. o

Theorem 4. 32. Let V be a vector space of

the chemical equation (4. 2) over the field R
and dimV =n > 0, then
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1° any set of n linearly independent vectors
in V is a basis (that is, it necessarily spans V),

2° any spanning set of n nonzero vectors in
V is a basis (that is, it necessarily linearly
independent).

Proof. 1° If the n independent vectors do not
span V, they are part of a basis of more than n
vectors by property 1° of the Theorem 4. 29.
This contradicts Theorem 4. 31.

2° If the n vectors in a spanning set are not
linearly independent, they contain a basis of
fewer than n vectors by property 2° of Theorem
4. 29, contradicting Theorem 4. 31. ]

Theorem 4. 33. Let V be a vector space of
dimension n of the chemical equation (4. 2)
over the field R and let U and W denote
subspaces of V, then

1° U is finite dimensional and dimU < n,

2° any basis of U is part of a basis for V,

3°if U c W and dimU =dimW, then U = W.

Proof. 1° If U = 0, dimU = 0 by Definition
3. 11. So assume U = 0 and choose u; = 0 in U.
If U = span{u,}, then dimuU = 1. If U =
span{u;}, choose u, in U outside span{u}.
Then {u;, u,}, is linearly independent by
Theorem 4. 25. If U = span{uy, u,}, then dimU
= 2. If not, repeat the process to find uz in U
such that {uy, uy, us} is linearly independent.
Continue in this way. The process must
terminate because the space V (having
dimension n) cannot contain more than n
independent vectors. Therefore U has a basis of
at most n vectors, proving 1°.

2° This follows from 1° and Theorem 4. 29.

3° Let dimU = dimW = m. Then any basis
{uy, U, ..., un} of U is an independent set of m
vectors in W and so is a basis of W by Theorem
4. 32. In particular, {uy, U, ..., Uy} spans W
so, because it also spans U, W = span{uy, U,
..., Un} = U. This proves 3°. o

Proposition 4. 34. If U and W are
subspaces of a vector space V of the chemical
equation (4. 2) over the field R, then U + W is
a subspace of V.

Proof. Since U and W are subspaces, 0 € U
and0 € W. Hence0=0+0 e U+ W. Assume
v, Vv’ € U+ W. Then there exist u, u’ € U and
v,V>e Wsuchthatv=u+wand v’ =u’ +w’.

Since U and W are subspaces, u + u” € U
and w + w> € W and for any scalar k, ku € U
and kw € W.

Accordingly,

V+V =(U+w)+ (U +w)
z(u+tuw)+tw+w)e U+W
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and for any scalar k,
kv =k(u+w)=ku+kweU+W.

Thus U + W is a subspace of V. m

Proposition 4. 35. If U and W are
subspaces of a vector space V of the chemical
equation (4. 2) over the field R, then U and W
are contained in U + W.

Proof. Let u € U. By hypothesis W is a
subspace of Vand so 0 € W. Henceu =u + 0
e U + W. Accordingly, U is contained in U +
W. Similarly, W is contained in U + W. i

Proposition 4. 36. If U and W are
subspaces of a vector space V of the chemical

equation (4. 2) over the field R, then U + W is
the smallest subspace of V containing U and V,
i.e, U+ W=span{U, W}.

Proof. Since U + W is a subspace of V
containing both U and W, it must also contain
the linear span of U and W, i. e., span{U, W}
U+W.

On the other hand, if v e U + W then

v=u+w=1u+ 1w,
where u € U and w € W. Hence, v is a linear
combination of elements in U u W and so
belongs to span{U, W}.
Therefore
U+ W c span{U, W}.

Both inclusions give us the required result.o

Proposition 4. 37. If W is a subspace of a
vector space V of the chemical equation (4. 2)
over the field R, then W + W =W.

Proof. Since W is a subspace of V, we have
that W is closed under vector addition.

Therefore

W+WcW.
By Proposition 4. 35,
WcW+W.
Thus,
W+W=W. O

Proposition 4. 38. If U and W are
subspaces of a vector space V of the chemical
equation (4. 2) over the field R, such that U
span{S} and W = span{T}, then U + W
span{Suw T}.

Proof. Since

ScUcU+W

and
TcWcU+W,
we have
SuUTcU+W.
Hence
span{SUT}c U+ W,

Now assumev € U+ W. Thenv=u + W,
whereu e Uandw € W.
Since
U = span{S} and W = span{T},
u=aqu; + - + au,and w = bywy + -+ + baws,
where a;, bj € R, uje S,and wi e T.
Then

V=U+Ww=aus + - + au, + bywy + - + bows.

Thus,

U+Wcspan{SuU T}
Both inclusions yield
U+W=span{SuU T} o

Proposition 4. 39. If U and W are
subspaces of a vector space V of the chemical
equation (4. 2) over the field R, then V = U +
W if every v € V can be written in the form v =
u+w, whereue Uandw e W.

Proof. Assume, for any v € V, we have v =
u+wwhereue Uandw € W. Thenve U +
W and so V< U + W. Since U and V are
subspaces of V, we have U + W < V. Both
inclusions imply V=U + W. o

Theorem 4. 40. The vector space V of the
chemical equation (4. 2) over the field R, is the
direct sum of its subspaces U and W, if only if

V=U+W and U W ={0}.

Proof. AssumeV=U® W. Thenanyv e V
can be uniquely written in the formv =u +w
where u € U and w € W. Thus, in particular, V
=U+W. Now assumev e UnW. Thenv=v
+0,whereve U, 0 e Wandv =0 +v, where
0 € U, v e W. Since such a sum for v must be
unique, v=0. Thus, U n W = {0}.

On the other hand, assume V = U + W and
UnNnW={0} Letv e V.SinceV=UH+W,
there existu € U and w € W, such thatv=u +
w. We need to show that such a sum is unique.
Assume also that v=u’ + w’ where u” € U and
w eW. Thenu+w=u +wandsou-u’=
w -w. But,u-u’ e Uandw’ -w € W. Hence
byUnW={0}u-u=0,w-w=0andso
u=u’,w =w. Thus such a sum for v e V is
uniqgueandV=U® W. O

Proposition 4. 41. Let Wy, W,, ..., W, be
subspaces of a vector space V of the chemical

equation (4. 2) over the field R, such that
V=W +W,+ - +W,
and 0 € V and let be written uniquely as a sum
0=w;+wy+ - +Ww,
where w; € W, (L <i<r), then
V=W, ®&W, D - @ W,
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i. e., that the sum is direct.
Proof. Since

0=0,+0,+ - +0y,
where 0; € W;, (1 < i <), this is the unique
sum for 0 € V. Letv € V and assume

V=Us+Uy+ -+ U
and

V=W, +Wy + -+ W,
where u;, wi € Wi, (L <i<r). Then

O=v-v
= (Ug - Wy) + (Uz - Wp) + - + (U - Wy),

where (Ui - w;)) € W;, (1 <i<r). Since such a
sum for 0 is unique, u;-vi=0, (1 <i<r)and
hence u; =v;, (1 <i<r). Thus, such a sum for v
is also unique, and so

V=W, O&W, D - ®W,. m
Theorem 4. 42. Let IZ, (1 <i < m) be the
hyperplanes of the chemical equation (4. 1),
which is reduced to the linear system (4. 8), in
an m-dimensional real space R™ and let W;, (1
< i < m) be directions of these hyperplanes,
then
dim(Y_ 78) =Y. dim%

1<i<m 1<i<m

- Y dim(/% ~ 77)

1<i<j<m

(4. 14)

+ Y dim(7% O I 07 - -

1<i<j<k<n

+ (- DMdim(n IF), (IF N Ih = D, i # )

1<i<m

and

dimQ 17) =Y dim/Z (4. 15)

1<i<m 1<i<m

- z dim(W; n WJ)

1<i<j<m

+ > dim(W; A Wi A W) - -

1<i<j<k<m

+ (- )" dim(n W) + 1, (TEN TE= D, i #]).
1<i<m
Proof. First we shall proof the identity (4.
14). We apply induction. For m = 2, we obtain
the Grassmann’s formula
dim(/4, + Ih) = dim/4 + dim/L (4.16)
-dim(Zh N 1h), (Ih N 1L # D).
The truthfulness of the formula (4. 16)
follows from the formula
dlm(Wl + Wz) = dlle + dlmWQ (417)
- dlm(Wl M Wg), (Wl NW, # @),
that holds for vector spaces, because
dim(Wy N W,) =dim(/4 N 15), (4.18)
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where W; and W, are subspaces of the vector
space V.

Now we shall prove the identity (4. 17). If
W; and W,, of dimensions r < m and s < m,
respectively, are subspaces of a vector space V
of dimension n and W; n W, and Wy + W, are
of dimensions p and t, respectively, thent =r +
S-p.

Take A = {X1, X2, ..., Xp} as a basis of W; N
W, and take B = A U {y1, Y2, ..., Yr-p} @S a basis
of Wyand C =AU {7y, 2,, ..., Zs;p} as a basis of
W,. Then, any vector of W; + W, can be
expressed as a linear combination of the
vectors of
D = {le X21 (RS} Xpa yll y21 (RS} yr-p, Zly 221 (RS} ZS-D}'

To show that D is a linearly independent set
and, hence, is a basis of W; + W,, consider

Xy + aXy + - + apXp (419)
+byys + boyz + o 4+ DrpYrp
+ C]_Zl + CZZZ + o+ Cs.sz.p = 0,
where a;, bj, ¢ € R.
Set
T=C1Zy +CZp + - + Cs-pZs-p-

Now 7 € W, and by (4. 19) # € W,. Thus, =
e Wiy n'W, and is a linear combination of the
vectors of A, say

= d]_Xl + d2X2 + -+ dep, di e R.

Then
C1Z1 +Cozp + -+ + Cs-pZsp - dlxl - d2X2 - - dep =0
and, since C is a basis of W,, each ¢; = 0 and
each d; = 0. With each ¢; = 0, (4. 19) becomes

AiXp T aXp + - + apXp (420)

+ blyl + b2y2 + -+ br-pyr-p = 0

Since B is a basis of W,, each a; = 0 and
each b; = 0 in (4. 20). Then D is a linearly
independent set and, hence, is a basis of W; +
W, of dimensiont=r+s-p.

We assume that (4. 14) is true for m and we
shall use this assumption to deduce that (4. 14)
is true for m + 1.

Next, we have

dim(Zh + Ik + - + ITy + Thy)

=dim[(/4 + Ib + - + ITy) + [Ty1]
=dim(/4 + IL + - + Ih) + dim(Zfy.)

-dim[(/4 + L + = + Ihy) N Thy]

=dim/4 + dim/5L + - + dim/Z7,
- dim(Z4 N 1) - dim(Z4 N 1E) - -

- dim(Ips O Ihy) + -

+ (- )" dim(Zh N ITh N - N TTy)
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+ dim(Z 1) - dim(Z7h N Ty
+ Ih N Ty + - + Ty O Thiy)
=dim/h +dim/L + - + Il
-dim(Zh N 1) - dim(Zh N 1E) - -
- dim(I s N ITy) + -

+ (- )™ dim(ZAh N Ik -+ N TTy)
~{dim(I% A ) + dim(I% O Tipar)
+ -+ dim(I 7y N Te)

- dlm[(171 M Hm+1) M (172 M Hm+1)]

- dim[(/% N Thet) N (T O Tet)] - -+
= dim[(ZZns O TTopir) O (T O Tiper)]
+ 4 (-1)™HiM[(7R O Tha)

O (IL N Thya) O - O (T O Thye) [}
=dim/4 + dim/L + - + dimlfp.
-dim(/4 N Ih) - dim(Zh, N 1E) - -

- dim(I s N ITy) + -

+ (- )" dim(Ih N Ih N - N TTy)
~dim(I7 A ) - diMIB O TTipas) - -
-dim(ZZy N Thye) + dim(Z4 N TE N Thyay)
+dim(/6 N ITE N ) + -
+dim(Z 7y N Thy O i) -

+ (- 1)"dim(Zh N Th O - O Thy)
=dim/4 + dim/b + - +dim/l 4
- dim(7% N IB) - dim(/% N IE) - -

- diM(IZy O They) + diM(Z O T O L)
+dim(JL N I N Thyg) + -

+ dim(Ify O Ty O Thgeg) + -

+ (- 1)"dim(Zh A Th O - O Thya)
=Y dim7Z - Y dim(Z% N I7)

1<i<m+l 1<i<j<m+l

+ > dim(IF ~ I N 1K)

1<i<j<ks<m+l

-+ (- 1)"dim(N 17), (TG I # D, i #]).
1<i<m+l

By this the identity (4. 14) is proved.

Now, we shall continue with induction in
order to prove the identity (4.15). For m = 2,
the identity (4.15) reduces to this form

dim(/4 + Ib) = dim/4 +dim/L (4.21)
-dimWynW,) + 1, (I N ThL = D).

Let 7h N 1L = . Letdim/4 =r and dim/5
=s. Let the point X € 77; and the point Y € 75
and let the basis of the subspace W, is the set
{vi, Vz, ..., Vs}. Obviously, the vector YX ¢ W5,
because conversely X € I, n IhL what is a
contradiction.

Therefore, the set
S={YX, vy, Vo, ..., Vs}

is a basis of the space W; = [XY] + W, and
dimW; = s + 1. Hyperplane of the point X,
which determine the subspace W5 is given by X
+ Ih, such that dim(X + /%) =s + 1.

Since,

Ih N (X + 1h) # D,
then from (4.16) follows
dim(/4 + Ih) = dim[/f + (X + I5)] (4.22)
=r+(s+1)-diml/4 + (X + IE)].

Next, since (4.18) we obtain

Let Y e 7L. Prove that XY ¢ W; + W,.
Assume the contrary, i. e., XY € W; + W,, then
there exist two vectors x € Wy and y € W, such
that XY = x +y. Then, there exists a point Z €
17 such that XZ = x and according to the
definition of affine space, one obtain

XY =XZ+ZY=x+2Y,
i.e.,ZY =y € W,. ThereforeZ € Ik, respectively
Z € IhL + Ib, that is a contradiction with the
supposition 74 N IL= .

By this we proved that XY ¢ W; + W,
Since W3 = [XY, vy, ..., Vg], then holds

WlﬁW;:,:Wlf\Wg,
and from (4.22) follows

dim(/h + Ib)=r+s+ 1-dim(W; nW,),
i. e., holds (4. 15).

Since the identity (4.15) holds for m = 2, we
suppose that it is true for arbitrary m. By virtue
of inductive hypothesis we shall prove its
truthfulness form + 1, i. e,

dim(/h + Ih + - + Iy + Thy1)
=dim[(/& + Tk + -+ + Ih) + Th]
=dim(/4 + Ih + - + IT) + dimZTy.
-dim[(Wy + Wy + - + W) n W] + 1
=dim(/4 + Ih + - + IT) + dimZTy.

- [dlm(W1 N Wt + Wo N Wipgq + -
+WnnWhe)] +1

=dim/4 + dim/% + - + dim/1,
+ dimHm+1 - dlm(Wl M Wg)

- dim(Wy N W3) - -+ - dim(Wig 0 W) + -

+ (- D)™ MdimW, AW - A W,) + 1
- {dim(Wy N W) + dim(Wo N Wines)

+ -+ dim(Wy 0 W)
- dlm[(Wl M Wm+1) M (WZ M Wm+l)]

- dlm[(WZ M Wm+1) M (W3 M Wm+1)] -
- dim[(Wint N Winet) 0 (Wi 0 Wine)]

+ ot (- D)™IMI(We A Winet) O (Wo 0 Wiar)
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A (Wi 0 Winaa)] +13 + 1
=dim/Z4 + dim/b + - + dim/ZZ,.
- dim(W; N W5)

- dim(W1 A Wa) - - = dim(Wi.1 A Wi,)

+ ot (- D)™ HIMWL A Wo A - W)
+1-dim(Wy N Weg) - dim(W, N W) - -
= dim(Wi A Winet) + dim(Wy A W A Win1)

+dim(W, N W3 n Wipeg) + -
+dim(Wp1 0 Wi N Wieg) + -
- (- D™dim(Wy A Wy A - Wy A Winag)
-1+1=dim/f +dim/h + - + dim/Z.
- dim(W; n W,) - dim(Wy n Wa)

- e = diM(Win N Winer) + dim(Wy A W A Wier)
+ dim(W, N W3 N W) + -+
+dim(Wp1 0 Wiy O Wigeg) + -

+ (- 1)"dim({h N Th O - N Thhyy) + 1
=Y dim/ZZ - Y dim(W; n W)

I<ism+l 1<i<j<m+l

+ Z dlm(W. M WJ' M Wk) -
1<i<j<k<m+l
+ (- D)™dim(A W) + L, (IF N TE =D, i #]).
1<i<m+l
The proof of the theorem is completed. o
Remark 4. 43. This theorem generalizes
well-known Grassmann’s formulas given in
[22].
As a natural consequence of proved
theorem appears the following corollary.
Corollary 4. 44. Let 77, (1 < i < m) be k-
dimensional hyperplanes of the chemical
equation (4. 1), which is reduced to the linear
system (4. 8), in an m-dimensional real space
R™. Then
dim> 179 <> ki + 1.

1<i<m 1<i<m

(4.23)

The sign equality in (4.23) holds if only if
the hyperplanes 72 and 779, (i = j), are
disjoint and the sum of subspaces /7 < V", (1
<i<m)isdirect. m

Proposition 4. 45. Let

V=U,@U,® - ®d U,
is a vector space of the chemical equation (4.
2) over the field R and B;, (1 <i <) is a basis
of U, (1<i<rn),thenB=uUB; (1<i<r)isa
basis of V.

Proof. B is linearly independent since each
Bi is linearly independent. Assume v € V. Then

V=upt U+ + Uy
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where u; € U;, (1 <i<r). Thenu;, (L<i<r)is
a linear combination of the vectors in B;, (1 < i
<r). Therefore v is a linear combination of the
vectors in B.
Thus B spans V. Since B is linearly
independent and spans V, Bisa basisof V. O
Proposition 4. 46. Let

V:U1@U2@ @Ur
is a vector space of the chemical equation (4.

2) over the field R, where dimU; = n;, then

dimV =dimU; + dimU, + --- + dimU,.
Proof. Let B; be a basis of U;, (1 <i <r).
Hence B;, (1 <i<r)hasn;, (1<i<r)elements.

ThusB=uUB;, (1<i<r)hasng+n,+ - +n,
elements. By Proposition 4. 45, B is a basis of
V.
Hence
dimV=n;+n,+ - +n,
=dimU; + dimU, + - + dimU.. ]
Proposition 4. 47. If {uy, U, ..., Uy, Wy, Wy,
..., Wg} is a linearly independent subset of a
vector space V of the chemical equation (4. 2)
over the field R, then
span{ui} N span{w;} = {0}.
Proof. Assume v € span{ui} n span{w;}.
Then there exist scalars a;, (1 <i<r)and b, (1
<j <s) such that

V=aUu; +au, + -+ a,uy

= bywy + bowy + -+ + bows.
Hence

aqUy + Bl + -+ + Ay

- b1W1 - szz - - bSWS =0.

But {u;, w;} is linearly independent. Hence
eacha=0,(1<i<r)andeachb;=0,(1<j<
r). Thusv=0. O

Proposition 4. 48. Let U be a subspace of a
vector space V of the chemical equation (4. 2)

over the field R, then exists a subspace W of V,
suchthatV=U®® W.

Proof. Let {uy, u,, ..., u;} be a basis of U.
Since {ui}, (1 <i <r) is linearly independent, it
can be extended to a basis of V, i. e., {ug, Uy,
vowy Ur, W1, Wy, ..., Ws}. Let W be the space
generated by {wy, Wy, ..., wg}. Since {u;, w}, (1
<i<r,1<j<s)spansV,wehaveV=U+W.
On the other hand, by Proposition 4. 47, U N
W = {0}. Accordingly, V=U ® W. o

Proposition 4. 49. Let B is a linearly
independent subset of a vector space V of the
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chemical equation (4. 2) over the field R and
let [By, Bo, ..., B/] be a partition of B, then

span{B}
= span{B;} ® span{B;} ® - @ span{B}.
Proof. Since
B=B,uB,u - UB;
and each B; = B, (1 <i<r) we have
span{B} = span{B; w B, U - U B}
c span{B.} ® span{B,} @ -
@ span{B,} < span{B}.
Therefore
span{B} = span{B;} @ span{B,} @ --
@ span{B,}.
Assume
0= Z arji Ugjp + Z A j2 Uzj2 (4 24)

+ot Z ar,jr Ur jrs
where a;;; are scalars and the u;j € Bj, (1 <i <
r). Since B is linearly independent, each a;; =
0, (@ <i<r)in (4. 24). Thus, can only be
written uniquely as

0=0+0+--+0.
Thus,
span{B} = span{B,} ® span{B,} ® -
@ span{B}. m

Proposition 4. 50. Let

V=U;+Uy+ -+ U
be a vector space of the chemical equation (4.
2) over the field R and let

dimV =dimU; + dimU, + - + dimU,,
then
V=U,®U,® - @B,
Proof. Assume dimV =n. LetB;, (1 <i<r)
be a basis for U;, (L <i<r). Then

B=B,uB,uU - UB;
has n elements and spans V. Thus B is a basis
for V. By Proposition 4. 49

V=U,®&U,® - @B, m
Theorem 4. 51. Let V and U be vector
spaces over a field R. Let {vi, Vo, ..., V,} be a
basis of a vector space V of the chemical
equation (4. 2) over the field R and let ug, u,,
..., Un be any arbitrary vectors in U, then there
exists a unique linear mapping F: V — U such
that
F(vy) = ug, F(v2) = uy, ..., F(vy) = up.
Proof. Now, we shall define required map
F:V — U such that F(v;) = u;, (L1 <i<n). Letv
€ V. Since {vy, Va, ..., Vo} is a basis of V, there

exist unique scalars a; € R, (1 <i < n) for
which

V=aVy +av, + - +a,Vvp.
We define F: V — U by
F(v) = a;u; + asup + -+ + ayup.
Since the a; € R, (1 <i<n) are unique, the
mapping F is well-defined.
Now,
Vi=0vy + -+ 1vi+ - +0v,, (L<i<n),
Therefore
F(v)) =0uy + -+ + 1u; + - + Ou, = u;.
Thus the first step of the proof is completed.
Now, we shall show that F is linear.
Assume
V=aiVy + avy + - + apVv,
and
W =byvy + bovy + - + bV,
Then
vV+w
= (ag + by)vi + (az + bp)vy + - + (@, + by)vy
and
kv = kayvy + kapv, + - + kayv,, Vk € R.
By definition of the mapping F, we have
F(v) = aus + asu, + - + agUy
and
F(W) = blul + b2u2 + -+ bnun.
Therefore
F(v+w)
= (a1 + by)uy + (az + bo)uz + - + (&, + by)u,
= (aqUy + @xuy + -+ + apUy)
+ (byuy + bouy + - + byuy,) = F(v) + F(w)
and
F(kv) = k(ajuy + asup + -+ + agun) = kKF(V).
Thus F is linear.
Now we shall show that F is unique.
Assume G: V — U is linear and
G(v)=u;, (1<i<n).
If
V= agvy + agVvy + - + apVy,
then

G(V) = G(awvs + aVp + - + anVn)
= alG(Vl) + agG(Vz) + -+ anG(Vn)

= Uy + agUp + - + agun = F(V).
Since G(v) = F(v), VWwe V,G=F.
Thus F is unique and the theorem is proved.o
Proposition 4. 52. If F: V. — U is a linear
mapping, then kernel of F is a subspace of a
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vector space V of the chemical equation (4. 2)

over the field R.
Proof. Since F(0) =0, 0 € KerF.

Now, assume v, w € KerF and a, b € R.
Since v and w belong to the kernel of F, F(v) =
0 and F(w) = 0.

Therefore

F(av + bw) = aF(v) + bF(w) =a0 + b0 =0
and so av + bw € KerF. Thus the kernel of F is
a subspace of V. O

Proposition 4. 53. If F: V — U is a linear
mapping, then image of F is a subspace of a
vector space V of the chemical equation (4. 2)
over the field R.

Proof. Since F(0) = 0, 0 € ImF. Now,
assume v, w € ImF and a, b € R. Since v and
w belong to the image of F, there exist vectors
v’,w’ e Vsuch that F(v’) =vand F(w’) = w.

Then

F(av’ + bw")
=zaF(v) +bF(w’) =av+bw e ImV.

Thus the image of F is a subspace of V. o

Proposition 4. 54. If the vectors vy, v, ...,
v, span a vector space V of the chemical
equation (4. 2) over the field R and F: V —> U
is a linear mapping, then the vectors F(vy),
F(v2), ..., F(vy) € U span ImF.

Proof. Assume u € ImF, then F(v) = u for
some vector v € V. Since vy, Vo, ..., V, span V
and since v e V, there exist scalars ay, a, ...,
a, for which

V=aiVy +ayvy + -+ agVvy.

Accordingly,

u=F(v)=F(av; + a;vo + = + apVy)
= arF(vy) + aF(vz) + - + anF(vn).

Thus the vectors F(vy), F(V,), ..., F(vy) span
ImF. |

Proposition 4. 55. Let a vector space V of
the chemical equation (4. 2) over the field R
has finite dimension and F: V — U is linear,
then ImF has finite dimension, i. e., dim(ImF) <
dimVv.

Proof. Assume dimV = n and dim(ImF) >
dimV. Then there exist vectors wy, W, ..., Wn+1
€ ImF which are linearly independent. Let v;,
Va, ..., Vn+1 DE vectors in V such that F(v;) = w;,
1<i<n+1).

Assume

aiVy + Vo + - + AnerVi = 0.

Then

0= F(O) = F(alvl +aV, + ot an+an+1)
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= alF(Vl) + aZF(VZ) + ot an+1|:(Vn+1)

= aiWy + aoWy + - + Ansa Wit

Since w;, (1 <i <n + 1) are linearly
independent, a; =0, (L <i<n+1). Thus vy, vy,
..., Vns1 are linearly independent.

This contradicts the fact that dimV = n.
Thus,

dim(ImF) < dimV. o

Theorem 4. 56. Let a vector space V of the
chemical equation (4. 2) over the field R has
finite dimension and let F: V — U be a linear
mapping, then

dimV = dim(KerF) + dim(ImF).
Proof. Assume
dim(KerF) =r and {wy, Wy, ..., W/}

is a basis of KerF, and assume dim(ImF) = s
and {u;, up ..., us} is a basis of ImF.
According to the Proposition 4. 55, ImF has
finite dimension. Since u; € ImF, there exist
vectors vy, Vs, ..., Vs In V such that

F(vi) = ug, F(v2) = Uy, ..., F(vs) = Us.
We claim that the set
B = {W]_, WZ, ey er Vll V27 ey VS}

is a basis of V, i. e., 1° B spans V and 2° B is
linearly independent. Once we prove 1° and 2°,
then
dimV =r + s = dim(KerF) + dim(ImF).
1°B spans V. Let v € V. Then F(v) € ImF.
Since the u; span ImF, there exist scalars a;, (1
<i<5s), such that
F(V) = a;u; + au,; + - + agUs.
Set
V¥ = avy tav, + - +agvs - V.
Then

F(v*) = F(awvy + avo + - + agVs - V)
= aF(vy) + aF(v2) + - + agF(ve) -F(v)
=aiu; + aup + -+ + agus - F(v) = 0.
Thus v e KerF. Since the w; span KerF,
there exist scalars b;, (1 <i<r), such that

v* = b1W1 + b2W2 + -+ brWr
=aqVp +apVvp + -+ agVs - V.
Accordingly,
V=gV + agVy + - + v,

- b]_Wl - b2W2 - - brWr.

Thus B spans V.
2° B is linearly independent. Assume

XqWq + XoWq + =+ + X, W, (4. 25)
+ YV +YoVo + - YV =0,
where x;, yj € R, (1<i<r,1<j<s).
Then
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0 = F(0) = F(Xqwy + XoW + - + X,W; (4.26)
TYVit Yot e ysVs)
= XlF(Wl) + XzF(Wz) + -+ XrF(Wr)

+Y1F(vy) +yoF(V) + - + ysF(vs).
But F(w;) =0, (1 <i <) since w; € KerF,
I <i<randFv) =u, (1 <j<y).

Substitution in (4. 26) gives yiU; + youp + - +
ysus = 0. Since the uj, (1 < j < s) are linearly
independent, each y; = 0, (1 < j < s).
Substitution in (4. 25) gives

XiW1 + XoWs + -+ + X,W, = 0.

Since the w;, (1 < i < r) are linearly
independent, each x; =0, (L <i<r). Thus B is
linearly independent. By this the proof is
completed. o

Proposition 4. 57. Let a vector space V of

the chemical equation (4. 2) over the field R
has finite dimension and let F: V — U be a
linear mapping, then V and the image of F
have the same dimension if only if F is
nonsingular.

Proof. By Theorem 4. 56, dimV = dim(ImF)
+ dim(KerF). Therefore V and ImF have the
same dimension if and only if dim(KerF) = 0
or KerF = {0}, i. e, if and only if F is
nonsingular. O

Proposition 4. 58. Let a vector space V of

the chemical equation (4. 2) over the field R
has finite dimension and let F: V — U be a
linear mapping, such that maps independent
sets into independent sets, then F is
nonsingular.

Proof. Assume v € V is nonzero vector,
then {v} is independent. Then {F(v)} is
independent and so F(v) = 0.

Therefore, F is nonsingular. m

Theorem 4. 59. Let a vector space V of the

chemical equation (4. 2) over the field R has
finite dimension and let F: V — U be a linear
mapping, then the image of any linearly
independent set is linearly independent.

Proof. Assume vy, V,, ..., v, are linearly
independent vectors in V. We claimed that the
vectors F(vq), F(v2), ..., F(vy) are also linearly
independent.

Assume

a F(vy) + aF(v) + - + aF(vy) =0,

where a; € R, (1 <i<n).
Since F is linear,

F(a]_Vl +a)Vy, + - + anVn) = 0,

therefore av; + av, + -+ + ayv, belongs to
KerF. But F is nonsingular, i. e., KerF = {0},
therefore

vy + avo + - +agv, = 0.

Since the vi (1 < i < n) are linearly
independent, all the a; are 0. Accordingly, the
F(vi), (1 <i < n) are linearly independent.
Accordingly the theorem is proved. O

Proposition 4. 60. Let a vector space V of

the chemical equation (4. 2) over the field R
has finite dimension and dimV = dimU, then a
linear mapping F: V — U is nonsingular if and
only if F is surjective, i. e., maps V onto U.
Proof. By Theorem 4. 56,
dimV = dim(KerF) + dim(ImF).
Thus F is surjective if and only if
ImF=U
if and only if
dim(ImF) = dimU = dimV
if and only if
dim(KerF) =0
if and only if F is nonsingular. o
Proposition 4. 61. Let a vector space V of

the chemical equation (4. 2) over the field R
has dimV =n, thenV = R".

Proof. Let {wy, w,, ..., W,} be a basis of V.
Let [v] denote the coordinates of v € V relative

to the given basis. Then the map F: V — R"
defined by F(v) = [v] is an isomorphism. Thus
V= R" O

Theorem 4. 62. Let a vector space V of the
chemical equation (4. 2) over the field R has
finite dimension, such that dimV = dimU and
let F: V — U be a linear mapping, then F is an
isomorphism if and only if F is nonsingular.

Proof. If F is an isomorphism then only 0
maps onto 0 so F is nonsingular.

Assume F is nonsingular. Then dim(KerF)
=0.

By Theorem 4. 56,

dimV = dim(KerF) + dim(ImF).

Therefore,

dimU =dimV = dim(ImF).

Since U has finite dimension, ImF = U and
so F is surjective. Thus F is both one-to-one
and onto, i. e., F is an isomorphism. ]

Proposition 4. 63. The orthogonal
complement W is a subspace of a vector space
V of the chemical equation (4. 2) over the field

R.
Prof. Obviously, 0 € W*. Now, we assume

uve W, ThenVa, be RAVwe W,
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(au + bv, w) = a{u, w) + b{v, w)
=a-0+b-0=0.
Therefore, au + bv € W * and thus W is a
subspace of V. o
Proposition 4. 64. If the set of vectors {vi,
Vy, ..., Vot Of the chemical equations (4. 2) is
orthogonal, then the vectors v;, (1 <i < n) are
linearly independent.
Proof. Assume S = {vi, V5, ..
assume

., Vn} and

aVy + avo + - + v, = 0. (4 27)
Taking the inner product of (4. 27) with v,
we get
0=(0, vy) = (Vi + @Vp + -+ + agVp, V1)
= a(Va, V1) + ax(Va, Vi) + =+ + an(Vp, V1)
= ay(Vy, V1) + a0 + -+ + a,-0 = ag(vy, va).
Since S is orthogonal, {vi, vi) # 0, therefore
a; = 0. Similarly, for 2 <i < n taking the inner
product of (4. 27) with v;,
0=1(0, vi) = (@vy + @V + = + vy, Vi)
= ay(Vy, Vi) + -+ @iV, Vi) + -+ an(Vi, Vi)

= ai(vi, Vi).
But, (v;, viy # 0 and therefore a; =0, (L <i <
n).
Thus S is linearly independent. O

Proposition 4. 65. If the set of vectors {vy,
Va, ..., Vn} of the chemical equations (4. 2) is
orthogonal, then {ajvi, ava, ..., aw,} Iis
orthogonal Va; € R, a; =0, (1 <i<n).

Proof. Sincev; #0, (L <i<n)and a =0, (1
<i<n), we obtain ajv; # 0, (1 <i<n). Also, for
I # J, {vi, vjy = 0 and therefore

(aivi, ajvj> = aia,--(vi, Vj) = aiaj-O =0.

Thus {ayvy, ayVva, ..., apvn} is orthogonal. o

Next, we shall continue this section, with a
practical approach regarding the tobacco
combustion process. The text which follows, it
provides a comprehensive description about
that process.

Tobacco is a plant substance which contains
approximately 3800 components, ranging from
small organic and inorganic molecules to
biopolymers [23].

The small molecules belong to various
classes of compounds such as acids, alcohols,
aldehydes, alkaloids, amino acids, Amadori
compounds, carbohydrates, esters, isoprenoids,
ketones, nitriles, phenols, quinones, sterols,
sulphur compounds, terpenes etc.

The  biopolymers contain  cellulose,
hemicellulose, lignin, nucleic acids, pectin,
proteins and peptides, starch, etc. During
cigarette smoking, these are all subjected to
temperatures up to 950°C in the presence of
varying concentrations of oxygen in the
burning zone or other tobacco product [24].
According to the research [25] about 4800
substances in tobacco smoke are identified.
Many of the smoke components occur from
different phases including distillation from
tobacco, combustion, pyrolysis and
pyrosynthetic reactions. In tobacco smoke are
detected 2800 components, indicating the
importance of pyrolysis, pyrosynthetic and
combustion formation mechanisms.

Rough structural relations of the main
combustion processes involved in smoke can
be interpreted by the following block diagram
shown by Fig. 1.
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Fig. 1. Ablock diagram of cigarette combustion
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In [26] is considered the combustion
process and approximately are given the
conditions inside the burning zone of the
cigarette that influence product formation
mechanisms. These include determination of
the temperature and gas formation contour

distributions at various times in the smoking
cycle of a burning cigarette.

A graphic illustration of the major smoke
formation mechanisms occurring inside the
cigarette is shown by Fig. 2.

Sidestream smoke

Light gases

4 Sidestream gases
H Fe

diffusing out
s

Mainstream '
smoke *+—

| -

e E—

Condensation
& filtration
«—

D

A; Combustion zone
B: Pyrolysis & distillation zone

Natural convection stream

Fig. 2. The burning cigarette during a puff

The internal part of the burning region,
which has deficit of oxygen and surplus of
hydrogen, can be effectively divided into two
Zones:

A: an exothermic combustion zone, and
B:an endothermic pyrolysis/distillation zone.

Like air is drawn into the cigarette during
the puff, oxygen is consumed by combustion
with carbonized tobacco and the simple
combustion products carbon monoxide, carbon
dioxide and water are produced, together with
the release of heat which sustains the whole
burning process.

Temperature in this region is generated
between 700 and 950°C, and heating rate as
high as 500°C/s is achieved. Instantly
downstream of the combustion region is the
pyrolysis/distillation ~ zone, = where  the
temperature is between 200 and 600°C and
which is still low in oxygen. Most of smoke
products are generated in this region by a
variety of mechanisms which are essentially
endothermic. A highly concentrated, perhaps
supersaturated, vapor is generated and, during
a puff, is drawn down the tobacco rod to
constitute the mainstream smoke. Its dwelling
time in the formation region is very short, only
a few milliseconds.

Like the generated vapor is drawn out of the
pyrolysis/distillation region during the puff, it

cools very rapidly in the presence of diluting
air entering at the paper burn line. This brings
the vapors of the less volatile compounds
rapidly to their infiltration point and
condensation takes place like the vapor cools
below 350°C. A dense aerosol consisting of
growing droplet particles is produced. The
mainstream smoke emerging from the mouth
end of the cigarette during a puff is a highly
concentrated, dynamic aerosol system. The
smoke particles are liquid, with water making
up to 20% of the droplet volume and,
consequently, they have spherical forms.

Also, the size of smoke particles will
increase in  humid environments due to
absorption of water vapor. This is particularly
important in the respiratory tract, where the
relative humidity is 99.5%. The relative
humidity of mainstream smoke is 60-70% and
little particle growth due to water absorption
occurs below 90% relative humidity. Particle
growth increases sharply with humidity above
90% due to the absorption of water and smoke
particles double in size at 99.5% relative
humidity. Smoke particle growth by absorption
is a complex process dependent on the
chemical composition of both the particles and
surrounding gas phase. It occurs in
milliseconds.

CO and CO, are the main products in
cigarette smoke and are produced by both
thermal decomposition and combustion of
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many of the components of tobacco: amino
acids, carboxylic acids, esters, celluloses,
sugars, starch etc. Studies in which the
cigarette was smoked or pyrolysed in
isotopically labeled oxygen and carbon dioxide
[27] have shown that approximately 30% of
the carbon monoxide is formed by thermal
decomposition of tobacco constituents, about
36% by combustion of tobacco and at least
23% by the endothermic carbonaceous
reduction of carbon dioxide: C + CO, —» 2CO.

Cigarette smoke is a complex mixture of
4800 identified substances, and 45 are believed
by Regulatory Authorities in Canada and the
USA to be relevant to smoking-related diseases
[28].

If we take into account these substances,
together with their approximate amounts in
cigarette smoke and their phase in smoke, and
phytochemicals that cultivated tobacco or
Nicotiana tabacum contains, then the following
reaction of tobacco combustion will take a
place

X1 CsH1aNO + x, CgH1oN,O (4 28)

+ X3 C3H32N203 + X4 C4H9N + X5 CoH1oN;

+ Xg CoH12N + X7 C1oH12N3 + Xg C10H1aN:

+ Xg C15H13N3 + X190 C3H,0 + X131 C3HeO,

+ Xg2 C7HgO; + X13 C1oH120 + X14 C13H120,
+ X15 C14H1003 + X156 C16H1800 + X17 C21H20012

+ X18 C2sH30015 + X19 C27H30016 + X20 O2

—> X1 CsHsN + X5 CoH7N + Xp3 C1oH7/N

+ X24 C10HoN + X5 C15H17N3 + X6 CeHsNO>
+ X27 C10H14N20 + X258 CH20 + X9 C,H4O
+ X39 C3H40 + X371 C3HgO + X3, C4HO
+ X3z C4HgO + X34 CgHgO, + X35 CogHagO
+ X36 CogH1g0 + X37 Co9H500 + X35 HCN
+ X39 C4Hs + Xa0 CsHg + Xa1 CgHg + Xa2 C16H10
+ Xa3 CooHsz + Xa4 CO + X5 CO; + X6 NO
+ X47 NO3 + X458 NH3 + X49 H50.

Here, the author would like to emphasize
very clearly that the organic reaction (4. 28),
which describes the tobacco combustion, is a
completely new reaction and for the first time
it appears in scientific literature. Until now, the
tobacco combustion was described by some
elementary chemical reactions, which did not
satisfy accurately real conditions, and they
provided only a rough picture about combustion
zone.

Since we have all necessary preconditions
for balancing a chemical reaction, now we
shall balance the main reaction of tobacco
combustion.

This reaction includes all important alkaloids
and toxins which tobacco contains.
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The reaction (4. 28) belongs to the class of
continuum reactions and its balancing is a
tough question, which enters deeply in the
theory of linear programming, because the
necessary and sufficient conditions generate

very hard solvable systems of linear
inequalities in several variables.
Since, the reaction (4.28) has a

stoichiometric matrix

5 8234 9 91010153
A=1141032 9 10 12 12 14 13 4

1221 2 2 2 2 30
1130000001
371013141621 25270
6 6 12 12 10 18 20 30 30 O
00 0 0OOOOOTO OO
22 1 2 3 91215162
-5 -9 -10 -10 -15 -6 -10 -1 -2
5-7 -7 -9-17 -5 -14 -2 -4
-1-1 -1 -1 3-1 200
00 0 0 0-2 -1-1-1
-3 -3-4-4-6-28-29 -29 -1
-4 -6 -6 -8 -6 -48 -48 -50 -1
00000 O O O0O-1
1-1-1-1-2 -1 -1 -1 0
-4-5-8-16-20-1-1 0 0 0 0
-6-8-8-10-32 0 0 0 0-3-2]1,
000 O 00O0-1-1-10
000 O 0-1-2-1-2 0-1

with a rankA = 4 and 49 molecules, it can be
balanced on 49!/[41(49 - 4)!] = 211876 different
ways. In other words, there are 211876 general
solutions, different each other, such that every
one generates an infinite number of particular
solutions. Only on this way can be fully
balanced reaction (4. 28). Really, it is an
extremely hard problem. In this work we shall
find only one general solution and one
particular solution.
The above chemical reaction (4. 28) reduces
to the following system of linear equations
5xy + 8X2 + 23X3 + 4%, + 9X5 + 9X6 + 1OX7 + 10Xg
+ 15X9 + 3X10 + 3X11 + 7X12 + 10X13 + 13X14
+ 14X15 + 16X16 + 21X17 + 25X18 + 27X19 = 5Xo1
+ 9X22 + 10X23 + 10X24 + 15xp5 + 6X26 + 1OX27
+ Xog + 2Xp9 + 3X3p + 3X31 + 4X32 + 4X33 + 6X34
+ 28X35 + 29%36 + 29X37 + X3g + 4Xag
+ 5Xg0 + 8Xa1 + 16Xa2 + 20Xs3 + Xas + Xss,
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14x;, + 10x, + 32X3 + 9, + 10X5 + 12X6 + 12X7
+ 14Xg + 13Xg + 4X10 + 6X11 + 6X12 + 12Xy3
+ 12X14 + 10X15 + 18X16 + 20X17 + 30X1g + 30X1g
=5Xo1 + TXop + TXp3 + OXo4 + 17X%o5 + 5Xop
+ 14X,7 + 2Xog + 4Xog + 4X3g + 6X31 + 6X30 + 8X33
+ 6X34 + 48X35 + 48Xz + 50X37 + X35 + 6X39
+ 8X40 + 8X41 + 10X42 + 32X43 + 3X43 + 2X49,
X1 + 2X2 + 2X3 + X4+ 2X5 + 2X6 + 2X7 + 2Xg + 3X9
= Xo1 + Xop + Xoz + Xoa + 3Xo5 + Xog + 2Xo7 + Xzg
+ Xag + Xa7 + Xus, (4. 29)
X1+ Xo + 3X3 + X10 + 2X11 + 2X12 + X13 + 2X14
+ 3X15 + 9X15 + 12X17 + 15X13 + 16X19 + 2X20
= 2Xg6 + X7 + Xog + Xog + X30 + Xa1 + Xa2 + Xa3
+ 2X34 + X35 + X35 + Xa7 + Xag + 2X45 + Xy
+ 2X47 + Xao.
The general solution of the system (4.29) is
given by the following expressions
X1 = (158X5 + 128X5 + 166X7 + 136X8 + 324X9
- 66X1g - 216X11 - 64X1o + 80X13 + 74X14 + 22X15
- 742X16 - 942X17 - 1300X18 - 1344X19 - 24OX20
- 98X21 - 220X22 - 258X23 - 228X24 - 264X25
+ 104X25 - 16X27 + 112X23 + 104X29 + 66X30
+ 96X31 + 58X3, + 88X33 + 102X34 - 224X35
- 262X36 - 232X37 - 6X38 - 62X39 - 7OX40 - 184xy;
- 458X42 - 280X43 + 82X44 + 202X45 + 137X45
+ 257X47 + 62X4g + 150X49)/157,

Xo = (- 95X5 - T1Xg - 7OX7 - 46X8 - 165X9 - 10X10
- 47Xy - 43X12 + 93X13 + 35X14 - 49X15 - 317X15
- 471X37 - 530X15 - 589X19 - 122X50 + 47X51
+ 19X22 + 18X23 - 6X24 + 117Xp5 + 168X25
+ 107X27 + 36X28 + 11X29 + 10X30 - 14X31 - 15X32
- 39X33 + 44X34 - 543X35 - 544X36 - 568X37
+ 99X35 - 76X39 - 101X4g - 104X41 - 136X42
- 404X43 + 60X44 + 121X45 + 173X45 + 234X47

+ 76X43 + 37X49)/157, (4 30)
X3 = (21Xs5 - 19X - 32%7 - 30Xg - 53Xg - 27X19
- 17X - 69X12 - 110X13 - 14144 - 148X15
- 118X15 - 157%47 - 175X13 - 193X19 + 16X20
+ 17X21 + 67X22 + 80X23 + 78X24 + 49X25 + 14X26
+ 22X27 + 3X28 + 14x,9 + 27X30 + 25X31 + 38X32
+ 36X33 + 56X34 + 308X35 + 321X35 + 319X37
- 31X3g + 46X39 + 57X40 + 96X41 + 198X42
+ 228X43 + 5X44 - 3X45 - 51X46 - 59X47
- 46X4g - 10x49)/157,
X4 = (- 240X5 - 262X5 - 276X7 - 298Xg - 359X9
+ 140X10 + 344X11 + 288X12 - 46X13 + 138X14
+ 372X15 + 1612X16 + 14X17 + 2710x%15 + 2908X19
+ 452X20 + 127X21 + 205X22 + 219X23 + 241X24
+ 403X25 - 311X26 + 72X27 - 190X23 - 154X29
- 140X30 - 118X31 - 104X32 - 82X33 - 302X34
+ 694X35 + 708X36 + 730X37 + 27X3g + 122Xz9
+ 158X40 + 200X41 + 334X42 + 632X43 - 212X44
- 438X45 - 224X46 - 450X47 + 35X48 - 204X49)/157,
where x;, (5 <i < 49) are arbitrary real numbers.
Balanced reaction (4. 28) has four generators

xi>0,(1<i<4), (4. 31)
which produce an infinite number of particular
solutions.

From (4. 31) we obtain the following
system of linear inequalities
158xs + 128xs + 166x7 + 136Xg + 324Xg
- 66X1g - 216X11 - 64X1o + 8013 + 74X14 + 22X15
- 742X15 - 942X17 - 1300X13 - 1344X19 - 240X20
- 98X21 - 220X22 - 258X23 - 228X24 - 264X25
+ 104X26 - 16X27 + 112X28 + 104X29 + 66X30
+ 96X31 + 58X3y + 88X33 + 102X34 - 224X35
- 262X36 - 232X37 - 6X38 - 62X39 - 70X40 - 184xy;
- 458X42 - 280X43 + 82X44 + 202X45 + 137X45
+ 257X47 + 62Xag + 15049 > 0,
- 95X5 - 71Xg - 7OX7 - 46X8 - 165Xg - 10X10
- 47Xy - 43X12 + 93X13 + 35X14 - 49X15 - 317X15
- 471X37 - 530X15 - 589X19 - 122X50 + 47X51
+ 19X22 + 18X23 - 6X24 + 117X + 168X25
+ 107X27 + 36X28 + 11X29 + 10X30 - 14X31 - 15X32
- 39X33 + 44X34 - 543X35 - 544X36 - 568X37
+ 99X3g - 76X39 - 101X4g - 104X41 - 136X42
- 404X43 + 60X44 + 121X45 + 173X46 + 234X47
+ 76X43 + 37X49 > 0, (4 32)
21Xs5 - 195 - 32%7 - 30Xg - 53Xg - 27X10
- 17X - 69X12 - 110X13 - 141X - 148X15
- 118X15 - 157%47 - 175X18 - 193X19 + 16X20
+ 17X21 + 67X22 + 80X23 + 78X24 + 49X25 + 14X26
+ 22X27 + 3X28 + 14x,9 + 27X30 + 25X31 + 38X32
+ 36X33 + 56X34 + 308X35 + 321X35 + 319X37
- 31X38 + 46X39 + 57X40 + 96X41 + 198X42
+ 228X43 + 5Xa4 - 3Xa5 - 51X46 - 5947
- 46X4g - 10X49 > 0,
- 240xs - 262X - 276X7 - 298Xg - 359x9
+ 140x%1o + 344X41 + 288X12 - 46X13 + 138X14
+ 372X15 + 1612X16 + 14x,7 + 2710X18 + 2908X19
+ 452X20 + 127X21 + 205X22 + 219X23 + 241X24
+ 403X25 - 311X26 + 72X27 - 190X23 - 154X29
- 140X30 - 118X31 - 104Xz, - 82X33 - 302Xa4
+ 694X35 + 708X36 + 730X37 + 27X3g + 122X3g
+ 158X40 + 200X41 + 334X42 + 632X43 - 212X44
- 438X45 - 224X46 - 450X47 + 35X48 - 204X4g >0
The inequalities (4. 32) are necessary and
suficient conditions to hold (4. 28). In other
words (4. 20) holds if and only if are satisfied
(4.32)
If we take into account (4. 30) immediately
follows balanced reaction
20985498810722 CsH4NO
+211988664173123 CgH1oN,O
+ 71404734962373 Cy3H3,N,03
+ 74612231873620 C4HgN
+ 64075324647690 CgHyoN,
+66410485874690 CoH1,N,
+67029087720750 C1oH12N>
+69364248947750 CyoH 14N>

(4.33)
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+56492180494820 C15H13N3
+74139764219020 C3H,O
+67661465635250 C3HO,
+70135873019490 C;H:O,
+ 87997222049440 C1oH;,0
+80852967776850 Cy3H;,0;
+ 65431891883276 C14H1003
+28020038320640 C15H1309
+ 7007829345630 C;;H2001,
+ 5282336567440 Cy5H30045
+ 6429296343045 C27H30016
+41657297999398 O,

— 81971892630682 CsHsN
+76226627132560 CoH/N
+93344031289188 Cy5H17N3
+206607536035418 CsHsNO;
+94371998670282 C1oH14N,0
+80908579479454 CH,0
+79543512098852 C,H,O
+78225105368756 C3H,O
+ 77436648403356 C3H:O
+ 74952028932304 C4H:O
+74125308440176 C4HgO
+80627882148850 C¢HsO>
+ 16837231445704 CygH40
+11981945330022 CyHy40
+ 87674677063278 HCN
+ 66578882188196 C4Hs
+64203924295902 CsHg
+ 60669668898798 CgHg
+54853660365650 C16H10
+84621954002320 CO
+93435413813090 CO,
+100038052918110 NO
+108851512728880 NO,
+87721851266840 NH3
+82905394621380 H,0.

The system (4. 29) has four (nonzero) linear
equations in fourty-nine unknowns; and hence
it has 49 - 4 = 45 free variables x; >0, (5 <i <
49). Thus, the dimension of the solution space
W of the system (4. 29) is dim W = 45. To
obtain a basis for W, we set

X =1 %=+ =X =0,
Xs=0,X=1, %= =Xy =0,
Xs =X =0,X7=1,Xg= - = Xg9 = 0, (4. 34)
Xs = =Xa7 =0, Xag= 1, Xg9 = 0,
x5: e :X48:0’ X9:1|
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in the expressions (4. 30) to obtain the
solutions
a; = (158/157, -95/157, 21/157, -240/157, 1, O,

0,...,0,0),
a, = (128/157, -71/157, -19/157, -262/157, 0,
1,0,...,0,0),

as = (166/157, -70/157, -32/157, -276/157, 0,
0,1,0,...,0,0),

as = (136/157, -46/157, -30/157, -298/157, 0,
0,0, 1,0, ...,0,0),

as = (324/157, -165/157, -53/157, -359/157, 0,
0,0,0, 1,0, ...,0,0),

as = (-66/157, -10/157, -27/157, 140/157, 0, 0,
0,0,0,1,0, ...,0,0),

a; = (-216/157, -47/157, -17/157, 344/157, 0,
0,0,0,0,0,1,0,...,0,0),

ag = (-64/157, -43/157, -69/157, 288/157, 0, 0,
0,0,0,0,0, 1,0, ...,0,0),

as = (80/157, 93/157, -110/157, -46/157, 0, 0,
0,0,0,0,0,0, 1,0, ..., 0, 0),

aw = (74/157, 35/157, -141/157, 138/157, 0, 0,
0,0,0,0,0,0,0,1,0, ..., 0, 0),

ay = (22/157, -49/157, -148/157, 372/157, 0, 0,
0,0,0,0,0,0,0,0, 1,0, ..., 0, 0),

an, = (-742/157, -317/157, -118/157, 1612/157,
0,0,0,0,0,0,0,0,0,0,0, 1,0, ..., 0, 0),

ans = (-942/157, -471/157, -157/157, 14/157, 0,
0,0,0,0,0,0,0,0,0,0,0, 1,0, ..., 0, 0),

aw = (-1300/157, -530/157, -175/157,
2710/157,0,0,0,0,0,0,0,0,0,0,0,0,0, 1,0,
..., 0,0),

ais = (-1344/157, -589/157, -193/157,
2908/157, 0, 0,0, 0, 0,0, 0,0,0,0,0,0,0,0, 1,
0,...,0,0),

aws = (-240/157, -122/157, 16/157, 452/157, 0,
0,0,0,0,000,000,00001,0,..,0,
0),

an = (-98/157, 47/157, 17/157, 127/157, 0, 0,
0,0,0,0,000,000,0,0001,0,..,0,
0),

ans = (-220/157, 19/157, 67/157, 205/157, 0, 0,
0,0,00,000,000000001,0,...
0,0),

a = (-258/157, 18/157, 80/157, 219/157, 0, 0,
0,0,00000000000000 10,
..., 0,0),

a0 = (-228/157, -6/157, 78/157, 241/157, 0, 0,
0,0,0,0,0,0,0,0,00,00,00,00,0,1,0,
..., 0,0),

ax = (-264/157, 117/157, 49/157, 403/157, 0,
0,0,0,0,0,0,0,0,00,0000,00,0,0,0,
1,0, ...,0,0),

ax = (104/157, 168/157, 14/157, -311/157, 0,
0,0,0,0,0,0,0,0,00,000000,0,0,0,
0,1,0,...,0,0),
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...,0,0),

(-16/157, 107/157, 22/157, 72/157, 0O, O,
* 07 O)’

0000000000000000000,

(112/157, 3
0,0,0,0,0,0,0

, 1,0, ..
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(X7, Xa9, X23, X27, X14, X17, X19, X1, X12, X26, X20,
X22, X42, X35, X16, X9, X3, X1, X2, X10, X37, X30, X24, X28,

X40, X18, X15, X13, X11, Xg, X39, Xa4, Xa6, Xa7, Xa1, X38).

o

arranged permutation of the reaction (4.33) is
Xa3, Xa8, Xa5, X36, X33, X32, X31, X29, X25, X34, X6, X5, X4,
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The parity of the above permutation we
shall determine on this way.

Since x; is before: Xz, X1, Xo, X6, X5, X4, then
we have 6 inversions;

Since X9 is before: X23, X27, X14, X17, X19, X21,
X12, X26, X20, X22, X42, X35, X16, X9, X3, X1, X2, X10, X37,
X30, X24, X28, X43, X48, X45, X36, X33, X32, X31, X29, X25,
X34, X6, X5, X4, X40, X18, X15, X13, X11, X8, X309, X44, X486,
Xa7, Xa1, X3g, then we have 47 inversions;

Since Xo3 is before: X14, X17, X19, X21, X12, X20,
X22, X16, X9, X3, X1, X2, X10, X6, X5, X4, X18, X15, X13,
X11, Xs, then we have 21 inversions;

Since Xo7 is before: X14, X17, X19, X21, X12, X26,
X20, X22, X16, Xo, X3, X1, X2, X10, X24, X25, X6, X5, Xa,
X18, X15, X13, X11, Xg, then we have 24 inversions;

Since X14 is before: X12, Xg, X3, X1, X2, X10, X6,
Xs, Xa, X13, X11, Xg, then we have 12 inversions;

Since x37 is before: Xi2, X1, X9, X3, X1, X2, X10,
Xe, Xs, Xa, X15, X13, X11, Xg, then we have 14
inversions;

Since Xyq is before: Xq12, X1, X9, X3, X1, X2, X10,
X6, X5, X4, X18, X15, X13, X11, Xg, then we have 15
inversions;

Since Xo1 is before: X12, X20, X16, X9, X3, X1, Xo,
X10, X6, X5, Xa, X18, X15, X13, X11, Xg, then we have
16 inversions;

Since X12 is before: Xg, X3, X1, X2, X10, X6, X5,
X4, X11, Xs, then we have 10 inversions;

Since X6 is before: Xoo, Xo2, X16, X9, Xa, X1, X2,
X10, Xoa, X5, Xg, X5, X4, X18, X15, X13, X11, Xg, then
we have 18 inversions;

Since Xy is before: X6, Xo, X3, X1, X2, X10, X6,
X5, X4, X1g, X15, X13, X11, Xs, then we have 14
inversions;

Since Xy, is before: Xig, X9, X3, X1, X2, X10, Xs,
X5, Xa, X1s, X15, X13, X11, Xs, then we have 14
inversions;

Since X4, is before: Xss, Xi6, X9, Xa, X1, X2, X10,
X37, X30, X24, X28, X36, X33, X32, X31, X20, X25, X34, Xs,
X5, Xa, Xa0, X18, X15, X13, X11, Xs, X39, Xa1, Xzs, then
we have 30 inversions;

Since Xs5 is before: Xi6, X9, X3, X1, X2, X10, X30,
X4, X28; X33, X32, X31, X29, X25, X34, X6, X5, X4, Xus,
X15, X13, X11, Xs, then we have 23 inversions;

Since X16 is before: Xg, X3, X1, X2, X10, X6, X5,
X4, X15, X13, X11, Xg, then we have 12 inversions;

Since Xxq is before: Xs, X1, X2, Xe, X5, X4, Xg,
then we have 7 inversions;

Since x; is before: xi, X, then we have 2
inversions;

Since Xy IS before: Xs, Xs, X4, Xs, then we
have 4 inversions;
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Since X37 is before: X30, X24, X28, X36, X33, X32,
X31, X29, X25, X34, X6, X5, Xa, X18, X15, X13, X11, X8,
then we have 18 inversions;

Since X30 is before: Xo4, X2g, X29, X25, X6, X5, X4,
X18, X15, X13, X11, Xg, then we have 12 inversions;

Since Xx,4 is before: Xg, Xs, Xa, X18, X15, X13, X11,
Xg, then we have 8 inversions;

Since Xog is before: Xo5, X6, X5, Xa, X18, X15, X13,
X11, Xg, then we have 9 inversions;

Since Xa3 is before: Xz, X33, Xa2, X31, X29, Xo5,
X34, X6, X5, X4, X18, X15, X13, X11, X8, X39, X41, X38,
then we have 18 inversions;

Since Xag is before: Xas, Xzs, Xa3, X32, X31, Xog,
X25, X34, X6, X5, X4, X40, X18, X15, X13, X11, X8, X39, X44,
Xa6, Xa7, Xa1, X3, then we have 23 inversions;

Since Xg5 is before: Xsg, Xas, Xa2, Xa1, X29, X2s,
X34, X6, X5, Xa, X40, X18, X15, X13, X11, X8, X39, Xa4, Xa1,
X3g, then we have 20 inversions;

Since Xs6 is before: Xss, Xaz, Xa1, Xo0, X5, Xaa,
X6, X5, X4, X18, X15, X13, X11, Xg, then we have 14
inversions;

Since X33 is before: X32, X31, X29, X25, Xg, X5, Xa,
X1, X15, X13, X11, X, then we have 12 inversions;

Since Xz, is before: Xz, Xog, Xo5, Xg, X5, X4, Xa0,
X1s8, X15, X13, X11, Xg, then we have 12 inversions;

Since X3 is before: Xog, X25, Xs, X5, X4, X18, X15,
X13, X11, X, then we have 10 inversions;

Since Xyq is before: Xos, Xs, X5, Xa, X18, X15, X13,
X11, Xg, then we have 9 inversions;

Since Xo5 is before: Xe, Xs, Xa, X18, X15, X13, X11,
Xg, then we have 8 inversions;

Since X34 is before: Xg, X5, X4, X18, X15, X13, X11,
Xg, then we have 8 inversions;

Since Xxg is before: Xs, X4, then we have 2
inversions;

Since x5 is before: x,, then we have 1
inversion;

Since Xug is before: Xis, Xi5, X13, X11, X8, X3o,
X3g, then we have 7 inversions;

Since xyg is before: Xis, X13, X11, Xg, then we
have 4 inversions;

Since X5 is before: Xi3, X11, X, then we have
3 inversions;

Since Xxy3 is before: x11, Xs, then we have 2
inversions;

Since Xxp; is before: xg, then we have 1
inversion;

Since Xsg9 is before: xss, then we have 1
inversion;

Since X44 1S before: Xa1, Xsg, then we have 2
inversions;

Since x4 IS before: xs1, Xag, then we have 2
inversions;

Since x47 is before: Xa1, Xsg, then we have 2
inversions;
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Since X4 is before: xss, then we have 1
inversion;

The total number of the inversion is k =
498. According to the Definition 3. 37, the sign
of the permutation o will be signo = (- 1)* = (-
1)*® =1, and according to the Definition 3. 38,
the permutation ois even.

Elements of the permutation o of the
chemical equation (4. 33), lie in seven orbits.

The orbits of the permutation o are:

@1 = (X1, X2, Xa, X7, Xg, Xo, X12, X15, X16, X18,
X19, X21, X22, X25, X27, X29, X30, X32, X33, X37, X38, X39,
Xa0, X43, X44, Xs5, X49) of Iength m =27,

@3 = (X3, Xs, Xe, X14, X17, X23, X4, Xog, X35, X36)
of length m = 10,

@3 = (X10, X11, X13, X20, X26, Xa1, Xa2, Xsg) Of
length m =8,

@4 = (Xa1) of lengthm =1,

@5 = (Xa4) Of lengthm =1,

@5 = (X46) OF lengthm =1
and

@5 = (Xq47) Of length m = 1.

Therefore, the permutation can be presented
in this form

o= @1U @QU @3\) @4U @5\) @5U @7

One of the most important criteria for
balancing chemical equations is their stability.
Stability made analysis shown that this reaction
(4. 33) is not stable.

In the next section we shall consider the
field temperature problem in the combustion
zone by using of two-dimensional heat
equation.

5. FIELD TEMPERATURE PROBLEM

Consider the two-dimensional heat equation
on the rectangular region 0 < x < ¢, 0 <y <h,

oT/ot = k (8°T/% + (8°T/%),  (5.1)
with the initial condition
T(x, y, 0) = f(x, y), (5.2)
and these boundary conditions
T(0,y,t) =0, 0T(¢, y, t)lox=0, (5.3)

aT(x, 0, t)/oy = 0, OT(x, h, t)/oy =0, t — .

Since the equation and the boundary
conditions are linear and homogeneous we can
use separation of wvariables. Assuming a
solution of the form T(x, y, t) = X(X)-Y(y) T(t)
and substituting this into the partial differential
equation (5. 1) we have

T'(OX(X)Y(y)
=k [X"(QY(Y)T®) + Y* (XE)TO)],

so that

T'()/KT(E) = X" (X)XX) + Y" (WIY(Y) =- 4,

where 1 is the separation constant. This gives
X"(IX(X) = - 2-Y" (WIY(Y) = -
where u is another separation constant.
We can satisfy the boundary conditions by
requiring that
X(0) = X'(¢) =0 and Y'(0) =Y'(h) =0,

and therefore X and Y satisfy these boundary
value problems

X"(x) + uX(x) =0, 0 <x < ¢, (5. 4)
X(0)=0and X'(¢) =0,
and
Y'(y) +a¥(y) =0,0<y<h, (5.5)
Y'(0) =0and Y'(h) =0,
where a = A - u, while T satisfies the

differential equation
T+ kT =0,t>0. (5. 6)

The eigenvalues and corresponding

eigenfunctions for the problem (5. 4) are
o = [(2n - Daf26]

and

Xn(X) =sin[(2n - Dmx/2€],n=1, 2,3, ...
while the eigenvalues and corresponding
eigenfunctions for the problem (5. 5) are

om = (malh)?

and
Ym(y) = cos(mmy/h), m=0, 1, 2, ...

The corresponding solutions to the time
equation (5. 6) are

Tom = eXpP(-Anmkt),

where

Jom = pn + am = [(2N - Daf2€% + (malh)?,
we need to use all possible combinations of
indicesn=1,2,3,...andm=0,1, 2, ...

The products

Tom(X, Y, 1) = Xa(X)-Ym(Y)- Tam(t)
= sin[(2n - 1)mx/2£]-cos(mmy/h)-eXp(-Anmkt),

satisfy the partial differential equation and the
boundary conditions, and by the superposition
principle, the function

0 0

T(X,y, )= > Comsin[(2n - 1)ax/2(]
n=1 m=0
xcos(mmy/h) exp(-AnmKt), (5.7
also satisfies the partial differential equation
and all the boundary conditions. In order to
satisfy the initial condition, we could use the
fact that the eigenfunctions
{sin[(2n - 1)mx/2€]-cos(mmy/n) }ns1, mso
form an orthogonal set on the rectangle [0,
£]x[0,h] in R% However, we use another method
which is similar to the methods used for one-
dimensional Fourier series expansions. Setting
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t = 0 in the expression above for T(x, y, t), we
want

0

18 =) > Cym sin[(2n - 1)ax/2£]-cos(maylh),

n=1 m=0

0

for 0 <x<¢and 0 <y <h, and writing this as

18 = i Bn(y)sin[(2n - 1)zx/2¢(].

This is a Fourier sine series expansion of 18 on
the interval [0,£] holding y fixed, and therefore
Bn(Y) = (36/¢) o “ sin[(2n - 1)mx/2£]dx, (n > 1).
Forn>1,

Ba(y) = ;()Cnm cos(mmylh),

is the expansion of B,(y) on the interval [0,h],
so that

Cro = (1/h) of" Bn(y)dy

= (36/¢h) of" of“ sin[(2n - 1)zx/2£]dxdy, (n > 1).

Com = (2/h) oJ" Ba(y)cos(mmy/h)dy

= (72/th) of" of ¢ sin[(2n - 1)ax/2(]

xcos(mmy/h)dxdy, (¥ n, m>1).

We can note that that in the solution (5. 7)
all terms in the sum for which either n>1 or m
> 1 contain a factor of exp(-Ammkt), where Any, >

0 and as t — oo, all these terms vanish, and
therefore lim T(x, y, t) = 0.
t—>w

According to the above obtained results, on

the Fig. 3 are presented the particular R?
isotherms for T(x, y, 0) = 18°C, 0 < x < 8 mm,
0<y<10 mm, and k = 1.107 m?s in the
combustion zone for the free burn profile.

Temperature

of solid =— Gas flow

10
Distance from line of paper burn, mm

0 2 4 6

Fig. 3. Temperature distribution in R?, °C
6. SMOKE FILTRATION PROBLEM

Let us consider a regular cigarette being
smoked under the following conditions:

1° In the cigarette smoking process under
continuous inhalation (i. e., with a constant
speed of the air and burning gases passing
through the cigarette and a constant
combustion factor) there enters into the
cigarette a constant fraction a of any
components X;, (1 <i<n) of tobacco (volatiles
oils, carbohydrates, proteins, nicotine, organic
acids, and so on.), while the remaining fraction
1 - o escapes into atmosphere.

2° In filtration of any components X;, (1 <
< n) of tobacco through the cigarette, the
absorption factor of the tobacco £ is constant.

3° We ignore the change in length of the
cigarette during the time of passage of smoke
through it.

Remark. The coefficients o. and B can be
naturally distinguished for different components
Xi, (1 <i<n) of tobacco.

; L |
Filter — A X fe——
x 0
Smoking Burning
end end
—3AX|[E— — AL —
f x-AL I

Fig. 4. A schematic

Let Ci(x, L) denote the concentration of
components X;, (I < i < n) for a cigarette of
length L at a distance x from the burning end as
it is showed in Fig. 4.
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view of a cigarette

The amount of the components X;, (1 <i <
n) transmitted down the cigarette after burning
AL of cigarette is, to first order terms, AS =



Ice B. Risteski: A new mathematical model of cigarette combustion

aCi(0, L)AL. The fraction of AS filtered out by
element AX is

A(AS) = AC;-AX = afe?™Ci(0, L)AL-AX. (6. 1)

This follows since the filtration law is

dS/dx = - S or S = See™,
and thus, to first order terms, AS = SSAX.

Equation (6. 1) can be rewritten as

[Ci(x - AL, L - AL) - Ci(x, L)J/AL
= afCi(0, L)e™,

On letting AL — 0, one obtains the mixed
partial differential equation of first order

oCi(x, L)/ox + oCi(x, L)/oL
= - afCi(0, L)e™,
subject to the initial condition C;(0, Ly) = Cq
(constant), where L is the initial length of the
cigarette.

To solve the above partial equation (6. 2)

we suppose a solution of the form
Ci(x, L) = Co + p(L)e”,
where ¢(Lp) = 0. This transforms partial
equation (6. 2) into following ordinary linear
differential equation
p'(L) - B(1 - a)o(L) = - apCo.

Therefore
Ci(x, L) = Co + Coae™[1 - e~ 9o-D/(1 - ¢).

The amount of components X;, (I <i < n)
transmitted to the smoker after burning AL of
the cigarette is, to first order terms,

AS; = aCi(0, L)e™AL.

Therefore, the total amount transmitted
when the cigarette has been burned down to a
length Ls is

S = /% aCi(0, L)e” dL
= aCoe'ﬁLf[l - gP-a)(lo- Lf)]/(l -a)p
= [Ci(Lf, Lf) - Co]/ﬁ

The total amount of X;, (1 <i < n) destroyed
by burning is

Sb =14/ (1 - a)Ci(0, L)DI = Co(Lo - Ly)
- aCy[1 - e#1-Ato-1011(1 - ).
The amount of X;, (1 < i < n) left in the
cigarette is
Se=of" Ci(x, Li)dx = Col¢
+aCo(1 - eP[1 - P~ o-19Y/(1 - 4.
It follows immediately that
St + Sp + S¢ = Colo. (6. 4)

Equation (4) expresses the material balance
on components X;, (1 <i<n).

We can now determine the effect of the
initial length Ly on the amount S; transmitted to
the smoker. Let as consider two cigarettes of
lengths L, and Lo", and identical otherwise. The

(6.2)

(6. 3)

amounts S; and S¢' may be compared on one of
the following two principles:

(P1) both cigarettes burn down the same
amount,

(P,) both cigarettes burn down to the same
final length.

In the latter case, we would consider the
amount S; per unite length of cigarette smoked.
On either principle, the longer cigarette is more
effective in reducing the amount S; transmitted
to the smoker.

We shall now consider the effects of
filtration alone on the amount S;. We let a — 1
(zero burning fraction). Then (6. 3) reduces to

S = Coe™ (Lo - Ly).

Using principle (P,) for a comparison we

get
SJS = e?Hije P, (6. 5)

Therefore, the initially longer cigarette is
more effective in reducing the amount of S
transmitted. Though, if we now use principle
(P,) we obtain

S(Lo - L) = S/(Lo" - Ly). (6.6)

In this case, the filtering capacity is
independent of the initial length. Since many
smokers burn their cigarettes (be they regular
or king size) to the same approximate final
length before discarding them, principle (Py)
would be indicated.

To approximate more closely to actual
smoking conditions, we shall consider a
cigarette being smoked in the following way.
The cigarette is first smoked a length ALs under
steady inhalation and then is allowed to burn a
length AL, without inhalation. This process is
repeated until the cigarette is discarded.

We now have to solve the partial
differential equation (6. 2) subject to the
nonconstant initial condition Ci(x, Ly) = C(x),
where C(x) is a special function. To solve (6.
2) under this condition, we let

Ci(x, L) = e™[U(x, L) + V(L)].
Then (6. 2) becomes
oU(x, L)/ox + oU(x, L)/oL + V'(L)

= S[U(x, L) + V(L)] - ap[U(0, L) + V(L)].

If we let

oU(x, L)/ox + aU(x, L)/oL = pU(x, L), (6. 7)
subject to the condition

U(x, Lo) = &"C(x),
then V(L) must satisfy

dv(L)/dL - (1 - a)V(L) = - apU(0, L), (6. 9)
subject to the initial condition V(L) = 0.

(6. 8)
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The subsidiary equations for solving partial
differential equation (7) are
dx =dL = dU(x, L)/B.
Consequently,
U(x, L) = e™¢(L - x),
where {(x) is an arbitrary function of x. To
determine {(x), we use (6. 8). Thus we find that
U(x, L) = e”C(Lo - L +x).

We can now solve (6. 9), and the solution is

V(L) = ape’® 9t [ et OC(L, - L)dL,
whence

Cx,L)=C(Lo-L+Xx)
+ o/t P [0 e OC(L, - L)dL.

If we now smoke a length ALs under steady
inhalation, the concentration function will be
given by

Cl(X, L) =Co
+ aﬁe—ﬁx + A1 - o)l I_lj‘Lo e—ﬁ(l - a)LCOd L,
where L; = Lo - ALs. After burning a length
ALy, concentration function will then be
C1 (%, Lo) = Ca(x + AL, Ly).
Here we have
Lg = Ll - ALb = Lo - ALS - ALb
On repeating another cycle we obtain

Ca(X, Ls) = Cy (Lo - Ly + X, Ly)
+ aﬁe'ﬁx +B(L-a)ls

x 52 e C (L, - L, Ly)dL,
C2'(x, La) = Co(x + ALy, L3).
By induction, we find that after n cycles,
Ca(X, Lon1) = Cn-l*(I—Zn-Z - Lona + X, Lon2)
+ (Xﬂe-ﬁx + B(1 - o)Lon-1
X Lona [ 22 €7 C L (Lon s - L, Lon2)dL,
Cn*(X, I—2n) = Cn(X + ALb! L2n—1),
where
Lon1 = Lo - nALs - (n - 1)AL,
L2n = LO - }’IALS - nALb.
The amount S;, transmitted to the smoker
during the n-th cycle is given by
St = Lont) 22 aCprp (0, L)e”MdL.
Thus, the total amount St absorbed by the
smoker after n cycles is

N
ST = z Stn
n=1

N
= sl "2 aCpa(0, L)e”dL.
n=1
Again, in order to determine the effect of
filtration alone, we set o = 1. It then can be
established by induction that
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CN(X, L)/Co =1
+ BALeP[(e™N-DPA _ 1)/(1 - e#t0)
+ (Lo - L)/ALs - (N - 1)(1 + ALy/ALS)],
and that also
St = CoAL M ~Hx[(1 - eNPAey (1 - ey,

For a comparison of the filtration efficiency
of two cigarettes (under discontinuous
inhalation), identical except for length, it is
reasonable to keep ALs and AL, fixed. Then,
using principle (P;) we get

St /ST' = e-ﬂLO/e-ﬁLOI,
which corresponds to (6. 5), and to which it
reduces if AL, = 0. By using principle (P2) we
obtain
(St/NAL)/(St/N'ALs)
= [(1 - e™AE)NY/[(L - eMPAE0) N,

Since (1 - €™)/x is a monotonic decreasing
function, it follows that under either principles,
(P1) and (P,), the longer cigarette is a better
filter under discontinuous inhalation which
more nearly approximates actual smoking
conditions than continuous inhalation.

7. GROUPS’ FORMATION PROBLEM

I. A symmetric group Sag

Let G be the symmetric group Ss. We have
|G| = 608281864034267560872252163321295
376887552831379210240000000000
= 2%%3%x5% 78x 11*x13°x 1 7°x19°%x23°% 29
x31x37x41x43%47.

Generators
of G:

a; =(1,2,...,49) (order 49)
a; = (1,2) (order 2)

The center of G is trivial. The derived
subgroup D =[G, G] is a simple group of order
30414093201713378043612608166064768844
3776415689605120000000000,
generated by
{(1,8,42,39,49,46,9,24,12,40,23,21,16,44,37,
6,7,11,22,4,34,19)(2,36,33,18,47,20,28,10,26,
3,25,35,17,32,27)(5,15,31,43,48,14,30,41,13,
45)(1,20,18,43,17,25,4,40,45,42,24,36,46,3,22,
27,41,13,14,31,44,32,7,33,47)(2,12,35,49,28,
21,9,30,16,39,6,34,38,23,8,10,37,19,29,5,26,
11,48)} and G/D = C,.

Let G be a group generated by 2
permutations. We have

|G| = 3041409320171337804361260816606
47688443776415689605120000000000
= 2%%3%x5% 7% 11*x13°x 177 19°% 23
x29x31x37x41x43x47.
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G is the alternating group A4 on the set {1,
2, ...,49}. It’s a simple group.
I1. An alternating group A
Let G be the alternating group A4. We have
|G| = 3041409320171337804361260816606
47688443776415689605120000000000
= 2%x3%2x510% 78x11*x133x172x19?x23?x 29
X31x37x41%43%47.

Generators
of G:

a; =(1,2,... ,49) (order 49)
a, = (47,48,49) (order 3)

I11. A primitive group of degree 49

There are in total 40 primitive groups (up to
conjugation) on the set {1, 2, ..., 49}. Only 38
of them are listed below, the rest being too big
(alternating or symmetric).

Number Order Nature
1 196 solvable
2 294 solvable
3 392 solvable
4 392 solvable
5 392 solvable
6 588 solvable
7 588 solvable
8 588 solvable
9 784 solvable
10 784 solvable

1. Let G be a primitive group of degree 49 with 2 generators. We have |G| = 196 = 2°x7°,

11 784 solvable
12 882 solvable
13 1176 solvable
14 1176 solvable
15 1176 solvable
16 1176 solvable
17 1176 solvable
18 1176 solvable
19 1568 solvable
20 1764 solvable
21 1764 solvable
22 2352 solvable
23 2352 solvable
24 2352 solvable
25 2352 solvable
26 3528 solvable
27 3528 solvable
28 4704 solvable
29 7056 solvable
30 49 cyclic
31 147 solvable
32 294 solvable
33 98 solvable
34 56448
35 12700800
36 25401600
37 25401600
38 50803200

a = (2,38,5,20)(3,46,6,28)(4,12,7,30)(8,37,29,19)(9,13,33,31)(10,
24,34,48)(11,43,35,22)(14,18,32,42)(15,45,36,27)(16,26,40,44)
(17,21,41,39)(23,49,47,25) (order 4)

Generators of G:

a, = (1,8,22,15,36,43,29)(2,9,23,16,37,44,30)(3,10,24,17,38,45,31)
(4,11,25,18,39,46,32)(5,12,26,19,40,47,33)(6,13,27,20,41,48,34)
(7,14,28,21,42,49,35) (order 7)

G is a solvable group. G acts transitively on the set of 49 elements {1, 2, ..., 49}. The center of

G is trivial.

The derived subgroup D =[G, G] is an abelian group of order 49, generated by

{(1,16,32,24,48,14,40)(2,18,31,27,49,12,36)(3,20,35,26,43,9,39)(4,17,34,28,47,8,37)(5,15,30,25,
45,13,42)(6,21,33,22,44,11,38)(7,19,29,23,46,10,41)(1,26,42,34,10,18,44)(2,22,40,35,13,17,46) (3,
25,37,29,12,21,48)(4,23,36,33,14,20,45)(5,28,41,31,11,16,43)(6,24,39,30,8,19,49)(7,27,38,32,9,

15,47)} and G/D = C,.

Lower central series

Level

Order

Nature

Quotient

Successive quotient

49

abelian

cyclic

Cy
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Derived series

Level

Order

Nature | Quotient | Successive guotient

49

abelian | cyclic C.

1

trivial | solvable C/*

Conjugacy classes of subgroups

Serial

Order

Nature

Conjugacy

classes

Maximal
subgroup
classes

Generators

trivial

1

cyclic

49

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)(12,
30)(13,31)(14,32)(15,36)(16,40)(17,41)(18,42)
(19,37)(20,38)(21,39)(22,43)(23,47)(24,48)
(25,49)(26,44)(27,45)(28,46)

cyclic

49

(2,20,5,38)(3,28,6,46)(4,30,7,12)(8,19,29,37)
(9,31,33,13)(10,48,34,24)(11,22,35,43) (14,42,
32,18)(15,27,36,45)(16,44,40,26)(17,39,41,21)
(23,25,47,49)

cyclic

(1,8,22,15,36,43,29)(2,9,23,16,37,44,30)(3,10,
24,17,38,45,31)(4,11,25,18,39,46,32)(5,12,26,
19,40,47,33)(6,13,27,20,41,48,34)(7,14,28,21,
42,49,35)

cyclic

(1,9,25,17,41,49,33)(2,11,24,20,42,47,29) (3,
13,28,19,36,44,32)(4,10,27,21,40,43,30) (5,8,
23,18,38,48,35)(6,14,26,15,37,46,31)(7,12,
22,16,39,45,34)

cyclic

(1,10,26,18,42,44,34)(2,13,22,17,40,46,35)
(3,12,25,21,37,48,29)(4,14,23,20,36,45,33)
(5,11,28,16,41,43,31)(6,8,24,19,39,49,30)
(7,9,27,15,38,47,32)

cyclic

(1,2,43,6,7,5)(8,9,11,10,13,14,12)(15,16,18,
17,20,21,19)(22,23,25,24,27,28,26)(29,30,32,
31,34,35,33)(36,37,39,38,41,42,40)(43,44,46,
45,48,49 47)

14

dihedral

14

2,7

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)(12,
30)(13,31)(14,32)(15,36)(16,40)(17,41)(18,42)
(19,37)(20,38)(21,39)(22,43)(23,47)(24,48)
(25,49)(26,44)(27,45)(28,46)(1,2,4,3,6,7,5)(8,
9,11,10,13,14,12)(15,16,18,17,20,21,19)(22,
23,25,24,27,28,26)(29,30,32,31,34,35,33)(36,
37,39,38,41,42,40)(43,44,46,45,48,49,47)

14

dihedral

14

2,4

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)(12,
30)(13,31)(14,32)(15,36)(16,40)(17,41)(18,42)
(19,37)(20,38)(21,39)(22,43)(23,47)(24,48)
(25,49)(26,44)(27,45)(28,46)(1,8,22,15,36,43,
29)(2,9,23,16,37,44,30)(3,10,24,17,38,45,31)
(4,11,25,18,39,46,32)(5,12,26,19,40,47,33) (6,
13,27,20,41,48,34)(7,14,28,21,42,49,35)

10

14

dihedral

14

2,5

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)(12,
30)(13,31)(14,32)(15,36)(16,40)(17,41)(18,42)
(19,37)(20,38)(21,39)(22,43)(23,47)(24,48)
(25,49)(26,44)(27,45)(28,46)(1,9,25,17,41,49,
33)(2,11,24,20,42,47,29)(3,13,28,19,36,44,32)
(4,10,27,21,40,43,30)(5,8,23,18,38,48,35)(6,
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14,26,15,37,46,31)(7,12,22,16,39,45,34)

11 14 | dihedral 14 2,6

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)
(12,30)(13,31)(14,32)(15,36)(16,40)(17,41)
(18,42)(19,37)(20,38)(21,39)(22,43)(23,47)
(24,48)(25,49)(26,44)(27,45)(28,46),(1,10,
26,18,42,44,34)(2,13,22,17,40,46,35)(3,12,
25,21,37,48,29)(4,14,23,20,36,45,33) (5,11,
28,16,41,43,31)(6,8,24,19,39,49,30)(7,9,27,
15,38,47,32)

12 49 abelian 1 45,6,7

(1,2,4,3,6,7,5)(8,9,11,10,13,14,12)(15,16,
18,17,20,21,19)(22,23,25,24,27,28,26)(29,
30,32,31,34,35,33)(36,37,39,38,41,42,40)
(43,44,46,45,48,49,47)(1,8,22,15,36,43,29)
(2,9,23,16,37,44,30)(3,10,24,17,38,45,31)
(4,11,25,18,39,46,32)(5,12,26,19,40,47,33)
(6,13,27,20,41,48,34)(7,14,28,21,42,49,35)

13 98 solvable 1

8,9,10,11,12

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)
(12,30)(13,31)(14,32)(15,36)(16,40)(17,41)
(18,42)(19,37)(20,38)(21,39)(22,43)(23,47)
(24,48)(25,49)(26,44)(27,45)(28,46)(1,8,22,
15,36,43,29)(2,9,23,16,37,44,30)(3,10,24,17,
38,45,31)(4,11,25,18,39,46,32)(5,12,26,19,
40,47,33)(6,13,27,20,41,48,34)(7,14,28,21,
42,49,35)(1,2,4,3,6,7,5)(8,9,11,10,13,14,12)
(15,16,18,17,20,21,19)(22,23,25,24,27,28,26)
(29,30,32,31,34,35,33)(36,37,39,38,41,42,40)
(43,44,46,45,48,49,47)

14 196 G 1 3,13

(2,38,5,20)(3,46,6,28)(4,12,7,30)(8,37,29,19)
(9,13,33,31)(10,24,34,48)(11,43,35,22) (14,18,
32,42)(15,45,36,27)(16,26,40,44)(17,21,41,39)
(23,49,47,25),(1,8,22,15,36,43,29)(2,9,23, 16,
37,44,30)(3,10,24,17,38,45,31)(4,11,25,18,39,
46,32)(5,12,26,19,40,47,33)(6,13,27,20,41,48,
34)(7,14,28,21,42,49,35)

Proper normal subgroups

Serial | Order | Nature | Quotient | Subgroups

Generators

abelian cyclic --

(1,11,27,19,37,45,35)(2,10,28,15,39,48,33)
(3,14,22,18,41,47,30)(4,13,26,16,38,49,29)
(5,9,24,21,36,46,34)(6,12,23,17,42,43,32)
(7,8,25,20,40,44,31), (1,43,15,8,29,36,22)
(2,44,16,9,30,37,23)(3,45,17,10,31,38,24)
(4,46,18,11,32,39,25)(5,47,19,12,33,40,26)
(6,48,20,13,34,41,27)(7,49,21,14,35,42,28)

solvable | cyclic 1

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)
(12,30)(13,31)(14,32)(15,36)(16,40)(17,
41)(18,42)(19,37)(20,38)(21,39)(22,43)
(23,47)(24,48)(25,49)(26,44)(27,45)(28,
46)(1,19,35,27,45,11,37)(2,15,33,28,48,
10,39)(3,18,30,22,47,14,41)(4,16,29,26,49,
13,38)(5,21,34,24,46,9,36)(6,17,32,23,43,
12,42)(7,20,31,25,44,8,40),(1,8,22,15,36,
43,29)(2,9,23,16,37,44,30)(3,10,24,17,38,45,
31)(4,11,25,18,39,46,32)(5,12,26,19,40,47,
33)(6,13,27,20,41,48,34)(7,14,28,21,42,49,35)
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Sylow subgroups

p | Order

Conjug.
classes

Nature

Normalizer

Normal
closure

Generators

49

cyclic 4

G

(2,38,5,20)(3,46,6,28)(4,12,7,30)(8,37,29,
19)(9,13,33,31)(10,24,34,48)(11,43,35,22)
(14,18,32,42)(15,45,36,27)(16,26,40,44)
(17,21,41,39)(23,49,47,25)

71 49

abelian G

49

(1,15,29,22,43,8,36)(2,16,30,23,44,9,37)
(3,17,31,24,45,10,38)(4,18,32,25,46,11,39)
(5,19,33,26,47,12,40)(6,20,34,27,48,13,41)
(7,21,35,28,49,14,42),(1,45,19,11,35,37,27)
(2,48,15,10,33,39,28)(3,47,18,14,30,41,22)
(4,49,16,13,29,38,26)(5,46,21,9,34,36,24)
(6,43,17,12,32,42,23)(7,44,20,8,31,40,25)

2. Let G be a primitive group of degree 49 with 3 generators. We have |G| = 294 = 2x3x77,

Generators of G:

a; = (2,8)(3,15)(4,22)(5,29)(6,36)(7,43)(10,16)(11,23)(12,30)
(13,37)(14,44)(18,24)(19,31)(20,38)(21,45)(26,32)(27,39)
(28,46)(34,40)(35,47)(42,48) (order 2)

a, = (2,6,4)(3,7,5)(8,22,36)(9,27,39)(10,28,40)(11,23,41)(12,24,42)
(13,25,37)(14,26,38)(15,29,43)(16,34,46)(17,35,47)(18,30,48)
(19,31,49)(20,32,44)(21,33,45) (order 3)

as = (1,8,22,15,36,43,29)(2,9,23,16,37,44,30)(3,10,24,17,38,45,31)
(4,11,25,18,39,46,32)(5,12,26,19,40,47,33)(6,13,27,20,41,48,34)
(7,14,28,21,42,49,35) (order 7)

This generating set is not minimal. There is a smaller generating set with 2 elements. G is a
solvable group. G acts transitively on the set of 49 elements {1, 2, ..., 49}. The center of G is

trivial.

The derived subgroup D =[G, G] is a solvable group of order 147, generated by
{(2,6,4)(3,7,5)(8,22,36)(9,27,39)(10,28,40)(11,23,41)(12,24,42)(13,25,37)(14,26,38)(15,29,43)
(16,34,46)(17,35,47)(18,30,48)(19,31,49)(20,32,44)(21,33,45)(1,30,46,38,20,28,12)(2,32,45,41,
21,26,8)(3,34,49,40,15,23,11)(4,31,48,42,19,22,9)(5,29,44,39,17,27,14)(6,35,47,36,16,25,10)(7,

33,43,37,18,24,13)} and G/D = C,.

Lower central series
Level | Order | Nature | Quotient | Successive quotient
1 147 | solvable | cyclic C,
Derived series
Level | Order | Nature | Quotient | Successive quotient
1 147 | solvable | cyclic C,
2 49 abelian | dihedral Cs
3 1 trivial | solvable Cc/
Conjugacy classes of subgroups
Serial | Order | Nature | Conjugacy | Maximal
classes | subgroup Generators
classes
1 1 trivial 1 -
(2,8)(3,15)(4,22)(5,29)(6,36)(7,43)(10,16)
2 2 cyclic 21 1 (11,23)(12,30)(13,37)(14,44)(18,24)(19,31)
(20,38)(21,45)(26,32)(27,39)(28,46)
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(34,40)(35,47)(42,48)
(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,28)
3 3 | cyclic 49 1 (11,41,23)(12,42,24)(13,37,25)(14,38,26)
(15,43,29)(16,46,34)(17,47,35)(18,48,30)
(19,49,31)(20,44,32)(21,45,33)
(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,28)
(11,41,23)(12,42,24)(13,37,25)(14,38,26)
(15,43,29)(16,46,34)(17,47,35)(18,48,30)
4 6 | dihedral 49 23 | (19,49,31)(20,44,32)(21,45,33)(2,8)(3,15)
(4,22)(5,29)(6,36)(7,43)(10,16)(11,23)
(12,30)(13,37)(14,44)(18,24)(19,31)(20,38)
(21,45)(26,32)(27,39)(28,46)(34,40)(35,47)
(42,48)
(1,2,4,3,6,7,5)(8,9,11,10,13,14,12) (15,16,
5 7 | cyclic 2 1 18,17,20,21,19)(22,23,25,24,27,28,26) (29,
30,32,31,34,35,33)(36,37,39,38,41,42,40)
(43,44,46,45,48,49,47)
(1,9,25,17,41,49,33)(2,11,24,20,42,4729)
6 7 | cyclic 3 1 (3,13,28,19,36,44,32)(4,10,27,21,40,43,30)
(5,8,23,18,38,48,35)(6,14,26,15,37,46,31)
(7,12,22,16,39,45,34)
(1,10,26,18,42,44,34)(2,13,22,17,40,46,35)
7 7 | cyclic 3 1 (3,12,25,21,37,48,29)(4,14,23,20,36,45,33)
(5,11,28,16,41,43,31)(6,8,24,19,39,49,30)
(7,9,27,15,38,47,32)
(2,22)(3,29)(4,36)(5,43)(6,8)(7,15)(9,27)
(10,34)(11,41)(12,48)(14,20)(16,28)(17,35)
(18,42)(19,49)(24,30)(25,37)(26,44)(32,38)
8 14 | dihedral 3 27 | (33,45)(40,46), (1,10,26,18,42,44,34)
(2,13,22,17,40,46,35)(3,12,25,21,37,48,29)
(4,14,23,20,36,45,33)(5,11,28,16,41,43,31)
(6,8,24,19,39,49,30)(7,9,27,15,38,47,32)
(2,8)(3,15)(4,22)(5,29)(6,36)(7,43)(10,16)
(11,23)(12,30)(13,37)(14,44)(18,24)(19,31)
(20,38)(21,45)(26,32)(27,39)(28,46)(34,40)
9 14 | cyclic 21 26 | (3547)(42,48),(1,9,25,17,41,49,33)
(2,11,24,20,42,47,29)(3,13,28,19,36,44,32)
(4,10,27,21,40,43,30)(5,8,23,18,38,48,35)
(6,14,26,15,37,46,31)(7,12,22,16,39,45,34)
(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,28)
(11,41,23)(12,42,24)(13,37,25)(14,38,26)
(15,43,29)(16,46,34)(17,47,35)(18,48,30)
10 | 21 | solvable 14 35 | (19,49,31)(20,44,32)(21,45,33)(1,2,4,3,6,
7,5)(8,9,11,10,13,14,12)(15,16,18,17,20,
21,19)(22,23,25,24,27,28,26)(29,30,32,
31,34,35,33)(36,37,39,38,41,42,40) (43,
44,46,45,48,49 47)
(1,2,4,3,6,7,5)(8,9,11,10,13,14,12)(15,16,
18,17,20,21,19)(22,23,25,24,27,28,26)(29,
30,32,31,34,35,33)(36,37,39,38,41,42,40)
11 | 49 | abelian 1 56,7 | (43,44,46,45,48,49,47)(1,8,22,15,36,43,29)
(2,9,23,16,37,44,30)(3,10,24,17,38,45,31)
(4,11,25,18,39,46,32)(5,12,26,19,40,47,33)
(6,13,27,20,41,48,34)(7,14,28,21,42,49,35)
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12

98 solvable

3 8,9,11

(1,30,46,38,20,28,12)(2,32,45,41,21,26,8)
(3,34,49,40,15,23,11)(4,31,48,42,19,22,9)
(5,29,44,39,17,27,14)(6,35,47,36,16,25,10)
(7,33,43,37,18,24,13), (1,41,9,49,25,33,17)
(2,48,11,35,24,5,20,8,42,23,47,18,29,38)
(3,6,13,14,28,26,19,15,36,37,44,46,32,31)
(4,34,10,7,27,12,21,22,40,16,43,39,30,45)

13

147 | solvable

1 10,11

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,28)
(11,41,23)(12,42,24)(13,37,25)(14,38,26)
(15,43,29)(16,46,34)(17,47,35)(18,48,30)
(19,49,31)(20,44,32)(21,45,33)(1,9,25,17,
41,49,33)(2,11,24,20,42,47,29)(3,13,28,
19,36,44,32)(4,10,27,21,40,43,30)(5,8,23,
18,38,48,35)(6,14,26,15,37,46,31)(7,12,
22,16,39,45,34)

14

294

1 4,12,13

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,28)
(11,41,23)(12,42,24)(13,37,25)(14,38,26)
(15,43,29)(16,46,34)(17,47,35)(18,48,30)
(19,49,31)(20,44,32)(21,45,33)(1,7,49,45,
17,16,9,12,33,34,41,39,25,22)(2,14,47,
31,20,37,11,26,29,6,42,46,24,15)(3,21,44,
10,19,30,13,40,32,27,36,4,28,43)(5,35,48,
38,18,23,8)

Maximal normal subgroups

Serial

Order

Nature

Quotient

Generators

147

solvable

(2,4,6)(3,5,
(12,42,24)(13,37,25)(14,38,26)(15,43,29)(16,46,34)
cyclic | (17,47,35)(18,48,30)(19,49,31)(20,44,32)(21,45,33)
(1,39,13,47,23,31,21)(2,38,14,43,25,34,19)
(3,42,8,46,27,33,16)(4,41,12,44,24,35,15)
(5,37,10,49,22,32,20)

7)(8,36,22)(9,39,27)(10,40,28)(11,41,23)

Sylow subgroups

p | Order

Conjug.
classes

Nature

Normal

Normalizer
closure

Generators

21

cyclic

14 G

(2,8)(3,15)(4,22)(5,29)(6,36)(7,43)(10,16)
(11,23)(12,30)(13,37)(14,44)(18,24)(19,
31)(20,38)(21,45)(26,32)(27,39)(28,46)(34,
40)(35,47)(42,48)

49

cyclic

6 147

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,28)
(11,41,23)(12,42,24)(13,37,25)(14,38,26)
(15,43,29)(16,46,34)(17,47,35)(18,48,30)
(19,49,31)(20,44,32)(21,45,33)

abelian

(1,7,3,2,5,6,4)(8,14,10,9,12,13,11)(15,21,
17,16,19,20,18)(22,28,24,23,26,27,25)(29,
35,31,30,33,34,32)(36,42,38,37,40,41,39)
(43,49,45,44,47,48,46),(1,43,15,8,29,36,
22)(2,44,16,9,30,37,23)(3,45,17,10,31,38,
24)(4,46,18,11,32,39,25)(5,47,19,12,33,40,
26)(6,48,20,13,34,41,27)(7,49,21,14,35,42,
28)

3. Let G be a primitive group of degree 49 with 4 generators. We have |G| = 392 = 23x72
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Generators of G:

a. = (2,8)(3,15)(4,22)(5,29)(6,36)(7,43)(10,16)
(11,23)(12,30)(13,37)(14,44)(18,24)(19,31)(20,38)
(21,45)(26,32)(27,39)(28,46)(34,40)(35,47)(42,48) (order 2)

a, = (8,29)(9,30)(10,31)(11,32)(12,33)(13,34)(14,35)
(15,36)(16,37)(17,38)(18,39)(19,40)(20,41)(21,42)
(22,43)(23,44)(24,45)(25,46)(26,47)(27,48)(28,49) (order 2)

as = (2,5)(3,6)(4,7)(9,12)(10,13)(11,14)(16,19)(17,20)
(18,21)(23,26)(24,27)(25,28)(30,33)(31,34)(32,35)
(37,40)(38,41)(39,42)(44,47)(45,48)(46,49) (order 2)

as = (1,8,22,15,36,43,29)(2,9,23,16,37,44,30)
(3,10,24,17,38,45,31)(4,11,25,18,39,46,32)
(5,12,26,19,40,47,33)(6,13,27,20,41,48,34)
(7,14,28,21,42,49,35) (order 7)

This generating set is not minimal. There is a smaller generating set with 2 elements. G is a
solvable group. G acts transitively on the set of 49 elements {1, 2, ..., 49}. The center of G is

trivial.

The derived subgroup D =

[G, G] is a solvable group of order 98, generated by

{(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)(12,30)(13,31)(14,32)(15,36)(16,40)(17,41)(18,42) (19,
37)(20,38)(21,39)(22,43)(23,47)(24,48)(25,49)(26,44)(27,45)(28,46)(1,45,19,11,35,37,27) (2,48,

15,10,33,39,28)(3,47,18,14,30,41,22)(4,49,16,13,29,38,26)(5,46,21,9,34,36,24)(6,43,17,12,32,42,
3)(7,44,20,8,31,40,25)(1,8,22,15,36,43,29)(2,9,23,16,37,44,30)(3,10,24,17,38,45,31)(4,11,25,18,

39,46,32)(5,12,26,19,40,47,33)(6,13,27,20,41,48,34)(7,14,28,21,42,49,35)} and G/D = C,2

Lower central Series
Level | Order | Nature | Quotient | Successive quotient
1 98 | solvable | abelian C,?
2 49 abelian | nilpotent C,
Lower central Series
Level | Order | Nature | Quotient | Successive quotient
1 98 | solvable | abelian [
2 49 abelian | nilpotent C,
Derived Series
Level | Order | Nature | Quotient | Successive quotient
1 98 | solvable | abelian C,?
2 49 abelian | nilpotent C,
3 1 trivial | solvable c/
Conjugacy classes of subgroups
_ Conjugacy Maximal
Serial | Order | Nature classes subgroup Generators
classes
1 1 trivial 1 --
(8,29)(9,30)(10,31)(11,32)(12,33)(13,34)
. 14,35)(15,36)(16,37)(17,38)(18,39)(19,
2 2| cyclic 14 1 510)(20),511)(21),512)(22),513)(23),514)(24),515)
(25,46)(26,47)(27,48)(28,49)
(2,8)(3,15)(4,22)(5,29)(6,36)(7,43)(10,
. 16)(11,23)(12,30)(13,37)(14,44)(18,24
3 2| cyclic 14 1 (13,(31)(23,(38)(22,(45)(23),(32)(2;,(39)(252,
46)(34,40)(35,47)(42,48)
(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,
35)(12,30)(13,31)(14,32)(15,36)(16,

151




Tutun/Tobacco, Vol. 62, Ne 7-12,115-264, 2012

cyclic

49

1

40)(17,41)(18,42)(19,37)(20,38)(21,
39)(22,43)(23,47)(24,48)(25,49)(26,44)
(27,45)(28,46)

abelian

49

3,4

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,
35)(12,30)(13,31)(14,32)(15,36)(16,40)
(17,41)(18,42)(19,37)(20,38)(21,39)(22,
43)(23,47)(24,48)(25,49)(26,44)(27,45)
(28,46)(2,8)(3,15)(4,22)(5,29)(6,36)(7,
43)(10,16)(11,23)(12,30)(13,37)(14,44)
(18,24)(19,31)(20,38)(21,45)(26,32)(27,
39)(28,46)(34,40)(35,47)(42,48)

cyclic

49

(2,8,5,29)(3,15,6,36)(4,22,7,43)(9,12,33,
30)(10,19,34,37)(11,26,35,44)(13,40,31,
16)(14,47,32,23)(17,20,41,38)(18,27,42,
45)(21,48,39,24)(25,28,49,46)

abelian

49

2,4

(8,29)(9,30)(10,31)(11,32)(12,33)(13,34)
(14,35)(15,36)(16,37)(17,38)(18,39)(19,
40)(20,41)(21,42)(22,43)(23,44)(24,45)
(25,46)(26,47)(27,48)(28,49)(2,5)(3,6)
(4,7)(9,12)(10,13)(11,14)(16,19)(17,20)
(18,21)(23,26)(24,27)(25,28)(30,33)(31,
34)(32,35)(37,40)(38,41)(39,42)(44,47)
(45,48)(46,49)

cyclic

(1,2,4,3,6,7,5)(8,9,11,10,13,14,12)(15,
16,18,17,20,21,19)(22,23,25,24,27,28,
26)(29,30,32,31,34,35,33)(36,37,39,38,
41,42,40)(43,44,46,45,48,49,47)

cyclic

(1,9,25,17,41,49,33)(2,11,24,20,42,47,
29)(3,13,28,19,36,44,32)(4,10,27,21,40,
43,30)(5,8,23,18,38,48,35)(6,14,26,15,
37,46,31)(7,12,22,16,39,45,34)

10

yclic

(1,10,26,18,42,44,34)(2,13,22,17,40,46,
35)(3,12,25,21,37,48,29)(4,14,23,20,36,
45,33)(5,11,28,16,41,43,31)(6,8,24,19,
39,49,30)(7,9,27,15,38,47,32)

11

nilpotent

49

5,6,7

(2,8)(3,15)(4,22)(5,29)(6,36)(7,43)(10,
16)(11,23)(12,30)(13,37)(14,44)(18,24)
(19,31)(20,38)(21,45)(26,32)(27,39)(28,
46)(34,40)(35,47)(42,48)(8,29)(9,30)(10,
31)(11,32)(12,33)(13,34)(14,35)(15,36)
(16,37)(17,38)(18,39)(19,40)(20,41)(21,
42)(22,43)(23,44)(24,45)(25,46)(26,47)
(27,48)(28,49)

12

14

dihedral

2,8

(2,5)(3,6)(4,7)(9,12)(10,13)(11,14)(16,
19)(17,20)(18,21)(23,26)(24,27)(25,28)
(30,33)(31,34)(32,35)(37,40)(38,41)(39,
42)(44,47)(45,48)(46,49)(1,2,4,3,6,7,5)
(8,9,11,10,13,14,12)(15,16,18,17,20,21,
19)(22,23,25,24,27,28,26)(29,30,32,31,
34,35,33)(36,37,39,38,41,42,40)(43,44,
46,45,48,49,47)

(2,29)(3,36)(4,43)(5,8)(6,15)(7,22)(9,
33)(10,40)(11,47)(13,19)(14,26)(16,
34)(17,41)(18,48)(21,27)(23,35)(24,
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13 | 14 | dihedral 2 3.9 42)(25,49)(31,37)(32,44)(39,45)(L,9,
25,17,41,49,33)(2,11,24,20,42,47,29)
(3,13,28,19,36,44,32)(4,10,27,21,40,
43,30)(5,8,23,18,38,48,35)(6,14,26,
15,37,46,31)(7,12,22,16,39,45,34)

(2,8)(3,15)(4,22)(5,29)(6,36)(7,43)
(10,16)(11,23)(12,30)(13,37)(14,44)
(18,24)(19,31)(20,38)(21,45)(26,32)
(27,39)(28,46)(34,40)(35,47)(42,48)
14 | 14 | cyclic 14 3,9 (1,9,25,17,41,49,33)(2,11,24,20,42,
47,29)(3,13,28,19,36,44,32)(4,10,27,
21,40,43,30)(5,8,23,18,38,48,35)(6,
14,26,15,37,46,31)(7,12,22,16,39,45,
34)

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,
35)(12,30)(13,31)(14,32)(15,36)(16,
40)(17,41)(18,42)(19,37)(20,38)(21,
39)(22,43)(23,47)(24,48)(25,49)(26,
15 | 14 | dihedral 14 4.8 44)(27,45)(28,46)(1,2,4,3,6,7,5)(8,9,
11,10,13,14,12)(15,16,18,17,20,21,
19)(22,23,25,24,27,28,26)(29,30,32,
31,34,35,33)(36,37,39,38,41,42,40)
(43,44,46,45,48,49,47)

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,
35)(12,30)(13,31)(14,32)(15,36)(16,
40)(17,41)(18,42)(19,37)(20,38)(21,
39)(22,43)(23,47)(24,48)(25,49)(26,
16 | 14 | dihedral 14 4.9 44)(27,45)(28,46)(1,9,25,17,41,49,33)
(2,11,24,20,42,47,29)(3,13,28,19,36,
44,32)(4,10,27,21,40,43,30)(5,8,23,
18,38,48,35)(6,14,26,15,37,46,31)
(7,12,22,16,39,45,34)

(8,29)(9,30)(10,31)(11,32)(12,33)(13,
34)(14,35)(15,36)(16,37)(17,38)(18,
39)(19,40)(20,41)(21,42)(22,43)(23,

17 | 14 | cyclic 14 2.8 44)(24,45)(25,46)(26,47)(27,48)(28,49)
(1,2,4,3,6,7,5)(8,9,11,10,13,14,12)(15,
16,18,17,20,21,19)(22,23,25,24,27,28,
26)(29,30,32,31,34,35,33)(36,37,39,38,
41,42,40)(43,44,46,45,48,49,47)

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,
35)(12,30)(13,31)(14,32)(15,36)(16,
40)(17,41)(18,42)(19,37)(20,38) (21,
18 | 14 | dihedral 28 410 | 39)(22,43)(23,47)(24,48)(25,49)(26,
44)(27,45)(28,46),(1,10,26,18,42,44,
34)(2,13,22,17,40,46,35)(3,12,25,21,
37,48,29)(4,14,23,20,36,45,33)(5,11,
28,16,41,43,31)(6,8,24,19,39,49,30)
(7,9,27,15,38,47,32)

(2,5)(3,6)(4,7)(9,12)(10,13)(11,14)
(16,19)(17,20)(18,21)(23,26)(24,27)
(25,28)(30,33)(31,34)(32,35)(37,40)
19 | 28 | dihedral 14 7.12,15,17 | (38,41)(39,42)(44,47)(45,48)(46,49)
(1,7,3,2,5,6,4)(8,35,10,30,12,34,11,29,
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14,31,9,33,13,32)(15,42,17,37,19,41,
18,36,21,38,16,40,20,39)(22,49,24,44,
26,48,25,43,28,45,23,47,27,46)

20

28

dihedral

14

5,13,14,16

(1,9)(3,44)(4,30)(5,23)(6,37)(7,16)(10,
43)(11,29)(12,22)(13,36)(14,15)(17,
49)(18,35)(19,28)(20,42)(24,47)(25,
33)(27,40)(31,46)(34,39)(38,48)(1,49,
17,9,33,41,25)(2,35,20,23,29,48,24.8,
47,38,11,5,42,18)(3,14,19,37,32,6,28,
15,44,31,13,26,36,46)(4,7,21,16,30,34,
27,22,43,45,10,12,40,39)

21

49

abelian

8,9,10

(1,2,4,3,6,7,5)(8,9,11,10,13,14,12)(15,
16,18,17,20,21,19)(22,23,25,24,27,28,
26)(29,30,32,31,34,35,33)(36,37,39,
38,41,42,40)(43,44,46,45,48,49,47)(1,
8,22,15,36,43,29)(2,9,23,16,37,44,30)
(3,10,24,17,38,45,31)(4,11,25,18,39,46,
32)(5,12,26,19,40,47,33)(6,13,27,20,41,
48,34)(7,14,28,21,42,49,35)

22

98

solvable

15,16,18,21

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34) (11,
35)(12,30)(13,31)(14,32)(15,36)(16,
40)(17,41)(18,42)(19,37)(20,38)(21,
39)(22,43)(23,47)(24,48)(25,49)(26,
44)(27,45)(28,46)(1,8,22,15,36,43,29)
(2,9,23,16,37,44,30)(3,10,24,17,38,45,
31)(4,11,25,18,39,46,32)(5,12,26,19,
40,47,33)(6,13,27,20,41,48,34)(7,14,
28,21,42,49,35)(1,2,4,3,6,7,5)(8,9,11,
10,13,14,12)(15,16,18,17,20,21,19)
(22,23,25,24,27,28,26)(29,30,32,31,
34,35,33)(36,37,39,38,41,42,40)(43,
44,46,45,48,49,47)

23

98

solvable

12,17,21

(1,8,22,15,36,43,29)(2,12,23,19,37,47,
30,5,9,26,16,40,44,33)(3,13,24,20,38,
48,31,6,10,27,17,41,45,34)(4,14,25,21,
39,49,32,7,11,28,18,42,46,35)(1,7,3,2,
5,6,4)(8,14,10,9,12,13,11)(15,21,17,16,
19,20,18)(22,28,24,23,26,27,25)(29,35,
31,30,33,34,32)(36,42,38,37,40,41,39)
(43,49,45,44.47,48,46)

24

98

solvable

13,14,21

(1,30,46,38,20,28,12)(2,32,45,41,21,
26,8)(3,34,49,40,15,23,11)(4,31,48,
42,19,22,9)(5,29,44,39,17,27,14)(6,
35,47,36,16,25,10)(7,33,43,37,18,24,
13),(1,41,9,49,25,33,17)(2,48,11,35,
24.5,20,8,42,23,47,18,29,38)(3,6,13,
14,28,26,19,15,36,37,44,46,32,31)(4,
34,10,7,27,12,21,22,40,16,43,39,30,45)

25

196

solvable

19,22,23

(1,7,3,2,5,6,4)(8,35,10,30,12,34,11,
29,14,31,9,33,13,32)(15,42,17,37,
19,41,18,36,21,38,16,40,20,39)(22,
49,24,44,26,48,25,43,28,45,23 47,27,
46)(1,43,15,8,29,36,22)(2,47,16,12,
30,40,23,5,44,19,9,33,37,26)(3,48,17,
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13,31,41,24,6,45,20,10,34,38,27)(4,
49,18,14,32,42,25,7,46,21,11,35,
39,28)
(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)
(11,35)(12,30)(13,31)(14,32)(15,
36)(16,40)(17,41)(18,42)(19,37)(20,
38)(21,39)(22,43)(23,47)(24,48)(25,

26 196 | solvable 20,22,24 | 49)(26,44)(27,45)(28,46)(1,8,9,23,25,
18,17,38,41,48,49,35,33,5)(2,22,11,
16,24,39,20,45,42,34,47,7,29,12)(3,
36,13,44,28,32,19)(4,15,10,37,27,46,
21,31,40,6,43,14,30,26)
(2,8,5,29)(3,15,6,36)(4,22,7,43)(9,12,
33,30)(10,19,34,37)(11,26,35,44)(13,
40,31,16)(14,47,32,23)(17,20,41,38)

27 196 | solvable 6,22 (18,27,42,45)(21,48,39,24)(25,28,49,
46)(1,8,22,15,36,43,29)(2,9,23,16,37,
44,30)(3,10,24,17,38,45,31)(4,11,25,
18,39,46,32)(5,12,26,19,40,47,33)(6,
13,27,20,41,48,34)(7,14,28,21,42,49,
35)
(8,29)(9,30)(10,31)(11,32)(12,33)(13,
34)(14,35)(15,36)(16,37)(17,38)(18,
39)(19,40)(20,41)(21,42)(22,43)(23,

28 | 392 G 11,25,26,27 | 44)(24,45)(25,46)(26,47)(27,48)(28,
49)(1,15,17,31,33,26,25,46,49,14,9,
37,41,6)(2,36,20,3,29,19,24,32,47,28,
11,44,42,13)(4,43,21,10,30,40,27)(5,
22,18,45,35,12,23,39,48,7,8,16,38,34)

Maximal normal subgroups

Serial | Order | Nature | Quotient Generators
(2,29,5,8)(3,36,6,15)(4,43,7,22)(9,30,33,12)
(10,37,34,19)(11,44,35,26)(13,16,31,40)(14,
23,32,47)(17,38,41,20)(18,45,42,27)(21,24,

1 196 | solvable | cyclic | 39,48)(25,46,49,28),(1,29,43,36,15,22,8)(2,
30,44,37,16,23,9)(3,31,45,38,17,24,10)(4,32,
46,39,18,25,11)(5,33,47,40,19,26,12)(6,34,
48,41,20,27,13)(7,35,49,42,21,28,14)
(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)(12,
30)(13,31)(14,32)(15,36)(16,40)(17,41)(18,
42)(19,37)(20,38)(21,39)(22,43)(23,47)(24,

2 196 | solvable | cyclic | 48)(25,49)(26,44)(27,45)(28,46),(1,9,4,10,6,
14,5,8,2,11,3,13,7,12)(15,44,18,45,20,49,19,
43,16,46,17,48,21,47)(22,30,25,31,27,35,26,
29,23,32,24,34,28,33)(36,37,39,38,41,42,40)
(1,49,17,9,33,41,25)(2,35,20,23,29,48,24,
8,47,38,11,5,42,18)(3,14,19,37,32,6,28,15,
44,31,13,26,36,46)(4,7,21,16,30,34,27,22,

3 196 | solvable | cyclic | 43,45,10,12,40,39)(1,28,38,30,12,20,46)(2,
14,41,44,8,27,45,29,26,17,32,5,21,39)(3,35,
40,16,11,6,49,36,23,10,34,47,15,25)(4,7,42,
37,9,13,48)
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Sylow subgroups

Conjug. | Nature | Normalizer | Normal
classes closure

Generators

(2,8)(3,15)(4,22)(5,29)(6,36)(7,43)
(10,16)(11,23)(12,30)(13,37)(14,44)
(18,24)(19,31)(20,38)(21,45)(26,32)
(27,39)(28,46)(34,40)(35,47)(42,48)
2| 8 49 | nilpotent 8 G | (8,29)(9,30)(10,31)(11,32)(12,33)
(13,34)(14,35)(15,36)(16,37)(17,38)
(18,39)(19,40)(20,41)(21,42)(22,43)
(23,44)(24,45)(25,46)(26,47)(27,48)
(28,49)

(1,15,29,22,43,8,36)(2,16,30,23,44,
9,37)(3,17,31,24,45,10,38)(4,18,32,
25,46,11,39)(5,19,33,26,47,12,40)(6,
20,34,27,48,13,41)(7,21,35,28,49,14,
7| 49 1 abelian G 49 | 42),(1,41,9,49,25,33,17)(2,42,11,47,
24,29,20)(3,36,13,44,28,32,19)(4,40,
10,43,27,30,21)(5,38,8,48,23,35,18)
(6,37,14,46,26,31,15)(7,39,12,45,22,
34,16)

p | Order

4. Let G be a primitive group of degree 49 with 3 generators. We have |G| = 392 = 2°x7.

a; = (2,48,5,24)(3,14,6,32)(4,16,7,40)(8,21,29,39)
(9,11,33,35)(10,38,34,20)(12,44,30,26)(13,22,31,
43)(15,23,36,47)(17,19,41,37)(18,46,42,28)
(25,27,49,45) (order 4)

a, = (2,38,5,20)(3,46,6,28)(4,12,7,30)(8,37,29,19)
(9,13,33,31)(10,24,34,48)(11,43,35,22)(14,18,32,
42)(15,45,36,27)(16,26,40,44)(17,21,41,39)(23,49,
47,25) (order 4)

as = (1,8,22,15,36,43,29)(2,9,23,16,37,44,30)
(3,10,24,17,38,45,31)(4,11,25,18,39,46,32)
(5,12,26,19,40,47,33)(6,13,27,20,41,48,34)
(7,14,28,21,42,49,35) (order 7)

Generators of G:

This generating set is not minimal. There is a smaller generating set with 2 elements. G is a
solvable group. G acts transitively on the set of 49 elements {1, 2, ..., 49}. The center of G is
trivial.

The derived subgroup D = [G, G] is a solvable group of order 98, generated by
{(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)(12,30)(13,31)(14,32)(15,36)(16,40)(17,41)(18,42)(19,
37)(20,38)(21,39)(22,43)(23,47)(24,48)(25,49)(26,44)(27,45)(28,46)(1,13,23,21,39,47,31)(2,14,
25,19,38,43,34)(3,8,27,16,42,46,33)(4,12,24,15,41,44,35)(5,10,22,20,37,49,32)(6,9,28,18,40,45,
29)(7,11,26,17,36,48,30)(1,24,40,32,14,16,48)(2,27,36,31,12,18,49)(3,26,39,35,9,20,43)(4,28,37,

34,8,17,47)(5,25,42,30,13,15,45)(6,22,38,33,11,21,44)(7,23,41,29,10,19,46)} and G/D = C,’.

Lower central Series

Level | Order | Nature | Quotient | Successive quotient
1 98 | solvable | abelian C,’
2 49 abelian | nilpotent C,
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Derived Series

Level | Order | Nature

Quotient

Successive quotient

1 98 solvable

abelian C,?

2 49 abelian

nilpotent C,

3 1 trivial

solvable C/

Conjugacy classes of subgroups

Conjugacy

Order classes

Serial Nature

classes

Maximal
subgroup

Generators

trivial 1 --

cyclic 49 1

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)(12,
30)(13,31)(14,32)(15,36)(16,40)(17,41)(18,
42)(19,37)(20,38)(21,39)(22,43)(23,47)(24,
48)(25,49)(26,44)(27,45)(28,46)

cyclic 49 2

(2,24.5,48)(3,32,6,14)(4,40,7,16)(8,39,29,21)
(9,35,33,11)(10,20,34,38)(12,26,30,44) (13,43,
31,22)(15,47,36,23)(17,37,41,19)(18,28,42,
46)(25,45,49,27)

cyclic 49 2

(2,10,5,34)(3,18,6,42)(4,26,7,44)(8,41,29,17)
(9,43,33,22)(11,31,35,13)(12,16,30,40)(14,28,
32,46)(15,49,36,25)(19,39,37,21)(20,24,38,
48)(23,27,47,45)

cyclic 49 2

(2,20,5,38)(3,28,6,46)(4,30,7,12)(8,19,29,37)
(9,31,33,13)(10,48,34,24)(11,22,35,43) (14,42,
32,18)(15,27,36,45)(16,44,40,26)(17,39,41,
21)(23,25,47,49)

cyclic 4 1

(1,8,22,15,36,43,29)(2,9,23,16,37,44,30)(3,10,
24,17,38,45,31)(4,11,25,18,39,46,32)(5,12,26,
19,40,47,33)(6,13,27,20,41,48,34)(7,14,28,21,
42,49,35)

cyclic 4 1

(1,2,4,3,6,7,5)(8,9,11,10,13,14,12)(15,16,18,
17,20,21,19)(22,23,25,24,27,28,26)(29,30,32,
31,34,35,33)(36,37,39,38,41,42,40)(43,44,46,
45,48,49,47)

nilpotent 49 3,45

(2,20,5,38)(3,28,6,46)(4,30,7,12)(8,19,29,37)
(9,31,33,13)(10,48,34,24)(11,22,35,43)(14,42,
32,18)(15,27,36,45)(16,44,40,26)(17,39,41,
21)(23,25,47,49)(2,10,5,34)(3,18,6,42)(4,26,7,
44)(8,41,29,17)(9,43,33,22)(11,31,35,13)(12,1
6,30,40)(14,28,32,46)(15,49,36,25)(19,39,37,
21)(20,24,38,48)(23,27,47,45)

dihedral 28 2,7

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)(12,
30)(13,31)(14,32)(15,36)(16,40)(17,41)(18,
42)(19,37)(20,38)(21,39)(22,43)(23,47)(24,
48)(25,49)(26,44)(27,45)(28,46),(1,2,4,3,6,
7,5)(8,9,11,10,13,14,12)(15,16,18,17,20,21,
19)(22,23,25,24,27,28,26)(29,30,32,31,34,35,
33)(36,37,39,38,41,42,40)(43,44,46,45,48,49,
47)

10 14 | dihedral 28 2,6

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)(12,
30)(13,31)(14,32)(15,36)(16,40)(17,41)(18,
42)(19,37)(20,38)(21,39)(22,43)(23,47)(24,
48)(25,49)(26,44)(27,45)(28,46),(1,8,22,15,
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36,43,29)(2,9,23,16,37,44,30)(3,10,24,17,38,
45,31)(4,11,25,18,39,46,32)(5,12,26,19,40,
47,33)(6,13,27,20,41,48,34)(7,14,28,21,42,
49,35)

11

49

abelian

(1,2,4,3,6,7,5)(8,9,11,10,13,14,12)(15,16,18,
17,20,21,19)(22,23,25,24,27,28,26)(29,30,32,
31,34,35,33)(36,37,39,38,41,42,40)(43,44,46,
45,48,49,47),(1,8,22,15,36,43,29)(2,9,23,16,
37,44,30)(3,10,24,17,38,45,31)(4,11,25,18,39,
46,32)(5,12,26,19,40,47,33)(6,13,27,20,41,48,
34)(7,14,28,21,42,49,35)

12

98

solvable

1 9,10,11

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)(12,
30)(13,31)(14,32)(15,36)(16,40)(17,41)(18,
42)(19,37)(20,38)(21,39)(22,43)(23,47) (24,
48)(25,49)(26,44)(27,45)(28,46)(1,8,22,15,36,
43,29)(2,9,23,16,37,44,30)(3,10,24,17,38,45,
31)(4,11,25,18,39,46,32)(5,12,26,19,40,47,33)
(6,13,27,20,41,48,34)(7,14,28,21,42,49,35) (1,
2,4,3,6,7,5)(8,9,11,10,13,14,12)(15,16,18,17,
20,21,19)(22,23,25,24,27,28,26)(29,30,32,31,
34,35,33)(36,37,39,38,41,42,40)(43,44,46,45,
48,49,47)

13

196

solvable

1 4,12

(2,10,5,34)(3,18,6,42)(4,26,7,44)(8,41,29,17)
(9,43,33,22)(11,31,35,13)(12,16,30,40)(14,28,
32,46)(15,49,36,25)(19,39,37,21)(20,24,38,
48)(23,27,47,45)(1,10,26,18,42,44,34)(2,13,
22,17,40,46,35)(3,12,25,21,37,48,29)(4,14,23,
20,36,45,33)(5,11,28,16,41,43,31)(6,8,24,19,
39,49,30)(7,9,27,15,38,47,32)

14

196

solvable

1 5,12

(2,20,5,38)(3,28,6,46)(4,30,7,12)(8,19,29,37)
(9,31,33,13)(10,48,34,24)(11,22,35,43) (14,42,
32,18)(15,27,36,45)(16,44,40,26)(17,39,41,
21)(23,25,47,49)(1,20,30,28,46,12,38)(2,21,
32,26,45,8,41)(3,15,34,23,49,11,40)(4,19,31,
22,48,9,42)(5,17,29,27,44,14,39)(6,16,35,25,
47,10,36)(7,18,33,24,43,13,37)

15

196

solvable

1 3,12

(2,24.5,48)(3,32,6,14)(4,40,7,16)(8,39,29,21)
(9,35,33,11)(10,20,34,38)(12,26,30,44) (13,43,
31,22)(15,47,36,23)(17,37,41,19)(18,28,42,
46)(25,45,49,27)(1,24,40,32,14,16,48)(2,27,
36,31,12,18,49)(3,26,39,35,9,20,43)(4,28,37,
34,8,17,47)(5,25,42,30,13,15,45)(6,22,38,33,
11,21,44)(7,23,41,29,10,19,46)

16

392

1 8,13,14,15

(2,48,5,24)(3,14,6,32)(4,16,7,40)(8,21,29,39)
(9,11,33,35)(10,38,34,20)(12,44,30,26) (13,22,
31,43)(15,23,36,47)(17,19,41,37)(18,46,42,
28)(25,27,49,45)(1,23,5,49)(2,34,7,11) (4,156,
40)(8,32,33,13)(9,21,35,37)(10,41,31,18)(12,
26,29,43)(14,45,30,24)(16,36,42,19)(17,47,
38,22)(20,25,39,48)(27,44,46,28)
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Proper normal subgroups

Serial | Order | Nature | Quotient | Subgroups

Generators

abelian | nilpotent --

(1,9,25,17,41,49,33)(2,11,24,20,42,47,29)(3,13,
28,19,36,44,32)(4,10,27,21,40,43,30)(5,8,23,18,
38,48,35)(6,14,26,15,37,46,31)(7,12,22,16,39,
45,34),(1,31,47,39,21,23,13)(2,34,43,38,19,25,
14)(3,33,46,42,16,27,8)(4,35,44,41,15,24,12) (5,
32,49,37,20,22,10)(6,29,45,40,18,28,9)(7,30,48,
36,17,26,11)

solvable | abelian 1

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)(12,30)
(13,31)(14,32)(15,36)(16,40)(17,41)(18,42)(19,
37)(20,38)(21,39)(22,43)(23,47)(24,48)(25,49)
(26,44)(27,45)(28,46)(1,7,3,2,5,6,4)(8,14,10,9,
12,13,11)(15,21,17,16,19,20,18)(22,28,24,23,26,
27,25)(29,35,31,30,33,34,32)(36,42,38,37,40,41,
39)(43,49,45,44,47,48,46)(1,17,33,25,49,9,41)(2,
20,29,24,47,11,42)(3,19,32,28,44,13,36)(4,21,30,
27,43,10,40)(5,18,35,23,48,8,38)(6,15,31,26,46,
14,37)(7,16,34,22,45,12,39)

3 196 | solvable | cyclic 1,2

(2,34,5,10)(3,42,6,18)(4,44,7,26)(8,17,29,41)(9,
22,33,43)(11,13,35,31)(12,40,30,16)(14,46,32,
28)(15,25,36,49)(19,21,37,39)(20,48,38,24) (23,
45,47,27)(1,29,43,36,15,22,8)(2,30,44,37,16,23,
9)(3,31,45,38,17,24,10)(4,32,46,39,18,25,11)
(5,33,47,40,19,26,12)(6,34,48,41,20,27,13)(7,35,
49,42,21,28,14)

4 196 | solvable | cyclic 1,2

(2,38,5,20)(3,46,6,28)(4,12,7,30)(8,37,29,19)(9,
13,33,31)(10,24,34,48)(11,43,35,22)(14,18,32,
42)(15,45,36,27)(16,26,40,44)(17,21,41,39)(23,
49,47,25)(1,21,31,23,47,13,39)(2,19,34,25,43,
14,38)(3,16,33,27,46,8,42)(4,15,35,24,44,12,
41)(5,20,32,22,49,10,37)(6,18,29,28,45,9,40)
(7,17,30,26,48,11,36)

5 196 | solvable | cyclic 1,2

(2,48,5,24)(3,14,6,32)(4,16,7,40)(8,21,29,39)(9,
11,33,35)(10,38,34,20)(12,44,30,26)(13,22,31,
43)(15,23,36,47)(17,19,41,37)(18,46,42,28)(25,
27,49,45)(1,19,35,27,45,11,37)(2,15,33,28,48,
10,39)(3,18,30,22,47,14,41)(4,16,29,26,49,13,
38)(5,21,34,24,46,9,36)(6,17,32,23,43,12,42)
(7,20,31,25,44,8,40)

Sylow subgroups

Conjug.

Normalizer
classes

p | Order Nature

Normal
closure

Generators

49 nilpotent 8

(2,48,5,24)(3,14,6,32)(4,16,7,40)(8,21,29,
39)(9,11,33,35)(10,38,34,20)(12,44,30,
26)(13,22,31,43)(15,23,36,47)(17,19,41,

G | 37)(18,46,42,28)(25,27,49,45)(2,38,5,20)

(3,46,6,28)(4,12,7,30)(8,37,29,19)(9,13,
33,31)(10,24,34,48)(11,43,35,22) (14,18,
32,42)(15,45,36,27)(16,26,40,44)(17,21,
41,39)(23,49,47,25)

(1,15,29,22,43,8,36)(2,16,30,23,44,9,37)
(3,17,31,24,45,10,38)(4,18,32,25,46,11,
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1 abelian

49

39)(5,19,33,26,47,12,40)(6,20,34,27,48,
13,41)(7,21,35,28,49,14,42)(1,23,39,31,
13,21,47)(2,25,38,34,14,19,43)(3,27,42,
33,8,16,46)(4,24,41,35,12,15,44)(5,22,
37,32,10,20,49)(6,28,40,29,9,18,45)(7,
26,36,30,11,17,48)

5.Let G be a primitive group of degree 49 with 2 generators. We have |G| = 392 = 2°x72,

Generators of G:

a1 = (2,33,38,31,5,9,20,13)(3,41,46,39,6,17,
28,21)(4,49,12,47,7,25,30,23)(8,42,37,14,29,
18,19,32)(10,11,24,43,34,35,48,22)(15,44,45,
16,36,26,27,40) (order 8)

a = (1,8,22,15,36,43,29)(2,9,23,16,37,44,30)

(3,10,24,17,38,45,31)(4,11,25,18,39,46,32)
(5,12,26,19,40,47,33)(6,13,27,20,41,48,34)
(7,14,28,21,42,49,35) (order 7)

G is a solvable group. G acts transitively on the set of 49 elements {1, 2, ..., 49}. The center of
G is trivial.

The derived subgroup D =[G, G] is an abelian group of order 49, generated by
{(1,3,5,4,7,2,6)(8,10,12,11,14,9,13)(15,17,19,18,21,16,20)(22,24,26,25,28,23,27)(29,31,33,32,35,
30,34)(36,38,40,39,42,37,41)(43,45,47,46,49,44,48)(1,21,31,23,47,13,39)(2,19,34,25,43,14,38)(3,
16,33,27,46,8,42)(4,15,35,24,44,12,41)(5,20,32,22,49,10,37)(6,18,29,28,45,9,40)(7,17,30,26,48,

11,36)} and G/D = Cs.

Lower central series
Level | Order | Nature | Quotient | Successive guotient
1 49 | abelian | cyclic Csg
Derived Series
Level | Order | Nature | Quotient | Successive guotient
1 49 | abelian | cyclic Cs
2 1 trivial | solvable C/
Conjugacy classes of subgroups
Serial | Order | Nature | Conjugacy | Maximal
classes | subgroup Generators
classes
1 1 trivial 1 --
(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)(12,
2 2 cyclic 49 1 30)(13,31)(14,32)(15,36)(16,40)(17,41)(18,
42)(19,37)(20,38)(21,39)(22,43)(23,47)(24,
48)(25,49)(26,44)(27,45)(28,46)
(2,20,5,38)(3,28,6,46)(4,30,7,12)(8,19,29,
3 4 cyclic 49 2 37)(9,31,33,13)(10,48,34,24)(11,22,35,43)
(14,42,32,18)(15,27,36,45)(16,44,40,26)
(17,39,41,21)(23,25,47,49)
(1,2,4,3,6,7,5)(8,9,11,10,13,14,12)(15,186,
4 7 cyclic 4 1 18,17,20,21,19)(22,23,25,24,27,28,26)(29,
30,32,31,34,35,33)(36,37,39,38,41,42,40)
(43,44,46,45,48,49,47)
(1,8,22,15,36,43,29)(2,9,23,16,37,44,30)
5 7 cyclic 4 1 (3,10,24,17,38,45,31)(4,11,25,18,39,46,
32)(5,12,26,19,40,47,33)(6,13,27,20,41,48,
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34)(7,14,28,21,42,49,35)

(2,9,38,13,5,33,20,31)(3,17,46,21,6,41,28,
6 8 | cyclic 49 3 39)(4,25,12,23,7,49,30,47)(8,18,37,32,29,
42,19,14)(10,35,24,22,34,11,48,43)(15,26,
45,40,36,44,27,16)

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)
(12,30)(13,31)(14,32)(15,36)(16,40) (17,
41)(18,42)(19,37)(20,38)(21,39)(22,43)

7 14 | dihedral 28 24 | (23,47)(24,48)(25,49)(26,44)(27,45)(28,
46)(1,2,4,3,6,7,5)(8,9,11,10,13,14,12)(15,
16,18,17,20,21,19)(22,23,25,24,27,28,26)
(29,30,32,31,34,35,33)(36,37,39,38,41,42,
40)(43,44,46,45,48,49,47)

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)
(12,30)(13,31)(14,32)(15,36)(16,40)(17,
41)(18,42)(19,37)(20,38)(21,39)(22,43)

8 14 | dihedral 28 25 | (23,47)(24,48)(25,49)(26,44)(27,45)(28,
46)(1,8,22,15,36,43,29)(2,9,23,16,37,44,
30)(3,10,24,17,38,45,31)(4,11,25,18,39,

46,32)(5,12,26,19,40,47,33)(6,13,27,20,

41,48,34)(7,14,28,21,42,49,35)

(1,2,4,3,6,7,5)(8,9,11,10,13,14,12)(15,
16,18,17,20,21,19)(22,23,25,24,27,28,
26)(29,30,32,31,34,35,33)(36,37,39,38,

9 49 | abelian 1 45 | 41,42,40)(43,44,46,45,48,49,47)(1,8,22,
15,36,43,29)(2,9,23,16,37,44,30)(3,10,24,
17,38,45,31)(4,11,25,18,39,46,32) (5,12,
26,19,40,47,33)(6,13,27,20,41,48,34) (7,
14,28,21,42,49,35)

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,

35)(12,30)(13,31)(14,32)(15,36)(16,40)
(17,41)(18,42)(19,37)(20,38)(21,39)(22,
43)(23,47)(24,48)(25,49)(26,44)(27,45)
(28,46)(1,8,22,15,36,43,29)(2,9,23,16,37,
10 | 98 |solvable 1 7,89 | 44,30)(3,10,24,17,38,45,31)(4,11,25,18,39,
46,32)(5,12,26,19,40,47,33)(6,13,27,20,41,
48,34)(7,14,28,21,42,49,35)(1,2,4,3,6,7,5)
(8,9,11,10,13,14,12)(15,16,18,17,20,21,19)
(22,23,25,24,27,28,26)(29,30,32,31,34,35,
33)(36,37,39,38,41,42,40)(43,44,46,45 48,
49,47)

(2,20,5,38)(3,28,6,46)(4,30,7,12)(8,19,29,
37)(9,31,33,13)(10,48,34,24)(11,22,35,43)
(14,42,32,18)(15,27,36,45)(16,44,40,26)
11 | 196 | solvable 1 3,10 | (17,39,41,21)(23,25,47,49)(1,20,30,28,46,
12,38)(2,21,32,26,45,8,41)(3,15,34,23,49,
11,40)(4,19,31,22,48,9,42)(5,17,29,27,44,
14,39)(6,16,35,25,47,10,36)(7,18,33,24,
43,13,37)

(2,33,38,31,5,9,20,13)(3,41,46,39,6,17,
28,21)(4,49,12,47,7,25,30,23)(8,42,37,
14,29,18,19,32)(10,11,24,43,34,35,48,22)
12 | 392 G 1 6,11 | (15,44,45,16,36,26,27,40)(1,8,22,15,36,43,
29)(2,9,23,16,37,44,30)(3,10,24,17,38,45,
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31)(4,11,25,18,39,46,32)(5,12,26,19,40,
47,33)(6,13,27,20,41,48,34)(7,14,28,21,42,
49,35)

Maximal normal subgroups

Serial

Order

Nature | Quotient

Generators

196

solvable

cyclic

(2,38,5,20)(3,46,6,28)(4,12,7,30)(8,37,29,19)
(9,13,33,31)(10,24,34,48)(11,43,35,22) (14,18,
32,42)(15,45,36,27)(16,26,40,44)(17,21,41,39)
(23,49,47,25)(1,40,14,48,24,32,16)(2,36,12,49,
27,31,18)(3,39,9,43,26,35,20)(4,37,8,47,28,34,
17)(5,42,13,45,25,30,15)

Sylow subgroups

p | Order

Conjug.
classes

Nature | Normalizer

Normal
closure

Generators

49

cyclic

G

(2,33,38,31,5,9,20,13)(3,41,46,39,6,17,
28,21)(4,49,12,47,7,25,30,23)(8,42,37,
14,29,18,19,32)(10,11,24,43,34,35,48,
22)(15,44,45,16,36,26,27,40)

abelian

49

(1,15,29,22,43,8,36)(2,16,30,23,44,9,
37)(3,17,31,24,45,10,38)(4,18,32,25,
46,11,39)(5,19,33,26,47,12,40)(6,20,
34,27,48,13,41)(7,21,35,28,49,14,42)
(1,44,18,10,34,42,26)(2,46,17,13,35,
40,22)(3,48,21,12,29,37,25)(4,45,20,
14,33,36,23)(5,43,16,11,31,41,28)(6,
49,19,8,30,39,24)(7,47,15,9,32,38,27)

6. Let G be a primitive group of degree 49 with 4 generators. We have |G| = 588 = 22x3x72,

Generators of G:

a; = (2,29,5,8)(3,36,6,15)(4,43,7,22)(9,30,33,12)(10,37,34,19)
(11,44,35,26)(13,16,31,40)(14,23,32,47)(17,38,41,20)(18,45,42,27)
(21,24,39,48)(25,46,49,28) (order 4)

2 = (2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)(12,30)(13,31)
(14,32)(15,36)(16,40)(17,41)(18,42)(19,37)(20,38)(21,39)
(22,43)(23,47)(24,48)(25,49)(26,44)(27,45)(28,46) (order 2)

as = (2,6,4)(3,7,5)(8,22,36)(9,27,39)(10,28,40)(11,23,41)
(12,24,42)(13,25,37)(14,26,38)(15,29,43)(16,34,46)
(17,35,47)(18,30,48)(19,31,49)(20,32,44)(21,33,45) (order 3)

as = (1,8,22,15,36,43,29)(2,9,23,16,37,44,30)(3,10,24,17,38,45,31)
(4,11,25,18,39,46,32)(5,12,26,19,40,47,33)(6,13,27,20,41,48,34)
(7,14,28,21,42,49,35) (order 7)

This generating set is not minimal. There is a smaller generating set with 2 elements. G is a
solvable group. G acts transitively on the set of 49 elements {1, 2, ..., 49}. The center of G is

trivial.

The derived subgroup D =[G, G] is a solvable group of order 147, generated by
{(2,6,4)(3,7,5)(8,22,36)(9,27,39)(10,28,40)(11,23,41)(12,24,42)(13,25,37)(14,26,38)(15,29,43)
(16,34,46)(17,35,47)(18,30,48)(19,31,49)(20,32,44)(21,33,45)(1,30,46,38,20,28,12)(2,32,45,41,
21,26,8)(3,34,49,40,15,23,11)(4,31,48,42,19,22,9)(5,29,44,39,17,27,14)(6,35,47,36,16,25,10)(7,

33,43,37,18,24,13)} and G/D = C,.
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Nature

Quotient

Successive quotient

1 147

solvable

cyclic
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Derived Series

Level

Order | Nature

Quotient | Successive quotient

147 | solvable

cyclic C,

49 abelian

solvable Cs

1 trivial

solvable C/*

Conjug

acy classes of subgroups

Serial

Order

Nature

Conjugacy
classes

Maximal
subgroup
classes

Generators

trivial

1

cyclic

49

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)
(12,30)(13,31)(14,32)(15,36)(16,40)(17,
41)(18,42)(19,37)(20,38)(21,39)(22,43)
(23,47)(24,48)(25,49)(26,44)(27,45)
(28,46)

cyclic

49

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,28)
(11,41,23)(12,42,24)(13,37,25)(14,38,26)
(15,43,29)(16,46,34)(17,47,35)(18,48,30)
(19,49,31)(20,44,32)(21,45,33)

cyclic

147

(2,15,5,36)(3,22,6,43)(4,29,7,8)(9,18,33,
42)(10,25,34,49)(11,32,35,14)(12,39,30,
21)(13,46,31,28)(16,19,40,37)(17,26,41,
44)(20,47,38,23)(24,27,48,45)

cyclic

49

2,3

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,28)
(11,41,23)(12,42,24)(13,37,25)(14,38,26)
(15,43,29)(16,46,34)(17,47,35)(18,48,30)
(19,49,31)(20,44,32)(21,45,33)(2,5)(3,6)
(4,7)(8,29)(9,33)(10,34)(11,35)(12,30)
(13,31)(14,32)(15,36)(16,40)(17,41)
(18,42)(19,37)(20,38)(21,39)(22,43)
(23,47)(24,48)(25,49)(26,44)(27,45)
(28,46)

cyclic

(1,3,5,4,7,2,6)(8,10,12,11,14,9,13)
(15,17,19,18,21,16,20)(22,24,26,25,28,
23,27)(29,31,33,32,35,30,34)(36,38,40,
39,42,37,41)(43,45,47,46,49,44,48)

cyclic

(1,14,24,16,40,48,32)(2,12,27,18,36,49,
31)(3,9,26,20,39,43,35)(4,8,28,17,37,
47,34)(5,13,25,15,42,45,30)(6,11,22,
21,38,44,33)(7,10,23,19,41,46,29)

12

solvable

49

4,5

(2,15,5,36)(3,22,6,43)(4,29,7,8)(9,18,33,
42)(10,25,34,49)(11,32,35,14)(12,39,30,
21)(13,46,31,28)(16,19,40,37)(17,26 41,
44)(20,47,38,23)(24,27,48,45)(2,4,6)(3,
5,7)(8,36,22)(9,39,27)(10,40,28)(11,41,
23)(12,42,24)(13,37,25)(14,38,26)(15,
43,29)(16,46,34)(17,47,35)(18,48,30)
(19,49,31)(20,44,32)(21,45,33)

14

dihedral

14

2,6

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)
(12,30)(13,31)(14,32)(15,36)(16,40)(17,
41)(18,42)(19,37)(20,38)(21,39)(22,43)

(23,47)(24,48)(25,49)(26,44)(27,45)(28,
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46)(1,3,5,4,7,2,6)(8,10,12,11,14,9,13)(15,
17,19,18,21,16,20)(22,24,26,25,28,23,27)
(29,31,33,32,35,30,34)(36,38,40,39,42,37,
41)(43,45,47,46,49,44,48)

10

14

dihedral

42

2,7

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)
(12,30)(13,31)(14,32)(15,36)(16,40)
(17,41)(18,42)(19,37)(20,38)(21,39)
(22,43)(23,47)(24,48)(25,49)(26,44)
(27,45)(28,46)(1,14,24,16,40,48,32)
(2,12,27,18,36,49,31)(3,9,26,20,39,
43,35)(4,8,28,17,37,47,34)(5,13,25,
15,42,45,30)(6,11,22,21,38,44,33)
(7,10,23,19,41,46,29)

11

21

solvable

14

3,6

(2,4,6)(3,5,7)(8,36,22)(9,39,27) (10,40,
28)(11,41,23)(12,42,24)(13,37,25)(14,
38,26)(15,43,29)(16,46,34)(17,47,35)
(18,48,30)(19,49,31)(20,44,32)(21,45,
33), (1,3,5,4,7,2,6)(8,10,12,11,14,9,13)
(15,17,19,18,21,16,20)(22,24,26,25,28,
23,27)(29,31,33,32,35,30,34)(36,38,40,
39,42,37,41)(43,45,47,46,49,44,48)

12

42

solvable

14

5911

(1,3,5,4,7,2,6)(8,10,12,11,14,9,13)(15,

17,19,18,21,16,20)(22,24,26,25,28,23,

27)(29,31,33,32,35,30,34)(36,38,40,39,
42,37,41)(43,45,47,46,49,44,48)(2,7.6,
5,4,3)(8,15,22,29,36,43)(9,21,27,33,39,
45)(10,16,28,34,40,46)(11,17,23,35,41,
47)(12,18,24,30,42,48)(13,19,25,31,37,
49)(14,20,26,32,38,44)

13

49

abelian

6,7

(1,3,5,4,7,2,6)(8,10,12,11,14,9,13)(15,
17,19,18,21,16,20)(22,24,26,25,28,23,
27)(29,31,33,32,35,30,34)(36,38,40,39,
42,37,41)(43,45,47,46,49,44,48)(1,14,
24,16,40,48,32)(2,12,27,18,36,49,31)
(3,9,26,20,39,43,35)(4,8,28,17,37,47,
34)(5,13,25,15,42,45,30)(6,11,22,21,
38,44,33)(7,10,23,19,41,46,29)

14

98

solvable

9,10,13

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)
(12,30)(13,31)(14,32)(15,36)(16,40)(17,
41)(18,42)(19,37)(20,38)(21,39)(22,43)
(23,47)(24,48)(25,49)(26,44)(27,45)(28,
46)(1,14,24,16,40,48,32)(2,12,27,18,36,
49,31)(3,9,26,20,39,43,35)(4,8,28,17,37,
47,34)(5,13,25,15,42,45,30)(6,11,22,21,
38,44,33)(7,10,23,19,41,46,29)(1,3,5,4,7,
2,6)(8,10,12,11,14,9,13)(15,17,19,18,21,
16,20)(22,24,26,25,28,23,27)(29,31,33,
32,35,30,34)(36,38,40,39,42,37,41)(43,
45,47,46,49,44,48)

15

147

solvable

11,13

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,28)
(11,41,23)(12,42,24)(13,37,25)(14,38,26)
(15,43,29)(16,46,34)(17,47,35)(18,48,30)
(19,49,31)(20,44,32)(21,45,33)(1,14,24,16,
40,48,32)(2,12,27,18,36,49,31)(3,9,26,20,

164




Ice B. Risteski: A new mathematical model of cigarette combustion

39,43,35)(4,8,28,17,37,47,34)(5,13,25,15,
42,45,30)(6,11,22,21,38,44,33)(7,10,23,19,
41,46,29)

16 196 | solvable 3 4,14

(2,15,5,36)(3,22,6,43)(4,29,7,8)(9,18,33,42)
(10,25,34,49)(11,32,35,14)(12,39,30,21)(13,
46,31,28)(16,19,40,37)(17,26,41,44)(20,47,
38,23)(24,27,48,45)(1,22,36,29,8,15,43)(2,
23,37,30,9,16,44)(3,24,38,31,10,17,45)(4,
25,39,32,11,18,46)(5,26,40,33,12,19,47)(6,
27,41,34,13,20,48)(7,28,42,35,14,21,49)

17 294 | solvable 1 12,14,15

(1,14,24,16,40,48,32)(2,12,27,18,36,49,31)
(3,9,26,20,39,43,35)(4,8,28,17,37,47,34)(5,
13,25,15,42,45,30)(6,11,22,21,38,44,33)(7,
10,23,19,41,46,29)(2,7,6,5,4,3)(8,15,22,29,
36,43)(9,21,27,33,39,45)(10,16,28,34,40,46)
(11,17,23,35,41,47)(12,18,24,30,42,48)(13,
19,25,31,37,49)(14,20,26,32,38,44)

18 588 G 1 8,16,17

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,28)
(11,41,23)(12,42,24)(13,37,25)(14,38,26)
(15,43,29)(16,46,34)(17,47,35)(18,48,30)
(19,49,31)(20,44,32)(21,45,33)(1,48,11,21)
(2,41,9,42)(3,27,12,35)(4,20,8,49)(5,34,10,
28)(6,13,14,7)(15,43,46,18)(16,36,44,39)
(17,22,47,32)(19,29,45,25)(23,40,30,38)
(24,26,33,31)

Proper normal subgroups

Serial | Order | Nature | Quotient | Subgroups

Generators

abelian | solvable --

(1,7,3,2,5,6,4)(8,14,10,9,12,13,11)(15,21,17,
16,19,20,18)(22,28,24,23,26,27,25)(29,35,31,
30,33,34,32)(36,42,38,37,40,41,39)(43,49,45,
44,47,48,46)(1,43,15,8,29,36,22)(2,44,16,9,
30,37,23)(3,45,17,10,31,38,24)(4,46,18,11,32,
39,25)(5,47,19,12,33,40,26)(6,48,20,13,34,41,
27)(7,49,21,14,35,42,28)

solvable | dihedral 1

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)(12,
30)(13,31)(14,32)(15,36)(16,40)(17,41)(18,
42)(19,37)(20,38)(21,39)(22,43)(23,47) (24,
48)(25,49)(26,44)(27,45)(28,46)(1,43,15,8,
29,36,22)(2,44,16,9,30,37,23)(3,45,17,10,31,
38,24)(4,46,18,11,32,39,25)(5,47,19,12,33,40,
26)(6,48,20,13,34,41,27)(7,49,21,14,35,42,28)
(1,7,3,2,5,6,4)(8,14,10,9,12,13,11)(15,21,17,
16,19,20,18)(22,28,24,23,26,27,25)(29,35,31,
30,33,34,32)(36,42,38,37,40,41,39)(43,49,45,
44,47 ,48,46)

3 147 | solvable | cyclic 1

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,28) (11,
41,23)(12,42,24)(13,37,25)(14,38,26)(15,43,

29)(16,46,34)(17,47,35)(18,48,30)(19,49,31)

(20,44,32)(21,45,33)(1,39,13,47,23,31,21)(2,

38,14,43,25,34,19)(3,42,8,46,27,33,16)(4,41,

12,44,24,35,15)(5,37,10,49,22,32,20)(6,40,9,

45,28,29,18)(7,36,11,48,26,30,17)

(2,7,6,5,4,3)(8,15,22,29,36,43)(9,21,27,33,39,
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45)(10,16,28,34,40,46)(11,17,23,35,41,47)(12,
18,24,30,42,48)(13,19,25,31,37,49)(14,20,26,
4 | 294 |solvable | cyclic 12,3 | 32,38,44)(1,16,32,24,48,14,40)(2,18,31,27,49,
12,36)(3,20,35,26,43,9,39)(4,17,34,28,47,8,37)
(5,15,30,25,45,13,42)(6,21,33,22,44,11,38)(7,
19,29,23,46,10,41)

Sylow subgroups

Normal

p | Order ((:::)a?slig Nature | Normalizer closure Generators
(2,29,5,8)(3,36,6,15)(4,43,7,22)(9,30,33,12)

2| 4 147 cyclic 4 G (10,37,34,19)(11,44,35,26)(13,16,31,40)(14,
23,32,47)(17,38,41,20)(18,45,42,27)(21,24,
39,48)(25,46,49,28)
(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,28)

3| 3 49 cyclic 12 147 | (11,41,23)(12,42,24)(13,37,25)(14,38,26)

(15,43,29)(16,46,34)(17,47,35)(18,48,30)
(19,49,31)(20,44,32)(21,45,33)

(1,36,8,43,22,29,15)(2,37,9,44,23,30,16)
(3,38,10,45,24,31,17)(4,39,11,46,25,32,18)
(5,40,12,47,26,33,19)(6,41,13,48,27,34,20)
7| 49 1 | abelian G 49 | (7,42,14,49,28,35,21)(1,48,16,14,32,40,24)
(2,49,18,12,31,36,27)(3,43,20,9,35,39,26)
(4,47,17,8,34,37,28)(5,45,15,13,30,42,25)
(6,44,21,11,33,38,22)(7,46,19,10,29,41,23)

7. Let G be a primitive group of degree 49 with 4 generators. We have |G| = 588 = 22x3x7%,

a; = (2,8)(3,15)(4,22)(5,29)(6,36)(7,43)(10,16)(11,23)(12,30)(13,37)
(14,44)(18,24)(19,31)(20,38)(21,45)(26,32)(27,39)(28,46)(34,40)
(35,47)(42,48) (order 2)

a, =(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)(12,30)(13,31)(14,32)
(15,36)(16,40)(17,41)(18,42)(19,37)(20,38)(21,39)(22,43)(23,47)
(24,48)(25,49)(26,44)(27,45)(28,46) (order 2)

az =(2,6,4)(3,7,5)(8,22,36)(9,27,39)(10,28,40)(11,23,41)(12,24,42)
(13,25,37)(14,26,38)(15,29,43)(16,34,46)(17,35,47)(18,30,48)
(19,31,49)(20,32,44)(21,33,45) (order 3)

aqs = (1,8,22,15,36,43,29)(2,9,23,16,37,44,30)(3,10,24,17,38,45,31)
(4,11,25,18,39,46,32)(5,12,26,19,40,47,33)(6,13,27,20,41,48,34)
(7,14,28,21,42,49,35) (order 7)

Generators of G:

This generating set is not minimal. There is a smaller generating set with 2 elements. G is a
solvable group. G acts transitively on the set of 49 elements {1, 2, ..., 49}. The center of G is
trivial.

The derived subgroup D = [G, G] is a solvable group of order 147, generated by
{(2,6,4)(3,7,5)(8,22,36)(9,27,39)(10,28,40)(11,23,41)(12,24,42)(13,25,37)(14,26,38)(15,29,43)
(16,34,46)(17,35,47)(18,30,48)(19,31,49)(20,32,44)(21,33,45)(1,30,46,38,20,28,12)(2,32,45,41,
21,26,8)(3,34,49,40,15,23,11)(4,31,48,42,19,22,9)(5,29,44,39,17,27,14)(6,35,47,36,16,25,10)(7,
33,43,37,18,24,13)} and G/D = C,’.

Lower central Series
Level | Order | Nature | Quotient | Successive quotient
1 147 | solvable | abelian C,’
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Derived Series

Level

Order

Nature

Quotient

Successive quotient
2

147

solvable

abelian

C,

49

abelian

dihedral

1

trivial

solvable

C/*

Conjugacy classes of subgroups

Serial

Order

Nature

Conjugacy
classes

Maximal
subgroup
classes

Generators

trivial

1

cyclic

21

(2,8)(3,15)(4,22)(5,29)(6,36)(7,43)

(10,16)(11,23)(12,30)(13,37)(14,44)
(18,24)(19,31)(20,38)(21,45)(26,32)
(27,39)(28,46)(34,40)(35,47)(42,48)

cyclic

21

(2,15)(3,22)(4,29)(5,36)(6,43)(7.8)
(9,21)(10,28)(11,35)(12,42)(13,49)
(17,23)(18,30)(19,37)(20,44)(25,31)
(26,38)(27,45)(33,39)(34,46)(41,47)

cyclic

49

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,
35)(12,30)(13,31)(14,32)(15,36)(16,
40)(17,41)(18,42)(19,37)(20,38) (21,
39)(22,43)(23,47)(24,48)(25,49)(26,
44)(27,45)(28,46)

cyclic

49

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,
40,28)(11,41,23)(12,42,24)(13,37,
25)(14,38,26)(15,43,29)(16,46,34)
(17,47,35)(18,48,30)(19,49,31)(20,
44,32)(21,45,33)

abelian

147

2,34

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,
35)(12,30)(13,31)(14,32)(15,36)(16,
40)(17,41)(18,42)(19,37)(20,38) (21,
39)(22,43)(23,47)(24,48)(25,49)(26,
44)(27,45)(28,46), (2,8)(3,15)(4,22)
(5,29)(6,36)(7,43)(10,16)(11,23)(12,
30)(13,37)(14,44)(18,24)(19,31)(20,
38)(21,45)(26,32)(27,39)(28,46)(34,
40)(35,47)(42,48)

dihedral

49

2,5

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,
28)(11,41,23)(12,42,24)(13,37,25)(14,
38,26)(15,43,29)(16,46,34)(17,47,35)
(18,48,30)(19,49,31)(20,44,32)(21,45,
33)(2,8)(3,15)(4,22)(5,29)(6,36)(7,43)
(10,16)(11,23)(12,30)(13,37)(14,44)
(18,24)(19,31)(20,38)(21,45)(26,32)
(27,39)(28,46)(34,40)(35,47)(42,48)

dihedral

49

3,5

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,
40,28)(11,41,23)(12,42,24)(13,37,25)
(14,38,26)(15,43,29)(16,46,34)(17,
47,35)(18,48,30)(19,49,31)(20,44,
32)(21,45,33)(2,15)(3,22)(4,29)(5,
36)(6,43)(7,8)(9,21)(10,28)(11,35)
(12,42)(13,49)(17,23)(18,30)(19,37)
(20,44)(25,31)(26,38)(27,45)(33,39)
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(34,46)(41,47)

cyclic

49

4,5

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,
28)(11,41,23)(12,42,24)(13,37,25)(14,
38,26)(15,43,29)(16,46,34)(17,47,35)
(18,48,30)(19,49,31)(20,44,32)(21,45,
33)(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)
(11,35)(12,30)(13,31)(14,32)(15,36)
(16,40)(17,41)(18,42)(19,37)(20,38)
(21,39)(22,43)(23,47)(24,48)(25,49)
(26,44)(27,45)(28,46)

10

cyclic

(1,7,3,2,5,6,4)(8,14,10,9,12,13,11)
(15,21,17,16,19,20,18)(22,28,24,23,
26,27,25)(29,35,31,30,33,34,32)(36,
42,38,37,40,41,39)(43,49,45,44,47,
48,46)

11

cyclic

(1,14,24,16,40,48,32)(2,12,27,18,36,
49,31)(3,9,26,20,39,43,35)(4,8,28,17,
37,47,34)(5,13,25,15,42,45,30)(6,11,
22,21,38,44,33)(7,10,23,19,41,46,29)

12

cyclic

(1,19,35,27,45,11,37)(2,15,33,28,48,
10,39)(3,18,30,22,47,14,41)(4,16,29,
26,49,13,38)(5,21,34,24,46,9,36)(6,
17,32,23,43,12,42)(7,20,31,25,44.8,
40)

13

12

dihedral

49

6,7,8,9

(2,8)(3,15)(4,22)(5,29)(6,36)(7,43)
(10,16)(11,23)(12,30)(13,37)(14,44)
(18,24)(19,31)(20,38)(21,45)(26,32)
(27,39)(28,46)(34,40)(35,47)(42,48)
(2,7,6,5,4,3)(8,15,22,29,36,43)(9,21,
27,33,39,45)(10,16,28,34,40,46)(11,
17,23,35,41,47)(12,18,24,30,42,48)
(13,19,25,31,37,49)(14,20,26,32,38,
44)

14

14

dihedral

3,12

(2,15)(3,22)(4,29)(5,36)(6,43)(7,8)
(9,21)(10,28)(11,35)(12,42)(13,49)
(17,23)(18,30)(19,37)(20,44)(25,31)
(26,38)(27,45)(33,39)(34,46)(41,47)
(1,19,35,27,45,11,37)(2,15,33,28,48,
10,39)(3,18,30,22,47,14,41)(4,16,29,
26,49,13,38)(5,21,34,24,46,9,36)(6,
17,32,23,43,12,42)(7,20,31,25,44,8,
40)

15

14

dihedral

2,11

(2,36)(3,43)(4,8)(5,15)(6,22)(7,29)
(9,39)(10,46)(12,18)(13,25)(14,32)
(16,40)(17,47)(20,26)(21,33)(23,41)
(24,48)(28,34)(30,42)(31,49)(38,44)
(1,14,24,16,40,48,32)(2,12,27,18,36,
49,31)(3,9,26,20,39,43,35)(4,8,28,17,
37,47,34)(5,13,25,15,42,45,30)(6,
11,22,21,38,44,33)(7,10,23,19,41,
46,29)

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)
(11,35)(12,30)(13,31)(14,32)(15,
36)(16,40)(17,41)(18,42)(19,37)
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(20,38)(21,39)(22,43)(23,47) (24,
16 | 14 | dihedral 14 4,10 48)(25,49)(26,44)(27,45)(28,46)
(1,7,3,2,5,6,4)(8,14,10,9,12,13,11)
(15,21,17,16,19,20,18)(22,28,24,
23,26,27,25)(29,35,31,30,33,34,
32)(36,42,38,37,40,41,39)(43,49,
45,44,47 48,46)
(2,8)(3,15)(4,22)(5,29)(6,36)(7,43)
(10,16)(11,23)(12,30)(13,37)(14,44)
(18,24)(19,31)(20,38)(21,45)(26,32)
17 | 14 | cyclic 21 2,12 (27,39)(28,46)(34,40)(35,47)(42,48)
(1,49,17,9,33,41,25)(2,47,20,11,29,
42,24)(3,44,19,13,32,36,28)(4,43,21,
10,30,40,27)(5,48,18,8,35,38,23)(6,
46,15,14,31,37,26)(7,45,16,12,34,
39,22)
(2,15)(3,22)(4,29)(5,36)(6,43)(7,8)
(9,21)(10,28)(11,35)(12,42)(13,49)
(17,23)(18,30)(19,37)(20,44) (25,
31)(26,38)(27,45)(33,39)(34,46)
18 | 14 | cyclic 21 3,11 (41,47)(1,14,24,16,40,48,32)(2,12,
27,18,36,49,31)(3,9,26,20,39,43,35)
(4,8,28,17,37,47,34)(5,13,25,15,42,
45,30)(6,11,22,21,38,44,33)(7,10,23,
19,41,46,29)
(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)
(11,35)(12,30)(13,31)(14,32)(15,
36)(16,40)(17,41)(18,42)(19,37)
(20,38)(21,39)(22,43)(23,47) (24,
19 | 14 | dihedral 21 4,12 48)(25,49)(26,44)(27,45)(28,46)
(1,19,35,27,45,11,37)(2,15,33,28,
48,10,39)(3,18,30,22,47,14,41)(4,
16,29,26,49,13,38)(5,21,34,24,46,
9,36)(6,17,32,23,43,12,42)(7,20,31,
25,44,8,40)
(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)
(11,35)(12,30)(13,31)(14,32)(15,
36)(16,40)(17,41)(18,42)(19,37)
(20,38)(21,39)(22,43)(23,47)(24,
20 | 14 | dihedral 21 4,11 48)(25,49)(26,44)(27,45)(28,46)
(1,14,24,16,40,48,32)(2,12,27,18,
36,49,31)(3,9,26,20,39,43,35)(4,8,
28,17,37,47,34)(5,13,25,15,42,45,
30)(6,11,22,21,38,44,33)(7,10,23,
19,41,46,29)
(2,4,6)(3,5,7)(8,36,22)(9,39,27)
(10,40,28)(11,41,23)(12,42,24)
(13,37,25)(14,38,26)(15,43,29)
(16,46,34)(17,47,35)(18,48,30)
21 | 21 | solvable 14 5,10 (19,49,31)(20,44,32)(21,45,33)
(1,7,3,2,5,6,4)(8,14,10,9,12,13,
11)(15,21,17,16,19,20,18)(22,28,
24,23,26,27,25)(29,35,31,30,33,
34,32)(36,42,38,37,40,41,39)(43,
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49,45,44,47,48,46)

22

28

dihedral

21

6,14,17,19

(1,9)(3,44)(4,30)(5,23)(6,37)(7,
16)(10,43)(11,29)(12,22)(13,36)
(14,15)(17,49)(18,35)(19,28)(20,
42)(24,47)(25,33)(27,40)(31,46)
(34,39)(38,48)(1,41,9,49,25,33,17)
(2,48,11,35,24,5,20,8,42,23,47,18,
29,38)(3,6,13,14,28,26,19,15,36,37,
44,46,32,31)(4,34,10,7,27,12,21,22,
40,16,43,39,30,45)

23

28

dihedral

21

6,15,18,20

(1,16)(3,9)(4,37)(5,30)(6,44)(7,23)
(8,17)(11,38)(12,31)(13,45)(14,24)
(18,36)(19,29)(20,43)(21,22) (25,
42)(26,35)(27,49)(32,40)(34,47)
(41,46)(1,48,16,14,32,40,24)(2,13,
18,42,31,5,27,15,49,30,12,25,36,
45)(3,6,20,21,35,33,26,22,43,44,9,
11,39,38)(4,41,17,7,34,19,28,29,47,
23,8,46,37,10)

24

42

solvable

14

9,16,21

(1,7,3,2,5,6,4)(8,14,10,9,12,13,
11)(15,2117,16,19,20,18)(22,28,
24,23,26,27,25)(29,35,31,30,33,
34,32)(36,42,38,37,40,41,39)(43,
49,45,44,47,48,46)(2,7,6,5,4,3)(8,
15,22,29,36,43)(9,21,27,33,39,45)
(10,16,28,34,40,46)(11,17,23,35,41,
47)(12,18,24,30,42,48)(13,19,25,31,
37,49)(14,20,26,32,38,44)

25

49

abelian

10,11,12

(1,7,3,2,5,6,4)(8,14,10,9,12,13,11)
(15,2117,16,19,20,18)(22,28,24,23,
26,27,25)(29,35,31,30,33,34,32)(36,
42,38,37,40,41,39)(43,49,45,44.47,
48,46)(1,14,24,16,40,48,32)(2,12,27,
18,36,49,31)(3,9,26,20,39,43,35) (4,8,
28,17,37,47,34)(5,13,25,15,42,45,30)
(6,11,22,21,38,44,33)(7,10,23,19,41,
46,29)

26

98

solvable

16,19,20,25

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)
(11,35)(12,30)(13,31)(14,32)(15,
36)(16,40)(17,41)(18,42)(19,37)
(20,38)(21,39)(22,43)(23,47)(24,
48)(25,49)(26,44)(27,45)(28,46)
(1,14,24,16,40,48,32)(2,12,27,18,
36,49,31)(3,9,26,20,39,43,35)(4,8,
28,17,37,47,34)(5,13,25,15,42,45,
30)(6,11,22,21,38,44,33)(7,10,23,
19,41,46,29)(1,7,3,2,5,6,4)(8,14,10,
9,12,13,11)(15,21,17,16,19,20,18)
(22,28,24,23,26,27,25)(29,35,31,
30,33,34,32)(36,42,38,37,40,41,
39)(43,49,45,44,47 48,46)

(1,28,38,30,12,20,46)(2,26,41,32,
8,21,45)(3,23,40,34,11,15,49)(4,
22,42,31,9,19,48)(5,27,39,29,14,
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27

98

solvable

15,17,25

17,44)(6,25,36,35,10,16,47)(7,24,
37,33,13,18,43)(1,33,49,41,17,25,
9)(2,5,47,48,20,18,11,8,29,35,42,
38,24,23)(3,26,44,6,19,46,13,15,
32,14,36,31,28,37)(4,12,43,34,21,
39,10,22,30,7,40,45,27,16)

28

98

solvable

14,18,25

(1,35,45,37,19,27,11)(2,33,48,39,
15,28,10)(3,30,47,41,18,22,14) (4,
29,49,38,16,26,13)(5,34,46,36,21,
24,9)(6,32,43,42,17,23,12)(7,31,44,
40,20,25,8)(1,40,14,48,24,32,16)
(2,5,12,13,27,25,18,15,36,42,49,
45,31,30)(3,33,9,6,26,11,20,22,39,
21,43,38,35,44)(4,19,8,41,28,46,17,
29,37,7,47,10,34,23)

29

147

solvable

21,25

(2,4,6)(3,5,7)(8,36,22)(9,39,27)
(10,40,28)(11,41,23)(12,42,24)
(13,37,25)(14,38,26)(15,43,29)
(16,46,34)(17,47,35)(18,48,30)
(19,49,31)(20,44,32)(21,45,33)
(1,14,24,16,40,48,32)(2,12,27,
18,36,49,31)(3,9,26,20,39,43,35)
(4,8,28,17,37,47,34)(5,13,25,15,
42,45,30)(6,11,22,21,38,44,33)
(7,10,23,19,41,46,29)

30

196

solvable

22,23,26,27,28

(2,5)(3,6)(4,7)(8,29)(9,33)(10,
34)(11,35)(12,30)(13,31)(14,32)
(15,36)(16,40)(17,41)(18,42)(19,
37)(20,38)(21,39)(22,43)(23,47)
(24,48)(25,49)(26,44)(27,45)(28,
46)(1,43,49,21,17,10,9,30,33,40,
41,27,25,4)(2,29,47,42,20,24,11)
(3,8,44,35,19,38,13,23,32,5,36,48,
28,18)(6,22,46,7,15,45,14,16,31,
12,37,34,26,39)

31

294

solvable

24,26,29

(1,14,24,16,40,48,32)(2,12,27,18,
36,49,31)(3,9,26,20,39,43,35) (4,8,
28,17,37,47,34)(5,13,25,15,42,45,
30)(6,11,22,21,38,44,33)(7,10,23,
19,41,46,29)(2,7,6,5,4,3)(8,15,22,
29,36,43)(9,21,27,33,39,45)(10,16,
28,34,40,46)(11,17,23,35,41,47)(12,
18,24,30,42,48)(13,19,25,31,37,49)
(14,20,26,32,38,44)

32

294

solvable

7,27,29

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,
40,28)(11,41,23)(12,42,24)(13,37,
25)(14,38,26)(15,43,29)(16,46,34)
(17,47,35)(18,48,30)(19,49,31)(20,
44,32)(21,45,33)(1,43,49,21,17,10,
9,30,33,40,41,27,25,4)(2,29,47,42,
20,24,11)(3,8,44,35,19,38,13,23,32,
5,36,48,28,18)(6,22,46,7,15,45,14,
16,31,12,37,34,26,39)

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,
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33

294

solvable

40,28)(11,41,23)(12,42,24)(13,37,
25)(14,38,26)(15,43,29)(16,46,34)
(17,47,35)(18,48,30)(19,49,31)(20,

8,28,29 44,32)(21,45,33)(1,8,14,28,24,17,

16,37,40,47,48,34,32,4)(2,36,12,49,
27,31,18)(3,15,9,42,26,45,20,30,39,
5,43,13,35,25)(6,29,11,7,22,10,21,
23,38,19,44,41,33,46)

34

588

(2,8)(3,15)(4,22)(5,29)(6,36)(7,43)

(10,16)(11,23)(12,30)(13,37)(14,44)
(18,24)(19,31)(20,38)(21,45)(26,32)
(27,39)(28,46)(34,40)(35,47)(42,48)

13,30,31,32,33 | (1,7,4,2,3,5)(8,21,25,30,38,47)(9,17,

26,29,42,46)(10,19,22,35,39,44)(11,
16,24,33,36,49)(12,15,28,32,37,45)
(13,20,27,34,41,48)(14,18,23,31,40,
43)

Proper normal subgroups

Serial

Order

Nature

Quotient

Subgroups

Generators

49

abelian

dihedral

(1,7,3,2,5,6,4)(8,14,10,9,12,13,11)(15,21,
17,16,19,20,18)(22,28,24,23,26,27,25)(29,
35,31,30,33,34,32)(36,42,38,37,40,41,39)
(43,49,45,44,47,48,46)(1,43,15,8,29,36,22)
(2,44,16,9,30,37,23)(3,45,17,10,31,38,24)
(4,46,18,11,32,39,25)(5,47,19,12,33,40,26)
(6,48,20,13,34,41,27)(7,49,21,14,35,42,28)

98

solvable

dihedral

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)
(12,30)(13,31)(14,32)(15,36)(16,40)(17,
41)(18,42)(19,37)(20,38)(21,39)(22,43)
(23,47)(24,48)(25,49)(26,44)(27,45)(28,
46)(1,7,3,2,5,6,4)(8,14,10,9,12,13,11)(15,
21,17,16,19,20,18)(22,28,24,23,26,27,25)
(29,35,31,30,33,34,32)(36,42,38,37,40,41,
39)(43,49,45,44,47,48,46)(1,43,15,8,29,36,
22)(2,44,16,9,30,37,23)(3,45,17,10,31,38,
24)(4,46,18,11,32,39,25)(5,47,19,12,33,40,
26)(6,48,20,13,34,41,27)(7,49,21,14,35,42,
28)

147

solvable

abelian

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,28)
(11,41,23)(12,42,24)(13,37,25)(14,38,26)
(15,43,29)(16,46,34)(17,47,35)(18,48,30)
(19,49,31)(20,44,32)(21,45,33)(1,39,13,47,
23,31,21)(2,38,14,43,25,34,19)(3,42,8,46,27,
33,16)(4,41,12,44,24,35,15)(5,37,10,49,22,
32,20)(6,40,9,45,28,29,18)(7,36,11,48,26,
30,17)

294

solvable

cyclic

1,3

(1,26,20,45,30,8,28,41,46,2,12,21,38,32)
(3,33,15,24,34,43,23,13,49,37,11,7,40,18)
(4,5,19,17,31,29,22,27,48,44,9,14,42,39)
(6,47,16,10,35,36,25)(1,47,11)(2,45,13)
(3,48,9)(4,43,12)(5,46,8)(6,44,10)(7,49,14)
(15,40,32)(16,38,34)(17,41,30)(18,36,33)
(19,39,29)(20,37,31)(21,42,35)(22,26,25)
(23,24,27)
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5 294

solvable

cyclic

1,23

(2,7,6,5,4,3)(8,15,22,29,36,43)(9,21,27,33,
39,45)(10,16,28,34,40,46)(11,17,23,35,41,
47)(12,18,24,30,42,48)(13,19,25,31,37,49)
(14,20,26,32,38,44)(1,39,13,47,23,31,21)
(2,38,14,43,25,34,19)(3,42,8,46,27,33,16)
(4,41,12,44,24,35,15)(5,37,10,49,22,32,20)
(6,40,9,45,28,29,18)(7,36,11,48,26,30,17)

6 294

solvable

cyclic

1,3

(2,6,4)(3,7,5)(8,22,36)(9,27,39)(10,28,40)
(11,23,41)(12,24,42)(13,25,37)(14,26,38)
(15,29,43)(16,34,46)(17,35,47)(18,30,48)
(19,31,49)(20,32,44)(21,33,45)(1,36,41,13,
9,44,49,28,25,32,33,19,17,3)(2,43,42,27,11,
30,47,21,24,4,29,40,20,10)(5,15,38,6,8,37,
48,14,23,46,35,26,18,31)(7,22,39,34,12, 16,
45)

Sylow subgroups

p | Order

Conjug.
classes

Nature

Normalizer

Normal

Generators
closure

147 abelian

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)
(11,35)(12,30)(13,31)(14,32)(15,
36)(16,40)(17,41)(18,42)(19,37)
(20,38)(21,39)(22,43)(23,47)(24,
G | 48)(25,49)(26,44)(27,45)(28,46)
(2,8)(3,15)(4,22)(5,29)(6,36)(7,
43)(10,16)(11,23)(12,30)(13,37)
(14,44)(18,24)(19,31)(20,38) (21,
45)(26,32)(27,39)(28,46)(34,40)
(35,47)(42,48)

49

cyclic

12

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,
40,28)(11,41,23)(12,42,24)(13,37,
147 | 25)(14,38,26)(15,43,29)(16,46,34)
(17,47,35)(18,48,30)(19,49,31)(20,
44,32)(21,45,33)

1 abelian

(1,7,3,2,5,6,4)(8,14,10,9,12,13,11)
(15,21,17,16,19,20,18)(22,28,24,23,
26,27,25)(29,35,31,30,33,34,32)(36,
42,38,37,40,41,39)(43,49,45,44,47,
49 | 48,46)(1,43,15,8,29,36,22)(2,44,16,
9,30,37,23)(3,45,17,10,31,38,24) (4,
46,18,11,32,39,25)(5,47,19,12,33,40,
26)(6,48,20,13,34,41,27)(7,49,21,14,
35,42,28)

8. Let G be a primitive group of degree 49 with 2 generators. We have |G| = 588 = 22x3x7%,

Generators of G:

a; = (2,30,3,38,4,46,5,12,6,20,7,28)(8,35,15,37,
22,45,29,11,36,19,43,27)(9,47,17,13,25,21,33,
23,41,31,49,39)(10,16,18,24,26,32,34,40,42,48,
44,14) (order 12)

a, = (1,8,22,15,36,43,29)(2,9,23,16,37,44,30)
(3,10,24,17,38,45,31)(4,11,25,18,39,46,32)(5,
12,26,19,40,47,33)(6,13,27,20,41,48,34)
(7,14,28,21,42,49,35) (order 7)
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G is a solvable group. G acts transitively on the set of 49 elements {1, 2, ..., 49}. The center of
G is trivial.

The derived subgroup D = [G, G] is an abelian group of order 49, generated by
{(1,39,13,47,23,31,21)(2,38,14,43,25,34,19)(3,42,8,46,27,33,16)(4,41,12,44,24,35,15)(5,37,10,49,
22,32,20)(6,40,9,45,28,29,18)(7,36,11,48,26,30,17)(1,49,17,9,33,41,25)(2,47,20,11,29,42,24)(3,
44,19,13,32,36,28)(4,43,21,10,30,40,27)(5,48,18,8,35,38,23)(6,46,15,14,31,37,26)(7,45,16,12,34,
39,22)} and G/D = C3xC,.

Lower central Series
Level | Order | Nature | Quotient | Successive guotient
1 49 | abelian | cyclic C3xCy

Derived Series
Level | Order | Nature | Quotient | Successive guotient
1 49 | abelian | cyclic C3xCy
2 1 trivial | solvable C/

Conjugacy classes of subgroups

Maximal
subgroup Generators
classes

Conjugacy

Serial | Order | Nature classes

1 1 trivial 1 --

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)
(11,35)(12,30)(13,31)(14,32)(15,36)
2 2 | cyclic 49 1 (16,40)(17,41)(18,42)(19,37)(20,38)
(21,39)(22,43)(23,47)(24,48)(25,49)
(26,44)(27,45)(28,46)

(2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,
26,42)(11,27,37)(12,28,38)(13,23,
3 3 | cyclic 49 1 39)(14,24,40)(15,29,43)(16,32,48)
(17,33,49)(18,34,44)(19,35,45)(20,
30,46)(21,31,47)

(2,20,5,38)(3,28,6,46)(4,30,7,12) (8,
19,29,37)(9,31,33,13)(10,48,34,24)
4 4 | cyclic 49 2 (11,22,35,43)(14,42,32,18)(15,27,36,
45)(16,44,40,26)(17,39,41,21)(23,25,
47,49)

(2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,
26,42)(11,27,37)(12,28,38)(13,23,
39)(14,24,40)(15,29,43)(16,32,48)
(17,33,49)(18,34,44)(19,35,45)(20,
5 6 | cyclic 49 2.3 30,46)(21,31,47)(2,5)(3,6)(4,7)(8,
29)(9,33)(10,34)(11,35)(12,30)(13,
31)(14,32)(15,36)(16,40)(17,41)(18,
42)(19,37)(20,38)(21,39)(22,43)(23,
47)(24,48)(25,49)(26,44)(27,45)(28,
46)

(1,21,31,23,47,13,39)(2,19,34,25 43,
14,38)(3,16,33,27,46,8,42)(4,15,35,
6 7 | cyclic 2 1 24,44,12,41)(5,20,32,22,49,10,37)(6,
18,29,28,45,9,40)(7,17,30,26,48,11,
36)

(1,32,48,40,16,24,14)(2,31,49,36,18,
27,12)(3,35,43,39,20,26,9)(4,34,47,
7 7 | cyclic 2 1 37,17,28,8)(5,30,45,42,15,25,13)(6,
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33,44,38,21,22,11)(7,29,46,41,19,
23,10)

cyclic

(1,4,6,5,2,3,7)(8,11,13,12,9,10,14)
(15,18,20,19,16,17,21)(22,25,27,26,
23,24,28)(29,32,34,33,30,31,35)(36,
39,41,40,37,38,42)(43,46,48,47,44,
45,49)

cyclic

(1,11,27,19,37,45,35)(2,10,28,15,39,
48,33)(3,14,22,18,41,47,30)(4,13,26,
16,38,49,29)(5,9,24,21,36,46,34)(6,
12,23,17,42,43,32)(7,8,25,20,40,44,
31)

10

12

cyclic

49

4,5

(2,30,3,38,4,46,5,12,6,20,7,28)(8,35,
15,37,22,45,29,11,36,19,43,27)(9,47,
17,13,25,21,33,23,41,31,49,39)(10,16,
18,24,26,32,34,40,42,48,44,14)

11

14

dihedral

14

2,9

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,
35)(12,30)(13,31)(14,32)(15,36)(16,
40)(17,41)(18,42)(19,37)(20,38)(21,
39)(22,43)(23,47)(24,48)(25,49)(26,
44)(27,45)(28,46)(1,11,27,19,37,45,
35)(2,10,28,15,39,48,33)(3,14,22,18,
41,47,30)(4,13,26,16,38,49,29)(5,9,
24,21,36,46,34)(6,12,23,17,42,43,32)
(7,8,25,20,40,44,31)

12

14

dihedral

14

2,6

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)
(11,35)(12,30)(13,31)(14,32)(15,
36)(16,40)(17,41)(18,42)(19,37)
(20,38)(21,39)(22,43)(23,47)(24,48)
(25,49)(26,44)(27,45)(28,46)(1,21,
31,23,47,13,39)(2,19,34,25,43,14,38)
(3,16,33,27,46,8,42)(4,15,35,24,44,
12,41)(5,20,32,22,49,10,37)(6,18,29,
28,45,9,40)(7,17,30,26,48,11,36)

13

14

dihedral

14

2,7

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,
35)(12,30)(13,31)(14,32)(15,36)(16,
40)(17,41)(18,42)(19,37)(20,38)(21,
39)(22,43)(23,47)(24,48)(25,49)(26,
44)(27,45)(28,46)(1,32,48,40,16,24,
14)(2,31,49,36,18,27,12)(3,35,43,39,
20,26,9)(4,34,47,37,17,28,8)(5,30,45,
42,15,25,13)(6,33,44,38,21,22,11)(7,
29,46,41,19,23,10)

14

14

dihedral

14

2,8

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,
35)(12,30)(13,31)(14,32)(15,36)(16,
40)(17,41)(18,42)(19,37)(20,38) (21,
39)(22,43)(23,47)(24,48)(25,49)(26,
44)(27,45)(28,46)(1,4,6,5,2,3,7)(8,
11,13,12,9,10,14)(15,18,20,19,16,
17,21)(22,25,27,26,23,24,28)(29,
32,34,33,30,31,35)(36,39,41,40,37,
38,42)(43,46,48,47,44,45,49)

(2,4,6)(3,5,7)(8,22,36)(9,25,41)
(10,26,42)(11,27,37)(12,28,38)(13,
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15

21

solvable

14

3,9

23,39)(14,24,40)(15,29,43)(16,32,
48)(17,33,49)(18,34,44)(19,35,45)
(20,30,46)(21,31,47)(1,11,27,19,37,
45,35)(2,10,28,15,39,48,33)(3,14,22,
18,41,47,30)(4,13,26,16,38,49,29)(5,
9,24,21,36,46,34)(6,12,23,17,42,43,
32)(7,8,25,20,40,44,31)

16

21

solvable

14

3,7

(2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,
26,42)(11,27,37)(12,28,38)(13,23,
39)(14,24,40)(15,29,43)(16,32,48)
(17,33,49)(18,34,44)(19,35,45)(20,
30,46)(21,31,47)(1,32,48,40,16,24,
14)(2,31,49,36,18,27,12)(3,35,43,
39,20,26,9)(4,34,47,37,17,28,8)(5,
30,45,42,15,25,13)(6,33,44,38,21,
22,11)(7,29,46,41,19,23,10)

17

21

solvable

14

3,8

(2,4,6)(3,5,7)(8,22,36)(9,25,41)
(10,26,42)(11,27,37)(12,28,38)
(13,23,39)(14,24,40)(15,29,43)
(16,32,48)(17,33,49)(18,34,44)
(19,35,45)(20,30,46)(21,31,47)
(1,4,6,5,2,3,7)(8,11,13,12,9,10,
14)(15,18,20,19,16,17,21)(22,
25,27,26,23,24,28)(29,32,34,33,
30,31,35)(36,39,41,40,37,38,42)
(43,46,48,47 44,45 49)

18

21

solvable

14

3,6

(2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,
26,42)(11,27,37)(12,28,38)(13,23,
39)(14,24,40)(15,29,43)(16,32,48)
(17,33,49)(18,34,44)(19,35,45)(20,
30,46)(21,31,47)(1,21,31,23,47,13,
39)(2,19,34,25,43,14,38)(3,16,33,27,
46,8,42)(4,15,35,24,44,12,41)(5,20,
32,22,49,10,37)(6,18,29,28,45,9,40)
(7,17,30,26,48,11,36)

19

42

solvable

14

5,14,17

(1,4,6,5,2,3,7)(8,11,13,12,9,10,14)
(15,18,20,19,16,17,21)(22,25,27,26,
23,24,28)(29,32,34,33,30,31,35)(36,
39,41,40,37,38,42)(43,46,48,47,44,
45,49)(2,7,6,5,4,3)(8,43,36,29,22,
15)(9,49,41,33,25,17)(10,44,42,34,
26,18)(11,45,37,35,27,19)(12,46,38,
30,28,20)(13,47,39,31,23,21)(14,48,
40,32,24,16)

20

42

solvable

14

5,12,18

(1,21,31,23,47,13,39)(2,19,34,25,43,
14,8)(3,16,33,27,46,8,42)(4,15,35,24,
44,12,41)(5,20,32,22,49,10,37)(6,18,
29,28,45,9,40)(7,17,30,26,48,11,36)
(2,7,6,5,4,3)(8,43,36,29,22,15)(9,49,
41,33,25,17)(10,44,42,34,26,18)(11,
45,37,35,27,19)(12,46,38,30,28,20)
(13,47,39,31,23,21)(14,48,40,32,24,
16)

(1,32,48,40,16,24,14)(2,31,49,36,18,

176




Ice B. Risteski: A new mathematical model of cigarette combustion

21

42

solvable

14

5,13,16

27,12)(3,35,43,39,20,26,9)(4,34,47,
37,17,28,8)(5,30,45,42,15,25,13)(6,
33,44,38,21,22,11)(7,29,46,41,19,23,
10)(2,7,6,5,4,3)(8,43,36,29,22,15)(9,
49,41,33,25,17)(10,44,42,34,26,18)
(11,45,37,35,27,19)(12,46,38,30,28,
20)(13,47,3931,23,21)(14,48,40,32,
24,16)

22

42

solvable

14

511,15

(1,11,27,19,37,45,35)(2,10,28, 15,
39,48,33)(3,14,22,18,41,47,30)(4,
13,26,16,38,49,29)(5,9,24,21,36,
46,34)(6,12,23,17,42,43,32)(7,8,25,
20,40,44,31)(2,7,6,5,4,3)(8,43,36,
29,22,15)(9,49,41,33,25,17)(10,
44,42,34,26,18)(11,45,37,35,27,
19)(12,46,38,30,28,20)(13,47,39,
31,23,21)(14,48,40,32,24,16)

23

49

abelian

6,7,8,9

(1,4,6,5.2,3,7)(8,11,13,12,9,10,14)
(15,18,20,19,16,17,21)(22,25,27,26,
23,24,28)(29,32,34,33,30,31,35)(36,
39,41,40,37,38,42)(43,46,48,47 44,
45,49)(1,11,27,19,37,45,35)(2,10,28,
15,39,48,33)(3,14,22,18,41,47,30)(4,
13,26,16,38,49,29)(5,9,24,21,36,46,
34)(6,12,23,17,42,43,32)(7,8,25,20,
40,44,31)

24

98

solvable

11,12,13,14,23

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)
(11,35)(12,30)(13,31)(14,32)(15,36)
(16,40)(17,41)(18,42)(19,37)(20,38)
(21,39)(22,43)(23,47)(24,48)(25,49)
(26,44)(27,45)(28,46),(1,11,27,19,37,
45,35)(2,10,28,15,39,48,33)(3,14,22,
18,41,47,30)(4,13,26,16,38,49,29)
(5,9,24,21,36,46,34)(6,12,23,17,42,
43,32)(7,8,25,20,40,44,31)(1,4,6,5,
2,3,7)(8,11,13,12,9,10,14)(15,18,20,
19,16,17,21)(22,25,27,26,23,24,28)
(29,32,34,33,30,31,35)(36,39,41,40,
37,38,42)(43,46,48,47 44,45 49)

25

147

solvable

15,16,17,18,23

(2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,
26,42)(11,27,37)(12,28,38)(13,23,
39)(14,24,40)(15,29,43)(16,32,48)
(17,33,49)(18,34,44)(19,35,45)(20,
30,46)(21,31,47)(1,11,27,19,37,45,
35)(2,10,28,15,39,48,33)(3,14,22,18,
41,47,30)(4,13,26,16,38,49,29) (5,9,
24,21,36,46,34)(6,12,23,17,42,43,
32)(7,8,25,20,40,44,31)(1,4,6,5,2,3,
7)(8,11,13,12,9,10,14)(15,18,20,19,
16,17,21)(22,25,27,26,23,24,28)(29,
32,34,33,30,31,35)(36,39,41,40,37,
38,42)(43,46,48,47,44,45,49)

(2,20,5,38)(3,28,6,46)(4,30,7,12)(8,19,
29,37)(9,31,33,13)(10,48,34,24)(11,
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26

196 | solvable

4,24

22,35,43)(14,42,32,18)(15,27,36,45)
(16,44,40,26)(17,39,41,21)(23,25,47,
49)(1,30,46,38,20,28,12)(2,32,45,41,
21,26,8)(3,34,49,40,15,23,11)(4,31,48,
42,19,22,9)(5,29,44,39,17,27,14)(6,35,
47,36,16,25,10)(7,33,43,37,18,24,13)

27

294 | solvable

(1,11,27,19,37,45,35)(2,10,28,15,39,
48,33)(3,14,22,18,41,47,30)(4,13,26,
16,38,49,29)(5,9,24,21,36,46,34) (6,
12,23,17,42,43,32)(7,8,25,20,40,44,
31)(1,4,6,5,2,3,7)(8,11,13,12,9,10,
14)(15,18,20,19,16,17,21)(22,25,27,

1 19,20,21,22,24,25 | 26,23,24,28)(29,32,34,33,30,31,35)

(36,39,41,40,37,38,42)(43,46,48,47,
44,45,49)(2,7,6,5,4,3)(8,43,36,29,22,
15)(9,49,41,33,25,17)(10,44,42,34,26,
18)(11,45,37,35,27,19)(12,46,38,30,
28,20)(13,47,39,31,23,21)(14,48,40,
32,24,16)

28

588 G

10,26,27

(2,30,3,38,4,46,5,12,6,20,7,28)(8,35,
15,37,22,45,29,11,36,19,43,27)(9,47,
17,13,25,21,33,23,41,31,49,39) (10,16,
18,24,26,32,34,40,42,48,44,14)(1,8,22,
15,36,43,29)(2,9,23,16,37,44,30)(3, 10,
24,17,38,45,31)(4,11,25,18,39,46,32) (5,
12,26,19,40,47,33)(6,13,27,20,41,48,34)
(7,14,28,21,42,49,35)

Maximal normal subgroups

Serial

Order | Nature

Quotient

Generators

294 | solvable

(2,7,6,5,4,3)(8,43,36,29,22,15)(9,49,41,33,25,17) (10,44,
42,34,26,18)(11,45,37,35,27,19)(12,46,38,30,28,20)(13,
47,39,31,23,21)(14,48,40,32,24,16)(1,9,25,17,41,49,33)
cyclic | (2,11,24,20,42,47,29)(3,13,28,19,36,44,32)(4,10,27,21,
40,43,30)(5,8,23,18,38,48,35)(6,14,26,15,37,46,31)(7,
12,22,16,39,45,34)(1,26,42,34,10,18,44)(2,22,40,35,13,
17,46)(3,25,37,29,12,21,48)(4,23,36,33,14,20,45)(5,28,
41,31,11,16,43)(6,24,39,30,8,19,49)(7,27,38,32,9,15,47)

196 | solvable

(1,21,31,23,47,13,39)(2,19,34,25,43,14,38)(3,16,33,27,
46,8,42)(4,15,35,24,44,12,41)(5,20,32,22,49,10,37)(6,18,
cyclic | 29,28,45,9,40)(7,17,30,26,48,11,36)(1,23,5,49)(2,34,7,11)
(4,15,6,40)(8,32,33,13)(9,21,35,37)(10,41,31,18)(12,26,29,
43)(14,45,30,24)(16,36,42,19)(17,47,38,22)(20,25,39,48)
(27,44,46,28)

Sylow subgroups

p | Order

Conjug.
classes

Nature

Normalizer

Normal
closure

Generators

49

cyclic

12

196

(2,20,5,38)(3,28,6,46)(4,30,7,12)(8,19,29,37)
(9,31,33,13)(10,48,34,24)(11,22,35,43)
(14,42,32,18)(15,27,36,45)(16,44,40,26)
(17,39,41,21)(23,25,47,49)

49

cyclic

12

147

(2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,26,42)
(11,27,37)(12,28,38)(13,23,39)(14,24,40)
(15,29,43)(16,32,48)(17,33,49)(18,34,44)
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(19,35,45)(20,30,46)(21,31,47)

49

abelian

49

(1,14,24,16,40,48,32)(2,12,27,18,36,49,31)
(3,9,26,20,39,43,35)(4,8,28,17,37,47,34)
(5,13,25,15,42,45,30)(6,11,22,21,38,44,33)
(7,10,23,19,41,46,29)(1,15,29,22,43,8,36)
(2,16,30,23,44,9,37)(3,17,31,24,45,10,38)
(4,18,32,25,46,11,39)(5,19,33,26,47,12,40)
(6,20,34,27,48,13,41)(7,21,35,28,49,14,42)

9. Let G be a primitive group of degree 49 with 3 generators. We have |G| = 784 = 2*x7°.

Generators of G:

a; = (2,33)(3,41)(4,49)(5,9)(6,17)(7,25)(10,48)(11,35)(12,23)(13,38)
(14,18)(16,26)(19,37)(20,31)(21,46)(24,34)(27,45)(28,39)(30,47)
(32,42)(40,44) (order 2)

a = (2,33,38,31,5,9,20,13)(3,41,46,39,6,17,28,21)(4,49,12,47,7,25,30,23)
(8,42,37,14,29,18,19,32)(10,11,24,43,34,35,48,22)
(15,44,45,16,36,26,27,40) (order 8)

az =(1,8,22,15,36,43,29)(2,9,23,16,37,44,30)(3,10,24,17,38,45,31)
(4,11,25,18,39,46,32)(5,12,26,19,40,47,33)(6,13,27,20,41,48,34)
(7,14,28,21,42,49,35) (order 7)

This generating set is not minimal. There is a smaller set with 2 elements. G is a solvable
group. G acts transitively on the set of 49 elements {1, 2, ..., 49}. The center of G is trivial.

The derived subgroup D =[G, G] is a solvable group of order 196, generated by
{(2,20,5,38)(3,28,6,46)(4,30,7,12)(8,19,29,37)(9,31,33,13)(10,48,34,24)(11,22,35,43)(14,42,32,
18)(15,27,36,45)(16,44,40,26)(17,39,41,21)(23,25,47,49)(1,21,31,23,47,13,39)(2,19,34,25,43,14,
38)(3,16,33,27,46,8,42)(4,15,35,24,44,12,41)(5,20,32,22,49,10,37)(6,18,29,28,45,9,40)(7,17,30,
26,48,11,36)} and G/D = C,%

Lower central Series
Level | Order | Nature | Quotient | Successive quotient
1 196 | solvable | abelian C,?
2 98 | solvable | nilpotent C,
3 49 abelian | nilpotent C,
Derived Series
Level | Order | Nature | Quotient | Successive quotient
1 196 | solvable | abelian C,’
2 49 abelian | nilpotent C,
3 1 trivial | solvable c/
Conjugacy classes of subgroups
. Maximal
Serial | Order | Nature C%T;ggeicy subgroup Generators
classes
1 1 trivial 1 --
(8,32)(9,31)(10,35)(11,34)(12,30)(13,33)(14,
2 2 cyclic 28 1 29)(15,40)(16,36)(17,39)(18,37)(19,42)(20,38)
(21,41)(22,48)(23,49)(24,43)(25,47)(26,45)
(27,44)(28,46)
(2,9)(3,17)(4,25)(5,33)(6,41)(7,49)(8,29)(10,
3 2 cyclic 28 1 24)(12,47)(13,20)(14,42)(15,36)(16,44)(18,32)
(21,28)(22,43)(23,30)(26,40)(31,38)(34,48)
(39,46)
(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)(12,
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cyclic

49

1

30)(13,31)(14,32)(15,36)(16,40)(17,41)(18,42)
(19,37)(20,38)(21,39)(22,43)(23,47)(24,48)
(25,49)(26,44)(27,45)(28,46)

cyclic

49

(2,20,5,38)(3,28,6,46)(4,30,7,12)(8,19,29,37)
(9,31,33,13)(10,48,34,24)(11,22,35,43) (14,42,
32,18)(15,27,36,45)(16,44,40,26)(17,39,41,21)
(23,25,47,49)

abelian

98

3.4

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)(12,
30)(13,31)(14,32)(15,36)(16,40)(17,41)(18,42)
(19,37)(20,38)(21,39)(22,43)(23,47)(24,48)
(25,49)(26,44)(27,45)(28,46)(2,9)(3,17)(4,25)
(5,33)(6,41)(7,49)(8,29)(10,24)(12,47)(13,20)
(14,42)(15,36)(16,44)(18,32)(21,28)(22,43)
(23,30)(26,40)(31,38)(34,48)(39,46)

abelian

98

2,4

(8,32)(9,31)(10,35)(11,34)(12,30)(13,33)(14,
29)(15,40)(16,36)(17,39)(18,37)(19,42)(20,38)
(21,41)(22,48)(23,49)(24,43)(25,47)(26,45)
(27,44)(28,46)(2,5)(3,6)(4,7)(8,14)(9,13)(10,
11)(15,16)(17,21)(18,19)(22,24)(23,25)(26,27)
(29,32)(31,33)(34,35)(36,40)(37,42)(39,41)
(43,48)(44,45)(47,49)

cyclic

(1,5,7,6,3,4,2)(8,12,14,13,10,11,9)(15,19,21,
20,17,18,16)(22,26,28,27,24,25,23)(29,33,35,
34,31,32,30)(36,40,42,41,38,39,37)(43,47,49,
48,45,46,44)

cyclic

(1,15,29,22,43,8,36)(2,16,30,23,44,9,37)(3,17,
31,24,45,10,38)(4,18,32,25,46,11,39)(5,19,33,
26,47,12,40)(6,20,34,27,48,13,41)(7,21,35,28,
49,14,42)

10

cyclic

49

(2,33,38,31,5,9,20,13)(3,41,46,39,6,17,28,21)
(4,49,12,47,7,25,30,23)(8,42,37,14,29,18, 19,
32)(10,11,24,43,34,35,48,22)(15,44,45,16,36,
26,27,40)

11

nilpotent

49

5,6

(2,13)(3,21)(4,23)(5,31)(6,39)(7,47)(8,19)(9,
38)(10,34)(11,43)(12,25)(15,27)(17,46)(18,42)
(20,33)(22,35)(26,44)(28,41)(29,37)(30,49)
(36,45),(2,9)(3,17)(4,25)(5,33)(6,41)(7,49)(8,
29)(10,24)(12,47)(13,20)(14,42)(15,36)(16,44)
(18,32)(21,28)(22,43)(23,30)(26,40)(31,38)
(34,48)(39,46)

12

nilpotent

49

5,7

(2,20)(3,28)(4,30)(5,38)(6,46)(7,12)(8,18)(9,
33)(10,43)(11,24)(14,37)(15,26)(16,45)(17,41)
(19,32)(22,34)(25,49)(27,40)(29,42)(35,48)
(36,44)(8,32)(9,31)(10,35)(11,34)(12,30)(13,
33)(14,29)(15,40)(16,36)(17,39)(18,37)(19,42)
(20,38)(21,41)(22,48)(23,49)(24,43)(25,47)
(26,45)(27,44)(28,46)

13

14

dihedral

2,8

(2,5)(3,6)(4,7)(8,14)(9,13)(10,11)(15,16)(17,
21)(18,19)(22,24)(23,25)(26,27)(29,32)(31,33)
(34,35)(36,40)(37,42)(39,41)(43,48)(44,45)
(47,49)(1,5,7,6,3,4,2)(8,12,14,13,10,11,9)(15,
19,21,20,17,18,16)(22,26,28,27,24,25,23)(29,
33,35,34,31,32,30)(36,40,42,41,38,39,37)(43,
47,49,48,45,46,44)
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14

14

dihedral

3,9

(2,9)(3,17)(4,25)(5,33)(6,41)(7,49)(8,29)(10,
24)(12,47)(13,20)(14,42)(15,36)(16,44)(18,
32)(21,28)(22,43)(23,30)(26,40)(31,38)(34,
48)(39,46)(1,15,29,22,43,8,36)(2,16,30,23,44,
9,37)(3,17,31,24,45,10,38)(4,18,32,25,46,11,
39)(5,19,33,26,47,12,40)(6,20,34,27,48,13,41)
(7,21,35,28,49,14,42)

15

14

cyclic

28

3,9

(2,9)(3,17)(4,25)(5,33)(6,41)(7,49)(8,29)(10,
24)(12,47)(13,20)(14,42)(15,36)(16,44)(18,
32)(21,28)(22,43)(23,30)(26,40)(31,38)(34,
48)(39,46)(1,45,19,11,35,37,27)(2,48,15,10,
33,39,28)(3,47,18,14,30,41,22)(4,49,16,13,29,
38,26)(5,46,21,9,34,36,24)(6,43,17,12,32,42,
23)(7,44,20,8,31,40,25)

16

14

dihedral

28

4,8

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)(12,
30)(13,31)(14,32)(15,36)(16,40)(17,41)(18,
42)(19,37)(20,38)(21,39)(22,43)(23,47)(24,
48)(25,49)(26,44)(27,45)(28,46)(1,5,7,6,3,4,2)
(8,12,14,13,10,11,9)(15,19,21,20,17,18,16)
(22,26,28,27,24,25,23)(29,33,35,34,31,32,30)
(36,40,42,41,38,39,37)(43,47,49,48,45,46,44)

17

14

dihedral

28

4,9

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)(12,
30)(13,31)(14,32)(15,36)(16,40)(17,41)(18,
42)(19,37)(20,38)(21,39)(22,43)(23,47)(24,
48)(25,49)(26,44)(27,45)(28,46)(1,15,29,22,
43,8,36)(2,16,30,23,44,9,37)(3,17,31,24,45,
10,38)(4,18,32,25,46,11,39)(5,19,33,26,47,
12,40)(6,20,34,27,48,13,41)(7,21,35,28,49,
14,42)

18

14

cyclic

28

2,8

(8,32)(9,31)(10,35)(11,34)(12,30)(13,33)
(14,29)(15,40)(16,36)(17,39)(18,37)(19,42)
(20,38)(21,41)(22,48)(23,49)(24,43)(25,47)
(26,45)(27,44)(28,46),(1,5,7,6,3,4,2)(8,12,14,
13,10,11,9)(15,19,21,20,17,18,16)(22,26,28,
27,24,25,23)(29,33,35,34,31,32,30)(36,40,42,
41,38,39,37)(43,47,49,48,45,46,44)

19

16

nilpotent

49

10,11,12

(2,9)(3,17)(4,25)(5,33)(6,41)(7,49)(8,29)(10,
24)(12,47)(13,20)(14,42)(15,36)(16,44)(18,
32)(21,28)(22,43)(23,30)(26,40)(31,38)(34,
48)(39,46)(8,32)(9,31)(10,35)(11,34)(12,30)
(13,33)(14,29)(15,40)(16,36)(17,39)(18,37)
(19,42)(20,38)(21,41)(22,48)(23,49)(24,43)
(25,47)(26,45)(27,44)(28,46)

20

28

dihedral

28

7,13,16,18

(1,4)(3,5)(6,7)(9,12)(10,13)(11,14)(15,17)
(16,18)(19,20)(22,28)(23,27)(24,25)(29,34)
(30,31)(33,35)(36,37)(38,42)(39,40)(43,47)
(44,49)(46,48)(1,4,6,5,2,3,7)(8,34,13,30,9,35,
14,32,11,33,12,31,10,29)(15,37,20,42,16,39,
21,40,18,38,19,36,17,41)(22,47,27,45,23 43,
28,48,25,44,26,49,24,46)

21

28

dihedral

28

6,14,15,17

(1,11)(3,47)(4,29)(5,24)(6,42)(7,20)(8,25)
(10,33)(12,17)(13,49)(14,41)(15,39)(18,22)
(19,45)(21,34)(26,38)(27,35)(28,48)(31,40)
(32,43)(36,46)(1,37,11,45,27,35,19)(2,46,10,
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34,28,5,15,9,39,24,48,21,33,36)(3,6,14,12,22,
23,18,17,41,42,47,43,30,32)(4,31,13,7,26,8,
16,25,38,20,49,40,29,44)

22

49

abelian

8,9

(1,5,7,6,3,4,2)(8,12,14,13,10,11,9)(15,19,21,
20,17,18,16)(22,26,28,27,24,25,23)(29,33,35,
34,31,32,30)(36,40,42,41,38,39,37)(43,47,49,
48,45,46,44)(1,9,25,17,41,49,33)(2,11,24,20,
42,47,29)(3,13,28,19,36,44,32)(4,10,27,21,40,
43,30)(5,8,23,18,38,48,35)(6,14,26,15,37,46,
31)(7,12,22,16,39,45,34)

23

98

solvable

16,17,22

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)(12,
30)(13,31)(14,32)(15,36)(16,40)(17,41)(18,
42)(19,37)(20,38)(21,39)(22,43)(23,47)(24,
48)(25,49)(26,44)(27,45)(28,46)(1,9,25,17,
41,49,33)(2,11,24,20,42,47,29)(3,13,28,19,36,
44,32)(4,10,27,21,40,43,30)(5,8,23,18,38,48,
35)(6,14,26,15,37,46,31)(7,12,22,16,39,45,34)
(1,5,7,6,3,4,2)(8,12,14,13,10,11,9)(15,19,21,
20,17,18,16)(22,26,28,27,24,25,23)(29,33,35,
34,31,32,30)(36,40,42,41,38,39,37)(43,47,49,
48,45,46,44)

24

98

solvable

13,18,22

(1,6,2,7,4,5,3)(8,13,9,14,11,12,10)(15,20,16,
21,18,19,17)(22,27,23,28,25,26,24)(29,34,30,
35,32,33,31)(36,41,37,42,39,40,38)(43,48,44,
49,46,47,45)(1,12,28,20,38,46,30)(2,14,26,17,
41,44,32,5,8,27,21,39,45,29)(3,10,23,16,40,47,
34,6,11,25,15,36,49,35)(4,13,22,18,42,43,31,7,
9,24,19,37,48,33)

25

98

solvable

14,15,22

(1,8,22,15,36,43,29)(2,9,23,16,37,44,30)(3, 10,
24,17,38,45,31)(4,11,25,18,39,46,32)(5,12,26,
19,40,47,33)(6,13,27,20,41,48,34)(7,14,28,21,
42,49,35)(1,19,35,27,45,11,37)(2,36,33,21,48,
24,39,9,15,5,28,34,10,46)(3,32,30,43,47,42,41,
17,18,23,22,12,14,6)(4,44,29,40,49,20,38,25,1
6,8,26,7,13,31)

26

196

solvable

5,23

(2,20,5,38)(3,28,6,46)(4,30,7,12)(8,19,29,37)
(9,31,33,13)(10,48,34,24)(11,22,35,43) (14,42,
32,18)(15,27,36,45)(16,44,40,26)(17,39,41,21)
(23,25,47,49)(1,38,12,46,28,30,20)(2,41,8,45,
26,32,21)(3,40,11,49,23,34,15)(4,42,9,48,22,
31,19)(5,39,14,44,27,29,17)(6,36,10,47,25,35,
16)(7,37,13,43,24,33,18)

27

196

solvable

20,23,24

(1,4,6,5,2,3,7)(8,34,13,30,9,35,14,32,11,33,
12,31,10,29)(15,37,20,42,16,39,21,40,18,38,
19,36,17,41)(22,47,27,45,23,43,28,48,25 44,
26,49,24,46)(1,46,20,12,30,38,28)(2,44,21,
14,32,39,26,5,45,17,8,29,41,27)(3,47,15,10,
34,36,23,6,49,16,11,35,40,25)(4,43,19,13,31,
37,22,7,48,18,9,33,42,24)

28

196

solvable

21,23,25

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)(12,
30)(13,31)(14,32)(15,36)(16,40)(17,41)(18,
42)(19,37)(20,38)(21,39)(22,43)(23,47)(24,
48)(25,49)(26,44)(27,45)(28,46)(1,33,35,48,
45,39,37,15,19,28,27,10,11,2)(3,25,30,8,47,7,
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41,31,18,44,22,40,14,20)(4,9,29,5,49,34,38,
46,16,36,26,21,13,24)(6,17,32,23,43,12,42)

29

392

solvable

12,26,27

(2,20)(3,28)(4,30)(5,38)(6,46)(7,12)(8,18)(9,
33)(10,43)(11,24)(14,37)(15,26)(16,45)(17,
41)(19,32)(22,34)(25,49)(27,40)(29,42)(35,
48)(36,44)(1,17,30,27,46,14,38,5,20,29,28,
44,12,39)(2,18,32,24,45,13,41,7,21,33,26,43,
8,37)(3,15,34,23,49,11,40)(4,16,31,25,48, 10,
42,6,19,35,22,47,9,36)

30

392

solvable

11,26,28

(2,9)(3,17)(4,25)(5,33)(6,41)(7,49)(8,29)(10,
24)(12,47)(13,20)(14,42)(15,36)(16,44)(18,32)
(21,28)(22,43)(23,30)(26,40)(31,38)(34,48)
(39,46)(1,31,32,49,48,36,40,18,16,27,24,12,14,
2)(3,23,35,10,43,7,39,29,20,46,26,41,9,19)(4,
13,34,5,47,30,37,45,17,42,28,15,8,25)(6,21,33,
22,44,11,38)

31

392

solvable

10,26

(2,33,38,31,5,9,20,13)(3,41,46,39,6,17,28,21)
(4,49,12,47,7,25,30,23)(8,42,37,14,29,18,19,
32)(10,11,24,43,34,35,48,22)(15,44,45,16,36,
26,27,40)(1,9,25,17,41,49,33)(2,11,24,20,42,
47,29)(3,13,28,19,36,44,32)(4,10,27,21,40,43,
30)(5,8,23,18,38,48,35)(6,14,26,15,37,46,31)
(7,12,22,16,39,45,34)

32

784

19,29,30,31

(8,32)(9,31)(10,35)(11,34)(12,30)(13,33)(14,
29)(15,40)(16,36)(17,39)(18,37)(19,42)(20,38)
(21,41)(22,48)(23,49)(24,43)(25,47)(26,45)
(27,44)(28,46),(1,38,43,24,15,3,8,45,29,17,36,
10,22,31)(2,18,44,11,16,32,9,39,30,25,37,4,23,
46)(5,48,47,20,19,13,12,34,33,41,40,27,26,6)
(7,35,49,42,21,28,14)

Proper normal subgroups

Serial

Order

Nature

Quotient

Subgroups

Generators

49

abelian

nilpotent

(1,3,5,4,7,2,6)(8,10,12,11,14,9,13)(15,17,19,
18,21,16,20)(22,24,26,25,28,23,27)(29,31,
33,32,35,30,34)(36,38,40,39,42,37,41)(43,

. 45,47,46,49,44,48)(1,15,29,22,43,8,36)(2,16,

30,23,44,9,37)(3,17,31,24,45,10,38)(4,18,32,
25,46,11,39)(5,19,33,26,47,12,40)(6,20,34,27,
48,13,41)(7,21,35,28,49,14,42)

98

solvable

nilpotent

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)
(12,30)(13,31)(14,32)(15,36)(16,40)(17,41)
(18,42)(19,37)(20,38)(21,39)(22,43)(23,47)
(24,48)(25,49)(26,44)(27,45)(28,46)(1,15,29,
22,43,8,36)(2,16,30,23,44,9,37)(3,17,31,24,

1 45,10,38)(4,18,32,25,46,11,39)(5,19,33,26,

47,12,40)(6,20,34,27,48,13,41)(7,21,35,28,49,
14,42)(1,3,5,4,7,2,6)(8,10,12,11,14,9,13)(15,
17,19,18,21,16,20)(22,24,26,25,28,23,27)(29,
31,33,32,35,30,34)(36,38,40,39,42,37,41)(43,
45,47,46,49,44,48)

(2,38,5,20)(3,46,6,28)(4,12,7,30)(8,37,29,19)

(9,13,33,31)(10,24,34,48)(11,43,35,22) (14,18,
32,42)(15,45,36,27)(16,26,40,44)(17,21,41,39)
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3 196 | solvable

abelian 1,2

(23,49,47,25)(1,46,20,12,30,38,28)(2,45,21,8,
32,41,26)(3,49,15,11,34,40,23)(4,48,19,9,31,
42,22)(5,44,17,14,29,39,27)(6,47,16,10,35,36,
25)(7,43,18,13,33,37,24)

4 392 | solvable

cyclic 1,2,3

(2,31,20,33,5,13,38,9)(3,39,28,41,6,21,46,17)
(4,47,30,49,7,23,12,25)(8,14,19,42,29,32,37,
18)(10,43,48,11,34,22,24,35)(15,16,27,44,36,
40,45,26)(1,39,13,47,23,31,21)(2,38,14,43,25,
34,19)(3,42,8,46,27,33,16)(4,41,12,44,24,35,
15)(5,37,10,49,22,32,20)(6,40,9,45,28,29,18)
(7,36,11,48,26,30,17)

5 392 | solvable

cyclic 1,2,3

(2,38,5,20)(3,46,6,28)(4,12,7,30)(8,37,29,19)
(9,13,33,31)(10,24,34,48)(11,43,35,22) (14,18,
32,42)(15,45,36,27)(16,26,40,44)(17,21,41,39)
(23,49,47,25)(1,46)(2,45)(3,49)(4,48)(5,44)
(6,47)(7,43)(8,41)(9,42)(10,36)(11,40)(12,38)
(13,37)(14,39)(15,23)(16,25)(17,27)(18,24)
(19,22)(20,28)(21,26)

6 392 | solvable

cyclic 1,2,3

(2,33)(3,41)(4,49)(5,9)(6,17)(7,25)(10,48)(11,35)
(12,23)(13,38)(14,18)(16,26)(19,37)(20,31)(21,46)
(24,34)(27,45)(28,39)(30,47)(32,42)(40,44)(1,11,
18,41,34,5,26,16,44,31,10,28,42,43)(2,7,17,15,
35,32,22,27,46,47,13,9,40,38)(3,48,21,12,29,37,
25)(4,30,20,24,33,49,23,8,45,39,14,6,36,19)

Sylow subgroups

Order

Conjug.
classes

Nature | Normalizer

Normal
closure

Generators

2| 16

49 nilpotent 16

(2,33)(3,41)(4,49)(5,9)(6,17)(7,25)(10,48)
(11,35)(12,23)(13,38)(14,18)(16,26)(19,37)
(20,31)(21,46)(24,34)(27,45)(28,39)(30,47)
G | (32,42)(40,44)(8,32)(9,31)(10,35)(11,34)
(12,30)(13,33)(14,29)(15,40)(16,36)(17,39)
(18,37)(19,42)(20,38)(21,41)(22,48)(23,49)
(24,43)(25,47)(26,45)(27,44)(28,46)

71 49

1 abelian G

(1,22,36,29,8,15,43)(2,23,37,30,9,16,44)
(3,24,38,31,10,17,45)(4,25,39,32,11,18,46)
(5,26,40,33,12,19,47)(6,27,41,34,13,20,48)
49 | (7,28,42,35,14,21,49)(1,38,12,46,28,30,20)
(2,41,8,45,26,32,21)(3,40,11,49,23,34,15)
(4,42,9,48,22,31,19)(5,39,14,44,27,29,17)
(6,36,10,47,25,35,16)(7,37,13,43,24,33,18)

10. Let G be a primitive group of degree 49 with 2 generators. We have |G| = 784 = 2*x72.

Generators of G:

a; = (2,35,33,48,38,22,31,10,5,11,9,24,20,43,13,34)
(3,37,41,14,46,29,39,18,6,19,17,32,28,8,21,42)
(4,45,49,16,12,36,47,26,7,27,25,40,30,15,23,44) (order 16)

a = (1,8,22,15,36,43,29)(2,9,23,16,37,44,30)
(3,10,24,17,38,45,31)(4,11,25,18,39,46,32)
(5,12,26,19,40,47,33)(6,13,27,20,41,48,34)
(7,14,28,21,42,49,35) (order 7)

G is a solvable group. G acts transitively on the set of 49 elements {1, 2, ..., 49}. The center of
G is trivial. The derived subgroup D =[G, G] is an abelian group of order 49, generated by
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{(1,8,22,15,36,43,29)(2,9,23,16,37,44,30)(3,10,24,17,38,45,31)(4,11,25,18,39,46,32)(5,12,26,19,
40,47,33)(6,13,27,20,41,48,34)(7,14,28,21,42,49,35)(1,28,38,30,12,20,46)(2,26,41,32,8,21,45)(3,
23,40,34,11,15,49)(4,22,42,31,9,19,48)(5,27,39,29,14,17,44)(6,25,36,35,10,16,47)(7,24,37,33,13,

18,43)} and G/D = Cys.

Lower central Series
Level | Order | Nature | Quotient | Successive quotient
1 49 | abelian | cyclic Cis

Derived Series
Level | Order | Nature | Quotient | Successive quotient

1 49 abelian | cyclic Cis
2 1 trivial | solvable C,*
Conjugacy classes of subgroups
. Maximal
Serial | Order | Nature Conjugacy subgroup Generators
classes
classes
1 1 trivial 1 -

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)
2 2 | cyclic 49 1 (12,30)(13,31)(14,32)(15,36)(16,40)(17,41)
(18,42)(19,37)(20,38)(21,39)(22,43)(23,47)
(24,48)(25,49)(26,44)(27,45)(28,46)
(2,38,5,20)(3,46,6,28)(4,12,7,30)(8,37,
3 4 | cyclic 49 2 29,19)(9,13,33,31)(10,24,34,48)(11,43,
35,22)(14,18,32,42)(15,45,36,27)(16,
26,40,44)(17,21,41,39)(23,49,47,25)
(1,4,6,5.2,3,7)(8,11,13,12,9,10,14)(15,
4 7 | cyclic 8 1 18,20,19,16,17,21)(22,25,27,26,23,24,
28)(29,32,34,33,30,31,35)(36,39,41,40,
37,38,42)(43,46,48,47 44,45 49)
(2,33,38,31,5,9,20,13)(3,41,46,39,6,17,
5 8 | cyclic 49 3 28,21)(4,49,12,47,7,25,30,23)(8,42,37,
14,29,18,19,32)(10,11,24,43,34,35,48,
22)(15,44,45,16,36,26,27,40)
(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)
(12,30)(13,31)(14,32)(15,36)(16,40)(17,
41)(18,42)(19,37)(20,38)(21,39)(22,43)
6 14 | dihedral 56 24 | (23,47)(24,48)(25,49)(26,44)(27,45)(28,
46)(1,4,6,5,2,3,7)(8,11,13,12,9,10,14)(15,
18,20,19,16,17,21)(22,25,27,26,23,24,28)
(29,32,34,33,30,31,35)(36,39,41,40,37,38,
42)(43,46,48,47,44.45,49)
(2,35,33,48,38,22,31,10,5,11,9,24,20,43,
7 16 | cyclic 49 5 13,34)(3,37,41,14,46,29,39,18,6,19,17,
32,28,8,21,42)(4,45,49,16,12,36,47,26,
7,27,25,40,30,15,23,44)
(1,4,6,5,2,3,7)(8,11,13,12,9,10,14) (15,
18,20,19,16,17,21)(22,25,27,26,23,24,
28)(29,32,34,33,30,31,35)(36,39,41,40,
8 49 | abelian 1 4 37,38,42)(43,46,48,47,44,45 49)(1,12,
28,20,38,46,30)(2,8,26,21,41,45,32)(3,
11,23,15,40,49,34)(4,9,22,19,42,48,31)
(5,14,27,17,39,44,29)(6,10,25,16,36,47,
35)(7,13,24,18,37,43,33)
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98 solvable

6,8

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)
(12,30)(13,31)(14,32)(15,36)(16,40)(17,
41)(18,42)(19,37)(20,38)(21,39)(22,43)
(23,47)(24,48)(25,49)(26,44)(27,45)(28,46)
(1,12,28,20,38,46,30)(2,8,26,21,41,45,32)
(3,11,23,15,40,49,34)(4,9,22,19,42,48,31)
(5,14,27,17,39,44,29)(6,10,25,16,36,47,35)
(7,13,24,18,37,43,33)(1,4,6,5,2,3,7)(8,11,
13,12,9,10,14)(15,18,20,19,16,17,21)(22,
25,27,26,23,24,28)(29,32,34,33,30,31,
35)(36,39,41,40,37,38,42)(43,46,48,47,
44,45,49)

10

196 | solvable

3,9

(2,38,5,20)(3,46,6,28)(4,12,7,30)(8,37,29,
19)(9,13,33,31)(10,24,34,48)(11,43,35,22)
(14,18,32,42)(15,45,36,27)(16,26,40,44)
(17,21,41,39)(23,49,47,25)(1,12,28,20,38,
46,30)(2,8,26,21,41,45,32)(3,11,23,15,40,
49,34)(4,9,22,19,42,48,31)(5,14,27,17,39,
44,29)(6,10,25,16,36,47,35)(7,13,24,18,37,
43,33)

11

392 | solvable

5,10

(2,33,38,31,5,9,20,13)(3,41,46,39,6,17,28,
21)(4,49,12,47,7,25,30,23)(8,42,37,14,29,
18,19,32)(10,11,24,43,34,35,48,22)(15,44,
45,16,36,26,27,40)(1,12,28,20,38,46,30)
(2,8,26,21,41,45,32)(3,11,23,15,40,49,34)
(4,9,22,19,42,48,31)(5,14,27,17,39,44,29)
(6,10,25,16,36,47,35)(7,13,24,18,37,43,33)

12

784

7,11

(2,35,33,48,38,22,31,10,5,11,9,24,20,43,13,
34)(3,37,41,14,46,29,39,18,6,19,17,32,28,8,
21,42)(4,45,49,16,12,36,47,26,7,27,25,40,
30,15,23,44)(1,8,22,15,36,43,29)(2,9,23,16,
37,44,30)(3,10,24,17,38,45,31)(4,11,25,18,
39,46,32)(5,12,26,19,40,47,33)(6,13,27,20,
41,48,34)(7,14,28,21,42,49,35)

Maximal normal subgroups

Serial

Order

Nature

Quotient

Generators

392

solvable

cyclic

(2,33,38,31,5,9,20,13)(3,41,46,39,6,17,28,21)
(4,49,12,47,7,25,30,23)(8,42,37,14,29,18,19,32)
(10,11,24,43,34,35,48,22)(15,44,45,16,36,26,27,40)
(1,7,3,2,5,6,4)(8,14,10,9,12,13,11)
(15,21,17,16,19,20,18)(22,28,24,23,26,27,25)
(29,35,31,30,33,34,32)(36,42,38,37,40,41,39)

Sylow subgr

oups

p | Order

Conjug.
classes

Nature

Normali

Normal

zer
closure

Generators

49

cyclic

16

G

(2,35,33,48,38,22,31,10,5,11,9,24,20,43,
13,34)(3,37,41,14,46,29,39,18,6,19,17,32,
28,8,21,42)(4,45,49,16,12,36,47,26,7,27,
25,40,30,15,23,44)

abelian

49

(1,15,29,22,43,8,36)(2,16,30,23,44,9,37)

(3,17,31,24,45,10,38)(4,18,32,25,46,11,39)
(5,19,33,26,47,12,40)(6,20,34,27,48,13,41)
(7,21,35,28,49,14,42)(1,23,39,31,13,21,47)
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(2,25,38,34,14,19,43)(3,27,42,33,8,16,46)
(4,24,41,35,12,15,44)(5,22,37,32,10,20,49)
(6,28,40,29,9,18,45)(7,26,36,30,11,17,48)

11. Let G be a primitive group of degree 49 with 3 generators. We have |G| = 784 = 2*x72.

Generators of G:

a = (2,48,5,24)(3,14,6,32)(4,16,7,40)(8,21,29,39)(9,11,33,35)
(10,38,34,20)(12,44,30,26)(13,22,31,43)(15,23,36,47)
(17,19,41,37)(18,46,42,28)(25,27,49,45) (order 4)

a» = (2,33,38,31,5,9,20,13)(3,41,46,39,6,17,28,21)
(4,49,12,47,7,25,30,23)(8,42,37,14,29,18,19,32)
(10,11,24,43,34,35,48,22)(15,44,45,16,36,26,27,40) (order 8)

as = (1,8,22,15,36,43,29)(2,9,23,16,37,44,30)
(3,10,24,17,38,45,31)(4,11,25,18,39,46,32)
(5,12,26,19,40,47,33)(6,13,27,20,41,48,34)

(7,14,28,21,42,49,35) (order 7)

This generating set is not minimal. There is a smaller generating set with 2 elements. G is a
solvable group. G acts transitively on the set of 49 elements {1, 2, ..., 49}. The center of G is

trivial.

The derived subgroup D =[G, G] is a solvable group of order 196, generated by
{(2,20,5,38)(3,28,6,46)(4,30,7,12)(8,19,29,37)(9,31,33,13)(10,48,34,24)(11,22,35,43)(14,42,32,
18)(15,27,36,45)(16,44,40,26)(17,39,41,21)(23,25,47,49)(1,28,38,30,12,20,46)(2,26,41,32,8,21,
45)(3,23,40,34,11,15,49)(4,22,42,31,9,19,48)(5,27,39,29,14,17,44)(6,25,36,35,10,16,47)(7,24,37,

33,13,18,43)} and G/D = C,A

Lower central Series
Level | Order | Nature | Quotient | Successive quotient
1 196 | solvable | abelian C,’
2 98 | solvable | nilpotent C,
3 49 abelian | nilpotent C,
Derived Series
Level | Order | Nature | Quotient | Successive quotient
1 196 | solvable | abelian C,?
2 49 abelian | nilpotent C,
3 1 trivial | solvable C/
Conjugacy classes of subgroups
. Maximal
Serial | Order | Nature C?:?;gsg;ezcy subgroup Generators
classes
1 1 trivial 1 --
(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)(12,
2 2 cyclic 49 1 30)(13,31)(14,32)(15,36)(16,40)(17,41)(18,
42)(19,37)(20,38)(21,39)(22,43)(23,47)(24,
48)(25,49)(26,44)(27,45)(28,46)
(2,38,5,20)(3,46,6,28)(4,12,7,30)(8,37,29,19)
3 4 cyclic 49 2 (9,13,33,31)(10,24,34,48)(11,43,35,22)(14,
18,32,42)(15,45,36,27)(16,26,40,44)(17,21,
41,39)(23,49,47,25)
(2,10,5,34)(3,18,6,42)(4,26,7,44)(8,41,29,17)
4 4 cyclic 98 2 (9,43,33,22)(11,31,35,13)(12,16,30,40)(14,
28,32,46)(15,49,36,25)(19,39,37,21)(20,24,
38,48)(23,27,47,45)
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cyclic

98 2

(2,22,5,43)(3,29,6,8)(4,36,7,15)(9,24,33,48)
(10,31,34,13)(11,38,35,20)(12,45,30,27)(14,
17,32,41)(16,25,40,49)(18,39,42,21)(19,46,

37,28)(23,26,47,44)

cyclic

(1,4,6,5,2,3,7)(8,11,13,12,9,10,14)(15,18,20,
19,16,17,21)(22,25,27,26,23,24,28)(29,32,
34,33,30,31,35)(36,39,41,40,37,38,42) (43,
46,48,47,44,45,49)

cyclic

49 3

(2,33,38,31,5,9,20,13)(3,41,46,39,6,17,28,
21)(4,49,12,47,7,25,30,23)(8,42,37,14,29,18,
19,32)(10,11,24,43,34,35,48,22)(15,44,45,
6,36,26,27,40)

nilpotent

49 3,4

(2,38,5,20)(3,46,6,28)(4,12,7,30)(8,37,29,19)
(9,13,33,31)(10,24,34,48)(11,43,35,22) (14,
18,32,42)(15,45,36,27)(16,26,40,44) (17,21,
41,39)(23,49,47,25)(2,10,5,34)(3,18,6,42) (4,
26,7,44)(8,41,29,17)(9,43,33,22)(11,31,35,
13)(12,16,30,40)(14,28,32,46)(15,49,36,25)
(19,39,37,21)(20,24,38,48)(23,27,47,45)

nilpotent

49 3,5

(2,35,5,11)(3,37,6,19)(4,45,7,27)(8,28,29,46)
(9,10,33,34)(12,15,30,36)(13,48,31,24)(14,
39,32,21)(16,47,40,23)(17,18,41,42)(20,22,
38,43)(25,26,49,44)(2,22,5,43)(3,29,6,8) (4,
36,7,15)(9,24,33,48)(10,31,34,13)(11,38,35,
20)(12,45,30,27)(14,17,32,41)(16,25,40,49)
(18,39,42,21)(19,46,37,28)(23,26,47,44)

10

14

dihedral

56 2,6

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)(12,
30)(13,31)(14,32)(15,36)(16,40)(17,41)(18,
42)(19,37)(20,38)(21,39)(22,43)(23,47)(24,
48)(25,49)(26,44)(27,45)(28,46)(1,4,6,5,2,3,
7)(8,11,13,12,9,10,14)(15,18,20,19,16,17,21)
(22,25,27,26,23,24,28)(29,32,34,33,30,31,
35)(36,39,41,40,37,38,42)(43,46,48,47 44,
45,49)

11

16

nilpotent

49 78,9

(2,22,5,43)(3,29,6,8)(4,36,7,15)(9,24,33,48)
(10,31,34,13)(11,38,35,20)(12,45,30,27)(14,
17,32,41)(16,25,40,49)(18,39,42,21)(19,46,
37,28)(23,26,47,44)(2,10,5,34)(3,18,6,42) (4,
26,7,44)(8,41,29,17)(9,43,33,22)(11,31,35,
13)(12,16,30,40)(14,28,32,46)(15,49,36,25)
(19,39,37,21)(20,24,38,48)(23,27,47,45)

12

49

abelian

(1,4,6,5,2,3,7)(8,11,13,12,9,10,14)(15,18,20,
19,16,17,21)(22,25,27,26,23,24,28)(29,32,
34,33,30,31,35)(36,39,41,40,37,38,42) (43,
46,48,47,44,45 49)(1,12,28,20,38,46,30)(2,8,
26,21,41,45,32)(3,11,23,15,40,49,34)(4,9,22,
19,42,48,31)(5,14,27,17,39,44,29)(6,10,25,
16,36,47,35)(7,13,24,18,37,43,33)

13

98

solvable

1 10,12

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)(12,
30)(13,31)(14,32)(15,36)(16,40)(17,41)(18,
42)(19,37)(20,38)(21,39)(22,43)(23,47)(24,
48)(25,49)(26,44)(27,45)(28,46)(1,12,28,20,
38,46,30)(2,8,26,21,41,45,32)(3,11,23,15,40,
49,34)(4,9,22,19,42,48,31)(5,14,27,17,39,44,
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29)(6,10,25,16,36,47,35)(7,13,24,18,37,43,
33)(1,4,6,5,2,3,7)(8,11,13,12,9,10,14)(15,18,
20,19,16,17,21)(22,25,27,26,23,24,28)(29,
32,34,33,30,31,35)(36,39,41,40,37,38,42)
(43,46,48,47,44,45,49)

14

196

solvable

3,13

(2,38,5,20)(3,46,6,28)(4,12,7,30)(8,37,29,19)
(9,13,33,31)(10,24,34,48)(11,43,35,22) (14,
18,32,42)(15,45,36,27)(16,26,40,44) (17,21,
41,39)(23,49,47,25)(1,12,28,20,38,46,30)(2,
8,26,21,41,45,32)(3,11,23,15,40,49,34)(4,9,
22,19,42,48,31)(5,14,27,17,39,44,29)(6,10,
25,16,36,47,35)(7,13,24,18,37,43,33)

15

196

solvable

4,13

(2,10,5,34)(3,18,6,42)(4,26,7,44)(8,41,29,17)
(9,43,33,22)(11,31,35,13)(12,16,30,40)(14,
28,32,46)(15,49,36,25)(19,39,37,21)(20,24,
38,48)(23,27,47,45)(1,26,42,34,10,18,44)(2,
22,40,35,13,17,46)(3,25,37,29,12,21,48)(4,
23,36,33,14,20,45)(5,28,41,31,11,16,43)(6,
24.39,30,8,19,49)(7,27,38,32,9,15,47)

16

196

solvable

5,13

(2,22,5,43)(3,29,6,8)(4,36,7,15)(9,24,33,48)
(10,31,34,13)(11,38,35,20)(12,45,30,27)(14,
17,32,41)(16,25,40,49)(18,39,42,21) (19,46,
37,28)(23,26,47,44)(1,36,8,43,22,29,15)(2,
37,9,44,23,30,16)(3,38,10,45,24,31,17)(4,39,
11,46,25,32,18)(5,40,12,47,26,33,19) (6,41,
13,48,27,34,20)(7,42,14,49,28,35,21)

17

392

solvable

8,14,15

(2,10,5,34)(3,18,6,42)(4,26,7,44)(8,41,29,17)
(9,43,33,22)(11,31,35,13)(12,16,30,40)(14,
28,32,46)(15,49,36,25)(19,39,37,21)(20,24,
38,48)(23,27,47,45),(1,12,13,7)(2,46,10,18)
(3,30,9,24)(4,28,11,33)(5,38,14,37)(6,20,8,
43)(15,32,48,25)(16,21,45,47)(17,41,44,36)
(19,26,49,35)(22,23,34,31)(27,40,29,42)

18

392

solvable

9,14,16

(2,22,5,43)(3,29,6,8)(4,36,7,15)(9,24,33,48)
(10,31,34,13)(11,38,35,20)(12,45,30,27)(14,
17,32,41)(16,25,40,49)(18,39,42,21) (19,46,
37,28)(23,26,47,44)(1,36,47,12)(2,21,49,23)
(3,9,45,42)(4,24,48,17)(5,46,43,6)(7,34,44,
32)(8,35,40,30)(10,19,38,22)(11,37,41,14)
(13,27,39,18)(15,16,26,28)(20,29,25,33)

19

392

solvable

7,14

(2,33,38,31,5,9,20,13)(3,41,46,39,6,17,28
21)(4,49,12,47,7,25,30,23)(8,42,37,14,29,18,
19,32)(10,11,24,43,34,35,48,22)(15,44,45,
16,36,26,27,40)(1,12,28,20,38,46,30)(2,8,26,
21,41,45,32)(3,11,23,15,40,49,34)(4,9,22,19,
42,48,31)(5,14,27,17,39,44,29)(6,10,25,16,
36,47,35)(7,13,24,18,37,43,33)

20

784

11,17,18,19

(2,48,5,24)(3,14,6,32)(4,16,7,40)(8,21,29,39)
(9,11,33,35)(10,38,34,20)(12,44,30,26)(13,
22,31,43)(15,23,36,47)(17,19,41,37)(18,46,
42,28)(25,27,49,45)(1,44,20,35,21,48,2,36)
(3,28,12,15,18,8,26,7)(4,19,38,41,17,5,32,
30)(6,13,46,24,16,23,45,11)(9,14,37,33,27,
22,34,40)(10,31,43,42,25,39,49,29)

189
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Maximal normal subgroups

Serial

Order

Nature

Quotient

Generators

32 solvable

cyclic

(2,20,5,38)(3,28,6,46)(4,30,7,12)(8,19,29,37)(9,31,
33,13)(10,48,34,24)(11,22,35,43)(14,42,32,18)
(15,27,36,45)(16,44,40,26)(17,39,41,21)(23,25,
47,49)(1,28,48,19)(2,42,45,12)(3,14,44,40)(4,
35,46,33)(5,7,49,47)(6,21,43,26)(8,23,41,17)(9,
37,38,10)(11,30,39,31)(13,16,36,24)(15,22,27,
20)(18,29,25,34)

392 | solvable

cyclic

(2,33,38,31,5,9,20,13)(3,41,46,39,6,17,28,21)(4,49,
12,47,7,25,30,23)(8,42,37,14,29,18,19,32)(10,11,24,
43,34,35,48,22)(15,44,45,16,36,26,27,40)(1,28,38,
30,12,20,46)(2,26,41,32,8,21,45)(3,23,40,34,11,15,
49)(4,22,42,31,9,19,48)(5,27,39,29,14,17,44)(6,25,
36,35,10,16,47)(7,24,37,33,13,18,43)

392 | solvable

cyclic

(2,10,5,34)(3,18,6,42)(4,26,7,44)(8,41,29,17)(9,43,
33,22)(11,31,35,13)(12,16,30,40)(14,28,32,46) (15,
49,36,25)(19,39,37,21)(20,24,38,48)(23,27,47,45)
(1,9,24,11)(2,35,25,21)(3,26,22,6)(4,39,23,44) (5,
20,27,33)(7,43,28,38)(8,40,10,48)(12,32,13,16)
(15,18,31,30)(17,36,29,45)(19,49,34,42)(37 41,
46,47)

Sylow subgroups

Order

Conjug.
classes

Nature

Normalizer

Normal

Generators
closure

16

49

nilpotent

16

(2,48,5,24)(3,14,6,32)(4,16,7,40)(8,21,
29,39)(9,11,33,35)(10,38,34,20) (12,44,
30,26)(13,22,31,43)(15,23,36,47)(17,
G | 19,41,37)(18,46,42,28)(25,27,49,45)
(2,33,38,31,5,9,20,13)(3,41,46,39,6,
17,28,21)(4,49,12,47,7,25,30,23)(8,
42,37,14,29,18,19,32)(10,11,24,43,
34,35,48,22)(15,44,45,16,36,26,27,40)

49

abelian

(1,43,15,8,29,36,22)(2,44,16,9,30,
37,23)(3,45,17,10,31,38,24)(4,46,
18,11,32,39,25)(5,47,19,12,33,40,
26)(6,48,20,13,34,41,27)(7,49,21,
49 | 14,35,42,28)(1,44,18,10,34,42,26)
(2,46,17,13,35,40,22)(3,48,21,12,29,
37,25)(4,45,20,14,33,36,23)(5,43,16,
11,31,41,28)(6,49,19,8,30,39,24)(7,
47,15,9,32,38,27)

12. Let G be a primitive group of degree 49 with 4 generators. We have |G| = 882 = 2x3?x72,

190

Generators of G:

a: = (2,8)(3,15)(4,22)(5,29)(6,36)(7,43)(10,16)(11,23)
(12,30)(13,37)(14,44)(18,24)(19,31)(20,38)(21,45)
(26,32)(27,39)(28,46)(34,40)(35,47)(42,48) (order 2)

a, = (2,6,4)(3,7,5)(8,22,36)(9,27,39)(10,28,40)(11,23 41)
(12,24,42)(13,25,37)(14,26,38)(15,29,43)(16,34,46)
(17,35,47)(18,30,48)(19,31,49)(20,32,44)(21,33,45) (order 3)

as = (2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,26,42)(11,27,37)
(12,28,38)(13,23,39)(14,24,40)(15,29,43)(16,32,48)(17,33,49)
(18,34,44)(19,35,45)(20,30,46)(21,31,47) (order 3)
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as = (1,8,22,15,36,43,29)(2,9,23,16,37,44,30)
(3,10,24,17,38,45,31)(4,11,25,18,39,46,32)
(5,12,26,19,40,47,33)(6,13,27,20,41,48,34)
(7,14,28,21,42,49,35) (order 7)

This generating set is not minimal. There is a smaller generating set with 2 elements. G is a
solvable group. G acts transitively on the set of 49 elements {1, 2, ..., 49}. The center of G is

trivial.

The derived subgroup D =[G, G] is a solvable group of order 147, generated by
{(2,6,4)(3,7,5)(8,22,36)(9,27,39)(10,28,40)(11,23,41)(12,24,42)(13,25,37)(14,26,38)(15,29,43)
(16,34,46)(17,35,47)(18,30,48)(19,31,49)(20,32,44)(21,33,45)(1,30,46,38,20,28,12)(2,32,45,41,
21,26,8)(3,34,49,40,15,23,11)(4,31,48,42,19,22,9)(5,29,44,39,17,27,14)(6,35,47,36,16,25,10)(7,

33,43,37,18,24,13)} and G/D = C,xCs.

Lower central Series

Level | Order

Nature | Quotient | Successive quotient

147

solvable | cyclic C,xCy

Derived Series

Level | Order

Nature | Quotient | Successive quotient

147

solvable | cyclic C,xCs

49

abelian | solvable Cs

1

trivial | solvable o

Conjugacy classes of subgroups

Serial

Order

Nature

Conjugacy
classes

Maximal
subgroup
classes

Generators

trivial

1

cyclic

21

(2,8)(3,15)(4,22)(5,29)(6,36)(7,43)(10,16)
(11,23)(12,30)(13,37)(14,44)(18,24)(19,31)
(20,38)(21,45)(26,32)(27,39)(28,46)(34,40)
(35,47)(42,48)

cyclic

14

(8,36,22)(9,37,23)(10,38,24)(11,39,25)(12,
40,26)(13,41,27)(14,42,28)(15,43,29)(16,44,
30)(17,45,31)(18,46,32)(19,47,33)(20,48,34)
(21,49,35)

cyclic

49

(2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,26,42)(11,
27,37)(12,28,38)(13,23,39)(14,24,40)(15,29,
43)(16,32,48)(17,33,49)(18,34,44)(19,35,45)
(20,30,46)(21,31,47)

cyclic

49

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,28) (11,
41,23)(12,42,24)(13,37,25)(14,38,26)(15,43,
29)(16,46,34)(17,47,35)(18,48,30)(19,49,31)
(20,44,32)(21,45,33)

dihedral

49

2,5

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,28)(11,
41,23)(12,42,24)(13,37,25)(14,38,26)(15,43,
29)(16,46,34)(17,47,35)(18,48,30)(19,49,31)
(20,44,32)(21,45,33)(2,8)(3,15)(4,22)(5,29)
(6,36)(7,43)(10,16)(11,23)(12,30)(13,37) (14,
44)(18,24)(19,31)(20,38)(21,45)(26,32)(27,
39)(28,46)(34,40)(35,47)(42,48)

(2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,26,42)(11,
27,37)(12,28,38)(13,23,39)(14,24,40)(15,29,
43)(16,32,48)(17,33,49)(18,34,44)(19,35,45)

191
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cyclic

147

2,4

(20,30,46)(21,31,47)(2,8)(3,15)(4,22)(5,29)
(6,36)(7,43)(10,16)(11,23)(12,30)(13,37)(14,
44)(18,24)(19,31)(20,38)(21,45)(26,32)(27,
39)(28,46)(34,40)(35,47)(42,48)

cyclic

(1,7,3,2,5,6,4)(8,14,10,9,12,13,11)(15,21,17,
16,19,20,18)(22,28,24,23,26,27,25)(29,35,31,
30,33,34,32)(36,42,38,37,40,41,39)(43,49,45,
44,47 ,48,46)

cyclic

(1,14,24,16,40,48,32)(2,12,27,18,36,49,31)
(3,9,26,20,39,43,35)(4,8,28,17,37,47,34) (5,
13,25,15,42,45,30)(6,11,22,21,38,44,33)(7,
10,23,19,41,46,29)

10

cyclic

(1,19,35,27,45,11,37)(2,15,33,28,48,10,39)
(3,18,30,22,47,14,41)(4,16,29,26,49,13,38)
(5,21,34,24,46,9,36)(6,17,32,23,43,12,42) (7,
20,31,25,44,8,40)

11

abelian

49

3,45

(8,36,22)(9,37,23)(10,38,24)(11,39,25)(12,
40,26)(13,41,27)(14,42,28)(15,43,29)(16,44,
30)(17,45,31)(18,46,32)(19,47,33)(20,48,34)
(21,49,35)(2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,
26,42)(11,27,37)(12,28,38)(13,23,39)(14,24,
40)(15,29,43)(16,32,48)(17,33,49)(18,34,44)
(19,35,45)(20,30,46)(21,31,47)

12

14

dihedral

2,9

(2,36)(3,43)(4,8)(5,15)(6,22)(7,29)(9,39)(10,
46)(12,18)(13,25)(14,32)(16,40)(17,47)(20,
26)(21,33)(23,41)(24,48)(28,34)(30,42)(31,
49)(38,44)(1,14,24,16,40,48,32)(2,12,27,18,
36,49,31)(3,9,26,20,39,43,35)(4,8,28,17,37,
47,34)(5,13,25,15,42,45,30)(6,11,22,21,38,
44,33)(7,10,23,19,41,46,29)

13

14

cyclic

21

2,10

(2,8)(3,15)(4,22)(5,29)(6,36)(7,43)(10,16)
(11,23)(12,30)(13,37)(14,44)(18,24)(19,31)
(20,38)(21,45)(26,32)(27,39)(28,46)(34,40)
(35,47)(42,48)(1,49,17,9,33,41,25)(2,47,20,
11,29,42,24)(3,44,19,13,32,36,28)(4,43,21,
10,30,40,27)(5,48,18,8,35,38,23)(6,46,15,14,
31,37,26)(7,45,16,12,34,39,22)

14

18

solvable

49

6,7,11

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,28) (11,
41,23)(12,42,24)(13,37,25)(14,38,26) (15,43,
29)(16,46,34)(17,47,35)(18,48,30)(19,49,31)
(20,44,32)(21,45,33)(2,22,6,8,4,36)(3,29,7,
15,5,43)(9,25,41)(10,32,42,16,26,48)(11,39,
37,23,27,13)(12,46,38,30,28,20)(14,18,40,44,
24,34)(17,33,49)(19,47,45,31,35,21)

15

21

solvable

3,8

(2,6,4)(3,7,5)(9,13,11)(10,14,12)(16,20,18)
(17,21,19)(23,27,25)(24,28,26)(30,34,32)(31,
35,33)(37,41,39)(38,42,40)(44,48,46)(45,49,
47)(1,7,3,2,5,6,4)(8,14,10,9,12,13,11)(15,21,
17,16,19,20,18)(22,28,24,23,26,27,25)(29,35,
31,30,33,34,32)(36,42,38,37,40,41,39) (43,49,
45,44,47,48,46)

(8,36,22)(9,37,23)(10,38,24)(11,39,25)(12,
40,26)(13,41,27)(14,42,28)(15,43,29)(16,44,
30)(17,45,31)(18,46,32)(19,47,33)(20,48,34)

192
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(21,49,35)(1,7,3,2,5,6,4)(8,14,10,9,12,13,11)
(15,21,17,16,19,20,18)(22,28,24,23,26,27,25)
(29,35,31,30,33,34,32)(36,42,38,37,40,41,39)
(43,49,45,44,47 48,46)

(2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,26,42) (11,
27,37)(12,28,38)(13,23,39)(14,24,40)(15,29,
43)(16,32,48)(17,33,49)(18,34,44)(19,35,45)
(20,30,46)(21,31,47)(1,7,3,2,5,6,4)(8,14,10,9,
12,13,11)(15,21,17,16,19,20,18)(22,28,24,23,
26,27,25)(29,35,31,30,33,34,32)(36,42,38,37,
40,41,39)(43,49,45,44,47,48,46)

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,28)(11,
41,23)(12,42,24)(13,37,25)(14,38,26)(15,43,
29)(16,46,34)(17,47,35)(18,48,30)(19,49,31)
(20,44,32)(21,45,33)(1,7,3,2,5,6,4)(8,14,10,9,
12,13,11)(15,21,17,16,19,20,18)(22,28,24,23,
26,27,25)(29,35,31,30,33,34,32)(36,42,38,37,
40,41,39)(43,49,45,44,47,48,46)

(2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,26,42) (11,
27,37)(12,28,38)(13,23,39)(14,24,40)(15,29,
43)(16,32,48)(17,33,49)(18,34,44)(19,35,45)
(20,30,46)(21,31,47)(1,14,24,16,40,48,32)(2,
12,27,18,36,49,31)(3,9,26,20,39,43,35) (4,8,
28,17,37,47,34)(5,13,25,15,42,45,30) (6,11,
22,21,38,44,33)(7,10,23,19,41,46,29)

(2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,26,42) (11,
27,37)(12,28,38)(13,23,39)(14,24,40)(15,29,
43)(16,32,48)(17,33,49)(18,34,44)(19,35,45)
(20,30,46)(21,31,47)(1,19,35,27,45,11,37)(2,
15,33,28,48,10,39)(3,18,30,22,47,14,41)(4,
16,29,26,49,13,38)(5,21,34,24,46,9,36) (6,17,
32,23,43,12,42)(7,20,31,25,44,8,40)

(1,49,17,9,33,41,25)(2,47,20,11,29,42,24) (3,
44,19,13,32,36,28)(4,43,21,10,30,40,27)(5,
48,18,8,35,38,23)(6,46,15,14,31,37,26)(7,45,
16,12,34,39,22)(2,22,6,8,4,36)(3,29,7,15,5,
43)(9,25,41)(10,32,42,16,26,48)(11,39,37,23,
27,13)(12,46,38,30,28,20)(14,18,40,44,24,
34)(17,33,49)(19,47,45,31,35,21)

(1,14,24,16,40,48,32)(2,12,27,18,36,49,31)

(3,9,26,20,39,43,35)(4,8,28,17,37,47,34) (5,

13,25,15,42,45,30)(6,11,22,21,38,44,33)(7,

10,23,19,41,46,29)(2,8,6,36,4,22)(3,15,7,43,
5,29)(9,13,41,39,25,23)(10,20,42,46,26,30)

(11,27,37)(12,34,38,18,28,44)(14,48,40,32,

24,16)(17,21,49,47,33,31)(19,35,45)

16 21 cyclic 14 38
17 21 | solvable 14 4,8
18 21 | solvable 14 58
19 21 | solvable 21 4,9
20 21 | solvable 21 4,10
21 42 | solvable 21 7,13,20
22 42 | solvable 21 7,12,19
23 49 abelian 1 8,9,10

(1,7,3,2,5,6,4)(8,14,10,9,12,13,11)(15,21,17,
16,19,20,18)(22,28,24,23,26,27,25)(29,35,31,
30,33,34,32)(36,42,38,37,40,41,39)(43,49,45,
44,47,48,46)(1,14,24,16,40,48,32)(2,12,27,
18,36,49,31)(3,9,26,20,39,43,35)(4,8,28,17,
37,47,34)(5,13,25,15,42,45,30)(6,11,22,21,
38,44,33)(7,10,23,19,41,46,29)

(2,4,6)(3,5,7)(9,11,13)(10,12,14)(16,18,20)

193
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24

63

solvable

14

11,15,16,17,
18

(17,19,21)(23,25,27)(24,26,28)(30,32,34)(31,
33,35)(37,39,41)(38,40,42)(44,46,48)(45,47,
49)(1,7,3,2,5,6,4)(8,42,24,9,40,27,11,36,28,
10,37,26,13,39,22,14,38,23,12,41,25)(15,49,
31,16,47,34,18,43,35,17,44,33,20,46,29,21,4
5,30,19,48,32)

25

98

solvable

12,13,23

(1,28,38,30,12,20,46)(2,26,41,32,8,21,45)(3,
23,40,34,11,15,49)(4,22,42,31,9,19,48) (5,27,
39,29,14,17,44)(6,25,36,35,10,16,47)(7,24,
37,33,13,18,43)(1,33,49,41,17,25,9)(2,5,47,
48,20,18,11,8,29,35,42,38,24,23)(3,26,44,6,
19,46,13,15,32,14,36,31,28,37)(4,12,43,34,
21,39,10,22,30,7,40,45,27,16)

26

147

solvable

17,19,20,23

(2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,26,42)(11,
27,37)(12,28,38)(13,23,39)(14,24,40)(15,29,
43)(16,32,48)(17,33,49)(18,34,44)(19,35,45)
(20,30,46)(21,31,47)(1,14,24,16,40,48,32)(2,
12,27,18,36,49,31)(3,9,26,20,39,43,35)(4,8,
28,17,37,47,34)(5,13,25,15,42,45,30)(6,11,
22,21,38,44,33)(7,10,23,19,41,46,29)(1,7,3,2,
5,6,4)(8,14,10,9,12,13,11)(15,21,17,16,19,20,
18)(22,28,24,23,26,27,25)(29,35,31,30,33,34,
32)(36,42,38,37,40,41,39)(43,49,45,44,47 48,
46)

27

147

solvable

18,23

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,28)
(11,41,23)(12,42,24)(13,37,25)(14,38,26)
(15,43,29)(16,46,34)(17,47,35)(18,48,30)
(19,49,31)(20,44,32)(21,45,33)(1,14,24,16,
40,48,32)(2,12,27,18,36,49,31)(3,9,26,20,
39,43,35)(4,8,28,17,37,47,34)(5,13,25,15,
42,45,30)(6,11,22,21,38,44,33)(7,10,23,
19,41,46,29)

28

147

solvable

15,16,23

(1,5,7,6,3,4,2)(8,12,14,13,10,11,9)(15,19,21,
20,17,18,16)(22,26,28,27,24,25,23)(29,33,35,
34,31,32,30)(36,40,42,41,38,39,37)(43,47,49,
48,45,46,44)(1,8,22,15,36,43,29)(2,13,25,16,
41,46,30,6,11,23,20,39,44,34,4,9,27,18,37,
48,32)(3,14,26,17,42,47,31,7,12,24,21,40,45,
35,5,10,28,19,38,49,33)

29

294

solvable

6,25,27

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,28) (11,
41,23)(12,42,24)(13,37,25)(14,38,26)(15,43,
29)(16,46,34)(17,47,35)(18,48,30)(19,49,31)
(20,44,32)(21,45,33)(1,43,49,21,17,10,9,30,
33,40,41,27,25,4)(2,29,47,42,20,24,11)(3,8,
44,35,19,38,13,23,32,5,36,48,28,18)(6,22,46,
7,15,45,14,16,31,12,37,34,26,39)

30

294

solvable

21,22,25,26

(1,43,15,8,29,36,22)(2,44,16,9,30,37,23)(3,
45,17,10,31,38,24)(4,46,18,11,32,39,25)(5,
47,19,12,33,40,26)(6,48,20,13,34,41,27)(7,
49,21,14,35,42,28)(2,22,6,8,4,36)(3,29,7,15,
5,43)(9,25,41)(10,32,42,16,26,48)(11,39,37,
23,27,13)(12,46,38,30,28,20)(14,18,40,44,24,
34)(17,33,49)(19,47,45,31,35,21)

(1,2,4,3,6,7,5)(8,37,25,10,41,28,12,36,23,11,
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31 441 | solvable 1

24,26,27,28

38,27,14,40,22,9,39,24,13,42,26)(15,44,32,
17,48,35,19,43,30,18,45,34,21,47,29,16,46,
31,20,49,33)(1,15,29,22,43,8,36)(2,20,32,23,
48,11,37,6,18,30,27,46,9,41,4,16,34,25,44,
13,39)(3,21,33,24,49,12,38,7,19,31,28,47,10,
42,5,17,35,26,45,14,40)

32 882 G 1

14,29,30,31

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,28)(11,
41,23)(12,42,24)(13,37,25)(14,38,26)(15,43,
29)(16,46,34)(17,47,35)(18,48,30)(19,49,31)
(20,44,32)(21,45,33)(1,11,48,28,40,31)(2,18,
44,21,37,17)(3,4,46,49,42,38)(5,32,43,14,41,
24)(6,25,47,35,36,10)(7,39,45)(8,13,27,26,
33,29)(9,20,23,19,30,15)(12,34,22)

Proper normal subgroups

Serial | Order | Nature | Quotient | Subgroups

Generators

abelian | solvable --

(1,7,3,2,5,6,4)(8,14,10,9,12,13,11)(15,21,17, 16,
19,20,18)(22,28,24,23,26,27,25)(29,35,31,30,33,
34,32)(36,42,38,37,40,41,39)(43,49,45,44,47,
48,46)(1,43,15,8,29,36,22)(2,44,16,9,30,37,23)
(3,45,17,10,31,38,24)(4,46,18,11,32,39,25)(5,47,
19,12,33,40,26)(6,48,20,13,34,41,27)(7,49,21,
14,35,42,28)

2 147 | solvable | dihedral 1

(2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,26,42)
(11,27,37)(12,28,38)(13,23,39)(14,24,40)
(15,29,43)(16,32,48)(17,33,49)(18,34,44)
(19,35,45)(20,30,46)(21,31,47)(1,43,15,
8,29,36,22)(2,44,16,9,30,37,23)(3,45,17,
10,31,38,24)(4,46,18,11,32,39,25)(5,47,
19,12,33,40,26)(6,48,20,13,34,41,27)(7,49,
21,14,35,42,28)(1,7,3,2,5,6,4)(8,14,10,9,12,
13,11)(15,21,17,16,19,20,18)(22,28,24,23,
26,27,25)(29,35,31,30,33,34,32)(36,42,38,
37,40,41,39)(43,49,45,44,47,48,46)

3 147 | solvable | cyclic 1

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,28)
(11,41,23)(12,42,24)(13,37,25)(14,38,26)
(15,43,29)(16,46,34)(17,47,35)(18,48,30)
(19,49,31)(20,44,32)(21,45,33)(1,39,13,47,
23,31,21)(2,38,14,43,25,34,19)(3,42,8,46,27,
33,16)(4,41,12,44,24,35,15)(5,37,10,49,22,
32,20)(6,40,9,45,28,29,18)(7,36,11,48,26,
30,17)

4 441 | solvable | cyclic 1,23

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,28)
(11,41,23)(12,42,24)(13,37,25)(14,38,26)
(15,43,29)(16,46,34)(17,47,35)(18,48,30)
(19,49,31)(20,44,32)(21,45,33)(1,39,34,5,
37,31,7,36,32,6,40,30,3,42,29,4,41,33,2,38,
35)(8,11,13,12,9,10,14)(15,25,48,19,23,45,
21,22,46,20,26,44,17,28,43,18,27,47,16,
24,49)

5 294 | solvable | cyclic 1,3

(2,6,4)(3,7,5)(8,22,36)(9,27,39)(10,28,40)
(11,23,41)(12,24,42)(13,25,37)(14,26,38)
(15,29,43)(16,34,46)(17,35,47)(18,30,48)
(19,31,49)(20,32,44)(21,33,45)(1,36,41,13,
9,44,49,28,25,32,33,19,17,3)(2,43,42,27,11,
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30,47,21,24,4,29,40,20,10)(5,15,38,6,8,37,
48,14,23,46,35,26,18,31)(7,22,39,34,12,16,45)

Sylow subgroups

p | Order

Conjug.
classes

Nature

Normalizer

Normal
closure

Generators

21

cyclic

42

294

(2,8)(3,15)(4,22)(5,29)(6,36)(7,43)(10,16)
(11,23)(12,30)(13,37)(14,44)(18,24)(19,31)
(20,38)(21,45)(26,32)(27,39)(28,46)(34,40)
(35,47)(42,48)

49

abelian

18

441

(2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,26,42)
(11,27,37)(12,28,38)(13,23,39)(14,24,40)
(15,29,43)(16,32,48)(17,33,49)(18,34,44)
(19,35,45)(20,30,46)(21,31,47)(2,4,6)
(3,5,7)(8,36,22)(9,39,27)(10,40,28)
(11,41,23)(12,42,24)(13,37,25)(14,38,26)
(15,43,29)(16,46,34)(17,47,35)(18,48,30)
(19,49,31)(20,44,32)(21,45,33)

7 49

abelian

49

(1,11,27,19,37,45,35)(2,10,28,15,39,48,33)
(3,14,22,18,41,47,30)(4,13,26,16,38,49,29)
(5,9,24,21,36,46,34)(6,12,23,17,42,43,32)
(7,8,25,20,40,44,31)(1,43,15,8,29,36,22)
(2,44,16,9,30,37,23)(3,45,17,10,31,38,24)
(4,46,18,11,32,39,25)(5,47,19,12,33,40,26)
(6,48,20,13,34,41,27)(7,49,21,14,35,42,28)

13. Let G be a primitive group of degree 49 with 5 generators. We have |G| = 1176 = 2°x3x7%,

Generators of G:

a: = (2,8)(3,15)(4,22)(5,29)(6,36)(7,43)(10,16)(11,23)(12,30)
(13,37)(14,44)(18,24)(19,31)(20,38)(21,45)(26,32)(27,39)
(28,46)(34,40)(35,47)(42,48) (order 2)

a, = (8,29)(9,30)(10,31)(11,32)(12,33)(13,34)(14,35)(15,36)
(16,37)(17,38)(18,39)(19,40)(20,41)(21,42)(22,43)(23,44)
(24,45)(25,46)(26,47)(27,48)(28,49) (order 2)

as = (2,5)(3,6)(4,7)(9,12)(10,13)(11,14)(16,19)(17,20)(18,21)
(23,26)(24,27)(25,28)(30,33)(31,34)(32,35)(37,40)(38,41)
(39,42)(44,47)(45,48)(46,49) (order 2)

a, = (2,6,4)(3,7,5)(8,22,36)(9,27,39)(10,28,40)(11,23,41)(12,24,42)
(13,25,37)(14,26,38)(15,29,43)(16,34,46)(17,35,47)(18,30,48)
(19,31,49)(20,32,44)(21,33,45) (order 3)

as = (1,8,22,15,36,43,29)(2,9,23,16,37,44,30)(3,10,24,17,38,45,31)
(4,11,25,18,39,46,32)(5,12,26,19,40,47,33)(6,13,27,20,41,48,34)
(7,14,28,21,42,49,35) (order 7)

This generating set is not minimal. There is a smaller generating set with 2 elements. G is a
solvable group. G acts transitively on the set of 49 elements {1, 2, ..., 49}. The center of G is

trivial.

The derived subgroup D =[G, G] is a solvable group of order 294, generated by
{(1,23,39,31,13,21,47)(2,25,38,34,14,19,43)(3,27,42,33,8,16,46)(4,24,41,35,12,15,44)(5,22,37,32,
10,20,49)(6,28,40,29,9,18,45)(7,26,36,30,11,17,48)(2,7,6,5,4,3)(8,15,22,29,36,43)(9,21,27,33,39,
45)(10,16,28,34,40,46)(11,17,23,35,41,47)(12,18,24,30,42,48)(13,19,25,31,37,49)(14,20,26,32,38,

44)} and G/D = C~
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Lowe

r central Series

Order

Nature

Quotient | Successive quotient

294

solvable | abelian C,?

147

solvable | nilpotent C,

Derived Series

Order

Nature

Quotient | Successive quotient

294

solvable | abelian C,’

49

abelian | solvable C,xCs

1

trivial

solvable C/

Conjugacy classes of maximal subgroups

Serial

Order

Nature

Conjugacy
classes

Generators

588 | solvable

(1,47,7,48,3,46,2,43,5,49,6,45,4,44)(8,40,14 41,
10,39,9,36,12,42,13,38,11,37)(15,26,21,27,17,
25,16,22,19,28,20,24,18,23)(29,33,35,34,31,32,
30)(1,47,37,6,49,38)(2,48,42,3,43,40)(4,46,39)
(5,44,41,7,45,36)(8,26,30,13,28,31)(9,27,35,10,
22,33)(11,25,32)(12,23,34,14,24,29)(15,19, 16,
20,21,17)

588 | solvable

(2,8)(3,15)(4,22)(5,29)(6,36)(7,43)(10,16)(11,23)
(12,30)(13,37)(14,44)(18,24)(19,31)(20,38)(21,45)
(26,32)(27,39)(28,46)(34,40)(35,47)(42,48)(L, 16,
41,26,35,46)(2,20,40,28,32,43)(3,17,38,24,31,45)
(4,15,37,27,33,49)(5,21,39,22,30,48)(6,19,42,25,
29,44)(7,18,36,23,34,47)(8,9,13,12,14,11)

588 | solvable

(2,6,4)(3,7,5)(8,22,36)(9,27,39)(10,28,40)(11,23,
41)(12,24,42)(13,25,37)(14,26,38)(15,29,43)(16,
34,46)(17,35,47)(18,30,48)(19,31,49)(20,32,44)
(21,33,45)(1,13,45,40)(2,27,46,19)(3,41,43,12)
(4,20,44,26)(5,6,48,47)(7,34,49,33)(8,10,38,36)
(9,24,39,15)(11,17,37,22)(14,31,42,29)(16,23,25,
18)(21,30,28,32)

392 | solvable

(2,8)(3,15)(4,22)(5,29)(6,36)(7,43)(10,16)(11,23)
(12,30)(13,37)(14,44)(18,24)(19,31)(20,38)(21,45)
(26,32)(27,39)(28,46)(34,40)(35,47)(42,48)(1,12,
7,13,3,11,2,8,5,14,6,10,4,0)(15,47,21,48,17,46,16,
43,19,49,20,45,18,44)(22,33,28,34,24,32,23,29,
26,35,27,31,25,30)(36,40,42,41,38,39,37)

24 | solvable

49

(2,8)(3,15)(4,22)(5,29)(6,36)(7,43)(10,16)(11,23)
(12,30)(13,37)(14,44)(18,24)(19,31)(20,38)(21,45)
(26,32)(27,39)(28,46)(34,40)(35,47)(42,48)(2,6,4)
(3,7,5)(8,43,36,29,22,15)(9,48,39,30,27,18)(10,49,
40,31,28,19)(11,44,41,32,23,20)(12,45,42,33,24,
21)(13,46,37,34,25,

Proper normal subgroups

Serial

Order

Nature

Quotient

Subgroups Generators

49

abelian

solvable

(15,7,6,3,4,2)(8,12,14,13,10,11,9)(15,19,21,
20,17,18,16)(22,26,28,27,24,25,23)(29,33,35,
34,31,32,30)(36,40,42,41,38,39,37)(43,47,49,
48,45,46,44)(1,43,15,8,29,36,22)(2,44,169,
30,37,23)(3,45,17,10,31,38,24)(4,46,18,11,32,
39,25)(5,47,19,12,33,40,26)(6,48,20,13,34,41,
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27)(7,49,21,14,35,42,28)

solvable

dihedral

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)(12,30)
(13,31)(14,32)(15,36)(16,40)(17,41)(18,42)(19,
37)(20,38)(21,39)(22,43)(23,47)(24,48)(25,49)
(26,44)(27,45)(28,46)(1,5,7,6,3,4,2)(8,12,14,13,
10,11,9)(15,19,21,20,17,18,16)(22,26,28,27,24,
25,23)(29,33,35,34,31,32,30)(36,40,42,41,38,39,
37)(43,47,49,48,45,46,44)(1,43,15,8,29,36,22)
(2,44,16,9,30,37,23)(3,45,17,10,31,38,24) (4,46,
18,11,32,39,25)(5,47,19,12,33,40,26)(6,48,20,
13,34,41,27)(7,49,21,14,35,42,28)

3 196

solvable

dihedral

1,2

(1,5)(2,7)(4,6)(8,33)(9,35)(10,31)(11,34)(12,29)
(13,32)(14,30)(15,40)(16,42)(17,38)(18,41)(19,
36)(20,39)(21,37)(22,47)(23,49)(24,45)(25,48)
(26,43)(27,46)(28,44)(1,28,36,35,8,21,43,7,22,
42,29,14,15,49)(2,27,37,34,9,20,44,6,23,41,30,
13,16,48)(3,25,38,32,10,18,45,4,24,39,31,11,17,
46)(5,26,40,33,12,19,47)

4 147

solvable

nilpotent

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,28)(11,
41,23)(12,42,24)(13,37,25)(14,38,26)(15,43,
29)(16,46,34)(17,47,35)(18,48,30)(19,49,31)
(20,44,32)(21,45,33)(1,47,21,13,31,39,23)(2,
43,19,14,34,38,25)(3,46,16,8,33,42,27)(4,44,
15,12,35,41,24)(5,49,20,10,32,37,22)(6,45,18,
9,29,40,28)(7,48,17,11,30,36,26)

) 294

solvable

abelian

1,24

(2,7,6,5,4,3)(8,15,22,29,36,43)(9,21,27,33,39,
45)(10,16,28,34,40,46)(11,17,23,35,41,47)
(12,18,24,30,42,48)(13,19,25,31,37,49)(14,
20,26,32,38,44)(1,47,21,13,31,39,23)(2,43,
19,14,34,38,25)(3,46,16,8,33,42,27)(4,44,15,
12,35,41,24)(5,49,20,10,32,37,22)(6,45,18,9,
29,40,28)(7,48,17,11,30,36,26)

6 588

solvable

cyclic

1,2,45

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,28) (11,
41,23)(12,42,24)(13,37,25)(14,38,26)(15,43,
29)(16,46,34)(17,47,35)(18,48,30)(19,49,31)
(20,44,32)(21,45,33)(1,36,37,2)(3,29,42,44)
(4,15,40,9)(5,8,39,16)(6,22,41,23)(7,43,38,30)
(10,32,21,47)(11,18,19,12)(13,25,20,26)(14,
46,17,33)(24,34,28,48)(31,35,49,45)

7 588

solvable

cyclic

1,2,3,45

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)(12,
30)(13,31)(14,32)(15,36)(16,40)(17,41)(18,42)
(19,37)(20,38)(21,39)(22,43)(23,47)(24,48)(25,
49)(26,44)(27,45)(28,46)(1,47,34,22,40,20)(2,44,
30,23,37,16)(3,49,32,24,42,18)(4,45,35,25,38,21)
(5,48,29,26,41,15)(6,43,33,27,36,19)(7,46,31,28,
39,17)(8,12,13)(10,14,11)

8 588

solvable

cyclic

1,2,45

(2,29)(3,36)(4,43)(5,8)(6,15)(7,22)(9,33)(10,40)
(11,47)(13,19)(14,26)(16,34)(17,41)(18,48)(21,
27)(23,35)(24,42)(25,49)(31,37)(32,44)(39,45)(1,
15,21,35,31,24,23,44,47,12,13,41,39,4)(2,43,19,
14,34,38,25)(3,22,16,49,33,10,27,37,46,5,8,20,
42,32)(6,36,18,7,29,17,28,30,45,26,9,48,40,11)
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Sylow subgroups

Conjug. Nature | Normalizer Normal

Generators
classes closure

Order

(2,8)(3,15)(4,22)(5,29)(6,36)(7,43)(10,16)
(11,23)(12,30)(13,37)(14,44)(18,24)(19,31)
(20,38)(21,45)(26,32)(27,39)(28,46)(34,40)
8 147 | nilpotent 8 G | (35,47)(42,48)(8,29)(9,30)(10,31)(11,32)
(12,33)(13,34)(14,35)(15,36)(16,37)(17,38)
(18,39)(19,40)(20,41)(21,42)(22,43)(23,44)
(24,45)(25,46)(26,47)(27,48)(28,49)

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,28)
3 49 cyclic 24 147 | (11,41,23)(12,42,24)(13,37,25)(14,38,26)
(15,43,29)(16,46,34)(17,47,35)(18,48,30)
(19,49,31)(20,44,32)(21,45,33)

(1,22,36,29,8,15,43)(2,23,37,30,9,16,44)
(3,24,38,31,10,17,45)(4,25,39,32,11,18,46)
(5,26,40,33,12,19,47)(6,27,41,34,13,20,48)
49 1 abelian G 49 | (7,28,42,35,14,21,49)(1,32,48,40,16,24,14)
(2,31,49,36,18,27,12)(3,35,43,39,20,26,9)
(4,34,47,37,17,28,8)(5,30,45,42,15,25,13)
(6,33,44,38,21,22,11)(7,29,46,41,19,23,10)

14. Let G be a primitive group of degree 49 with 5 generators. We have |G| = 1176 = 23x3x7%

a; = (2,8)(3,15)(4,22)(5,29)(6,36)(7,43)(10,16)(11,23)
(12,30)(13,37)(14,44)(18,24)(19,31)(20,38)(21,45)
(26,32)(27,39)(28,46)(34,40)(35,47)(42,48) (order 2)

a, = (8,29)(9,30)(10,31)(11,32)(12,33)(13,34)(14,35)
(15,36)(16,37)(17,38)(18,39)(19,40)(20,41)(21,42)
(22,43)(23,44)(24,45)(25,46)(26,47)(27,48)(28,49) (order 2)
az = (2,5)(3,6)(4,7)(9,12)(10,13)(11,14)(16,19)(17,20)
Generators of G: | (18,21)(23,26)(24,27)(25,28)(30,33)(31,34)(32,35)
(37,40)(38,41)(39,42)(44,47)(45,48)(46,49) (order 2)

as = (2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,26,42)(11,27,37)
(12,28,38)(13,23,39)(14,24,40)(15,29,43)(16,32,48)
(17,33,49)(18,34,44)(19,35,45)(20,30,46)(21,31,47) (order 3)
as = (1,8,22,15,36,43,29)(2,9,23,16,37,44,30)(3,10,
24,17,38,45,31)(4,11,25,18,39,46,32)(5,12,26,19,40,
47,33)(6,13,27,20,41,48,34)(7,14,28,21,42,49,35) (order 7)

This generating set is not minimal. There is a smaller generating set with 2 elements. G is a
solvable group. G acts transitively on the set of 49 elements {1, 2, ..., 49}. The center of G is
trivial.

The derived subgroup D = [G, G] is a solvable group of order 98, generated by
{(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)(12,30)(13,31)(14,32)(15,36)(16,40)(17,41)(18,42)(19,
37)(20,38)(21,39)(22,43)(23,47)(24,48)(25,49)(26,44)(27,45)(28,46)(1,5,7,6,3,4,2)(8,12,14,13,10,
11,9)(15,19,21,20,17,18,16)(22,26,28,27,24,25,23)(29,33,35,34,31,32,30)(36,40,42,41,38,39,37)
(43,47,49,48,45,46,44)(1,8,22,15,36,43,29)(2,9,23,16,37,44,30)(3,10,24,17,38,45,31)(4,11,25,18,

39,46,32)(5,12,26,19,40,47,33)(6,13,27,20,41,48,34)(7,14,28,21,42,49,35)} and G/D = C,xC;.

Lower central Series

Level | Order | Nature | Quotient | Successive quotient
1 98 | solvable | abelian C,°xC,4
2 49 abelian | nilpotent C,
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Derived Series

Level | Order | Nature

Quotient | Successive quotient

1 98 solvable

abelian C,°xCs

2 49 abelian

nilpotent C,

3 1

trivial

solvable C,*

Conjugacy classes of maximal subgroups

Serial

Order | Nature

Conjugacy
classes

Generators

588 | solvable

(1,8,15)(2,14,20,5,11,17)(3,9,21,6,12,18)
(4,10,16,7,13,19)(22,43,36)(23,49,41,26,
46,38)(24,44,42,27,47,39)(25,45,37,28,48,
40)(30,35,34,33,32,31)(1,3,5,4,7,2,6)(8,31,
12,32,14,30,13,29,10,33,11,35,9,34)(15,38,
19,39,21,37,20,36,17,40,18,42,16,41)(22,
45,26,46,28,44,27,43,24,47,25 49,23 ,48)

588 | solvable

(1,17,33,25,49,9,41)(2,38,29,18,47,23,42,
8,20,5,24,35,11,48)(3,31,32,46,44,37,36,
15,19,26,28,14,13,6)(4,45,30,39,43,16,40,
22,21,12,27,7,10,34)(1,28,46,30,38,12)(2,
24,47,29,42,11)(3,26,43,35,39,9)(4,23,45,
33,36,14)(5,22,49,32,37,10)(6,27,48,34,41,
13)(7,25,44,31,40,8)(15,21,18,16,17,19)

588 | solvable

(1,12,28,20,38,46,30)(2,8,26,21,41,45,32)
(3,11,23,15,40,49,34)(4,9,22,19,42,48,31)
(5,14,27,17,39,44,29)(6,10,25,16,36,47,35)
(7,13,24,18,37,43,33)(2,22,3,29,4,36,5,43,
6,8,7,15)(9,28,17,30,25,38,33,46,41,12,49,
20)(10,35,18,37,26,45,34,11,42,19,44,27)
(13,14,21,16,23,24,31,32,39,40,47 48)

392 | solvable

(2,8)(3,15)(4,22)(5,29)(6,36)(7,43)(10,16)
(11,23)(12,30)(13,37)(14,44)(18,24)(19,31)
(20,38)(21,45)(26,32)(27,39)(28,46)(34,40)
(35,47)(42,48)(1,30,4,31,6,35,5,29,2,32,3,
34,7,33)(8,44,11,45,13,49,12,43,9,46,10,48,
14,47)(15,16,18,17,20,21,19)(22,37,25,38,27,
42,26,36,23,39,24,41,28,40)

24 | nilpotent

49

(8,29)(9,30)(10,31)(11,32)(12,33)(13,34)
(14,35)(15,36)(16,37)(17,38)(18,39)(19,40)
(20,41)(21,42)(22,43)(23,44)(24,45)(25,46)
(26,47)(27,48)(28,49)(2,22,6,8,4,36)(3,29,7,
15,5,43)(9,25,41)(10,32,42,16,26,48)(11,39,
37,23,27,13)(12,46,38,30,28,20)(14,18,40,
44,24,34)(17,33,49)

Proper normal subgroups

Serial

Order

Nature | Quotient

Subgroups Generators

49

abelian | nilpotent

(1,2,4,3,6,7,5)(8,9,11,10,13,14,12)(15,16,18,
17,20,21,19)(22,23,25,24,27,28,26)(29,30,
32,31,34,35,33)(36,37,39,38,41,42,40) (43,
44,46,45,48,49,47)(1,8,22,15,36,43,29)(2.9,
23,16,37,44,30)(3,10,24,17,38,45,31)(4,11,
25,18,39,46,32)(5,12,26,19,40,47,33)(6,13,
27,20,41,48,34)(7,14,28,21,42,49,35)
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2 147

solvable

nilpotent

(2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,26,42)
(11,27,37)(12,28,38)(13,23,39)(14,24,40)
(15,29,43)(16,32,48)(17,33,49)(18,34,44)
(19,35,45)(20,30,46)(21,31,47)(1,8,22,15,
36,43,29)(2,9,23,16,37,44,30)(3,10,24,17,
38,45,31)(4,11,25,18,39,46,32)(5,12,26,
19,40,47,33)(6,13,27,20,41,48,34)(7,14,
28,21,42,49,35)(1,2,4,3,6,7,5)(8,9,11,10,
13,14,12)(15,16,18,17,20,21,19)(22,23,25,
24,27,28,26)(29,30,32,31,34,35,33)(36,37,
39,38,41,42,40)(43,44,46,45,48,49,47)

solvable

abelian

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)
(12,30)(13,31)(14,32)(15,36)(16,40)(17,
41)(18,42)(19,37)(20,38)(21,39)(22,43)
(23,47)(24,48)(25,49)(26,44)(27,45)(28,46)
(1,8,22,15,36,43,29)(2,9,23,16,37,44,30)(3,
10,24,17,38,45,31)(4,11,25,18,39,46,32) (5,
12,26,19,40,47,33)(6,13,27,20,41,48,34)(7,
14,28,21,42,49,35)(1,2,4,3,6,7,5)(8,9,11,10,
13,14,12)(15,16,18,17,20,21,19)(22,23,25,
24,27,28,26)(29,30,32,31,34,35,33)(36,37,
39,38,41,42,40)(43,44,46,45,48,49,47)

4 294

solvable

abelian

1,23

(1,8,22,15,36,43,29)(2,9,23,16,37,44,30)
(3,10,24,17,38,45,31)(4,11,25,18,39,46,
32)(5,12,26,19,40,47,33)(6,13,27,20,41,
48,34)(7,14,28,21,42,49,35)(1,2,4,3,6,7,
5)(8,9,11,10,13,14,12)(15,16,18,17,20,
21,19)(22,23,25,24,27,28,26)(29,30,32,
31,34,35,33)(36,37,39,38,41,42,40)(43,
44,46,45,48,49,47)(2,7,6,5,4,3)(8,43,36,
29,22,15)(9,49,41,33,25,17)(10,44,42,34,
26,18)(11,45,37,35,27,19)(12,46,38,30,
28,20)(13,47,39,31,23,21)(14,48,40,32,
24,16)

5 196

solvable

cyclic

1,3

(2,29,5,8)(3,36,6,15)(4,43,7,22)(9,30,
33,12)(10,37,34,19)(11,44,35,26)(13,
16,31,40)(14,23,32,47)(17,38,41,20)
(18,45,42,27)(21,24,39,48)(25,46,49,
28)(1,29,43,36,15,22,8)(2,30,44,37,16,
23,9)(3,31,45,38,17,24,10)(4,32,46,39,
18,25,11)(5,33,47,40,19,26,12)(6,34,
48,41,20,27,13)(7,35,49,42,21,28,14)

6 196

solvable

cyclic

1,3

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,
35)(12,30)(13,31)(14,32)(15,36)(16,
40)(17,41)(18,42)(19,37)(20,38)(21,
39)(22,43)(23,47)(24,48)(25,49)(26,
44)(27,45)(28,46)(1,9,4,10,6,14,5,8,
2,11,3,13,7,12)(15,44,18,45,20,49,
19,43,16,46,17,48,21,47)(22,30,25,
31,27,35,26,29,23,32,24,34,28,33)
(36,37,39,38,41,42,40)

(1,29,43,36,15,22,8)(2,30,44,37,16,23,
9)(3,31,45,38,17,24,10)(4,32,46,39,18,
25,11)(5,33,47,40,19,26,12)(6,34,48 41,
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588

solvable

cyclic

1,2,3,45

20,27,13)(7,35,49,42,21,28,14)(2,43,
3,8,4,15,5,22,6,29,7,36)(9,46,17,12,25,
20,33,28,41,30,49,38)(10,11,18,19,26,
27,34,35,42,37,44,45)(13,32,21,40,23,
48,31,14,39,16,47,24)

588

solvable

cyclic

1,2,3,4,6

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)
(12,30)(13,31)(14,32)(15,36)(16,40)(17,
41)(18,42)(19,37)(20,38)(21,39)(22,43)
(23,47)(24,48)(25,49)(26,44)(27,45)(28,46)
(1,44,24,8,16,31)(2,45,22,9,17,29)(3,43,
23,10,15,30)(4,49,27,11,21,34)(5,47,26,
12,19,33)(6,46,28,13,18,35)(7,48,25,14,
20,32)(36,37,38)(39,42,41)

196

solvable

cyclic

1,3

(1,49,17,9,33,41,25)(2,35,20,23,29,48 24,
8,47,38,11,5,42,18)(3,14,19,37,32,6,28,15,
44,31,13,26,36,46)(4,7,21,16,30,34,27,22,
43,45,10,12,40,39)(1,28,38,30,12,20,46)
(2,14,41,44,8,27,45,29,26,17,32,5,21,39)
(3,35,40,16,11,6,49,36,23,10,34,47,15,25)
(4,7,42,37,9,13,48,43,22,24,31,33,19,18)

10

588

solvable

cyclic

1,2,3,4,9

(1,30,46,38,20,28,12)(2,44,45,17,21,14 8,
29,32,39,41,27,26,5)(3,16,49,10,15,35,11,
36,34,25,40,6,23,47)(4,37,48,24,19,7,9,43,
31,18,42,13,22,33)(1,9,17)(2,16,15,8,10,3)
(4,44,20,22,14,38)(5,30,19,29,12,31)(6,23,
21,36,11,45)(7,37,18,43,13,24)(25,49,41)
(26,35,40,32,47,34)(27,28,42,39,46,48)

11

392

solvable

cyclic

1,3,5,6,9

(2,29)(3,36)(4,43)(5,8)(6,15)(7,22)(9,33)
(10,40)(11,47)(13,19)(14,26)(16,34)(17,41)
(18,48)(21,27)(23,35)(24,42)(25,49)(31,37)
(32,44)(39,45)(1,33,7,34,3,32,2,29,5,35,6,
31,4,30)(8,47,14,48,10,46,9,43,12,49,13,45,
11,44)(15,19,21,20,17,18,16)(22,40,28,41,
24,39,23,36,26,42,27,38,25,37)

Sylow subgroups

p | Order

Conjug.
classes

Nature

Normalizer

Normal
closure

Generators

49

nilpotent

392

(2,8)(3,15)(4,22)(5,29)(6,36)(7,43)(10,16)
(11,23)(12,30)(13,37)(14,44)(18,24)(19,
31)(20,38)(21,45)(26,32)(27,39)(28,46)
(34,40)(35,47)(42,48)(8,29)(9,30)(10,31)
(11,32)(12,33)(13,34)(14,35)(15,36)(16,
37)(17,38)(18,39)(19,40)(20,41)(21,42)

(22,43)(23,44)(24,45)(25,46)(26,47)(27,48)
(28,49)

49

cyclic

24

147

(2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,26,42)
(11,27,37)(12,28,38)(13,23,39)(14,24,40)
(15,29,43)(16,32,48)(17,33,49)(18,34,44)
(19,35,45)(20,30,46)(21,31,47)

7 49

abelian

49

(1,28,38,30,12,20,46)(2,26,41,32,8,21,45)
(3,23,40,34,11,15,49)(4,22,42,31,9,19,48)
(5,27,39,29,14,17,44)(6,25,36,35,10,16,47)
(7,24,37,33,13,18,43)(1,49,17,9,33,41,25)
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(2,47,20,11,29,42,24)(3,44,19,13,32,36,28)
(4,43,21,10,30,40,27)(5,48,18,8,35,38,23)
(6,46,15,14,31,37,26)(7,45,16,12,34,39,22)

15. Let G be a primitive group of degree 49 with 2 generators. We have |G| = 1176 = 23°x3x7%

Generators of G:

a; = (2,21,30,33,3,23,38,41,4,31,46,49,5,39,12,9,6,47,20,17,7,13,28,25)
(8,40,35,42,15,48,37,44,22,14,45,10,29,16,11,18,36,24,
19,26,43,32,27,34) (order 24)

a, =(1,8,22,15,36,43,29)(2,9,23,16,37,44,30)(3,10,24,17,38,45,31)
(4,11,25,18,39,46,32)(5,12,26,19,40,47,33)(6,13,27,20,41,48,34)
(7,14,28,21,42,49,35) (order 7)

G is a solvable group. G acts transitively on the set of 49 elements {1, 2, ..., 49}. The center of
G is trivial.
The derived subgroup D = [G,
{(1,19,35,27,45,11,37)(2,15,33,28,48,10,39)(3,18,30,22,47,14,41)(4,16,29,26,49,13,38)(5,21,34,
24,46,9,36)(6,17,32,23,43,12,42)(7,20,31,25,44,8,40)(1,26,42,34,10,18,44)(2,22,40,35,13,17,46)
(3,25,37,29,12,21,48)(4,23,36,33,14,20,45)(5,28,41,31,11,16,43)(6,24,39,30,8,19,49)(7,27,38,32,

9,15,47)} and G/D = C3xCs.

G] is an abelian group of order 49, generated by

Lower central Series

Level

Order | Nature | Quotient | Successive quotient

1

49 abelian | cyclic C3xCq

Derived Series

Level

Order | Nature | Quotient | Successive guotient

49 | abelian | cyclic C3xCq

1 trivial | solvable C;*

Conjugacy classes of maximal subgroups

Serial

Order

Nature

Conjugacy
classes

Generators

588

solvable

(2,30,3,38,4,46,5,12,6,20,7,28)(8,35,15,37,22,45,29,11,
36,19,43,27)(9,47,17,13,25,21,33,23,41,31,49,39)(10,16,
18,24,26,32,34,40,42,48,44,14)(1,46,20,12,30,38,28)(2,
45,21,8,32,41,26)(3,49,15,11,34,40,23)(4,48,19,9,31,42,
22)(5,44,17,14,29,39,27)(6,47,16,10,35,36,25)(7,43, 18,
13,33,37,24)

392

solvable

(2,31,20,33,5,13,38,9)(3,39,28,41,6,21,46,17)(4,47,30,
49,7,23,12,25)(8,14,19,42,29,32,37,18)(10,43,48,11,34,
22,24,35)(15,16,27,44,36,40,45,26)(1,16,32,24,48,14,
40)(2,18,31,27,49,12,36)(3,20,35,26,43,9,39)(4,17,34,
28,47,8,37)(5,15,30,25,45,13,42)(6,21,33,22,44,11,38)
(7,19,29,23,46,10,41)

24

cyclic

49

(2,47,46,33,7,39,38,25,6,31,30,17,5,23,28,9,4,21,20,49,
3,13,12,41)(8,24,45,42,43,16,37,34,36,14,35,26,29,48,
27,18,22,40,19,10,15,32,11,44)

Proper normal subgroups

Serial

Order

Nature

Quotient

Subgroups Generators

49

abelian

cyclic

(1,8,22,15,36,43,29)(2,9,23,16,37,44,30)

(3,10,24,17,38,45,31)(4,11,25,18,39,46,32)
(5,12,26,19,40,47,33)(6,13,27,20,41,48,34)
- (7,14,28,21,42,49,35)(1,40,14,48,24,32,16)
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(2,36,12,49,27,31,18)(3,39,9,43,26,35,20)
(4,37,8,47,28,34,17)(5,42,13,45,25,30,15)
(6,38,11,44,22,33,21)(7,41,10,46,23,29,19)

98

solvable

cyclic

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)
(12,30)(13,31)(14,32)(15,36)(16,40)
(17,41)(18,42)(19,37)(20,38)(21,39)
(22,43)(23,47)(24,48)(25,49)(26,44)
(27,45)(28,46)(1,8,22,15,36,43,29)
(2,9,23,16,37,44,30)(3,10,24,17,38,45,31)
(4,11,25,18,39,46,32)(5,12,26,19,40,47,33)
(6,13,27,20,41,48,34)(7,14,28,21,42,49,35)
(1,40,14,48,24,32,16)(2,36,12,49,27,31,18)
(3,39,9,43,26,35,20)(4,37,8,47,28,34,17)
(5,42,13,45,25,30,15)(6,38,11,44,22,33,21)
(7,41,10,46,23,29,19)

196

solvable

cyclic

1,2

(2,20,5,38)(3,28,6,46)(4,30,7,12)(8,19,29,37)
(9,31,33,13)(10,48,34,24)(11,22,35,43)
(14,42,32,18)(15,27,36,45)(16,44,40,26)
(17,39,41,21)(23,25,47,49)
(1,26,42,34,10,18,44)(2,22,40,35,13,17,46)
(3,25,37,29,12,21,48)(4,23,36,33,14,20,45)
(5,28,41,31,11,16,43)(6,24,39,30,8,19,49)
(7,27,38,32,9,15,47)

392

solvable

cyclic

1,2,3

(1,3,5,4,7,2,6)(8,10,12,11,14,9,13)
(15,17,19,18,21,16,20)(22,24,26,25,28,23,
27)(29,31,33,32,35,30,34)(36,38,40,39,42,
37,41)(43,45,47,46,49,44,48)(1,4,24,13,19,
20,10,25)(2,12,43,28,21,22,47,9)(3,15,37,
36,17,5,35,33)(6,41,7,44,18,32,16,49)(8,34,
46,40,26,39,48,29)(11,14,38,30,27,23,31,42)

147

solvable

cyclic

(2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,26,42)
(11,27,37)(12,28,38)(13,23,39)(14,24,40)
(15,29,43)(16,32,48)(17,33,49)(18,34,44)
(19,35,45)(20,30,46)(21,31,47)
(1,23,39,31,13,21,47)(2,25,38,34,14,19,43)
(3,27,42,33,8,16,46)(4,24,41,35,12,15,44)
(5,22,37,32,10,20,49)(6,28,40,29,9,18,45)
(7,26,36,30,11,17,48)(1,16,32,24,48,14,40)
(2,18,31,27,49,12,36)(3,20,35,26,43,9,39)
(4,17,34,28,47,8,37)(5,15,30,25,45,13,42)
(6,21,33,22,44,11,38)(7,19,29,23,46,10,41)

294

solvable

cyclic

1,2,5

(2,7,6,5,4,3)(8,43,36,29,22,15)(9,49,41,33,
25,17)(10,44,42,34,26,18)(11,45,37,35,27,
19)(12,46,38,30,28,20)(13,47,39,31,23,21)
(14,48,40,32,24,16)(1,21,31,23,47,13,39)
(2,19,34,25,43,14,38)(3,16,33,27,46,8,42)
(4,15,35,24,44,12,41)(5,20,32,22,49,10,37)
(6,18,29,28,45,9,40)(7,17,30,26,48,11,36)
(1,14,24,16,40,48,32)(2,12,27,18,36,49,31)
(3,9,26,20,39,43,35)(4,8,28,17,37,47,34)
(5,13,25,15,42,45,30)(6,11,22,21,38,44,33)
(7,10,23,19,41,46,29)

(2,30,3,38,4,46,5,12,6,20,7,28)
(8,35,15,37,22,45,29,11,36,19,43,27)
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(9,47,17,13,25,21,33,23,41,31,49,39)
7 | 588 |solvable | cyclic | 1,2,356 | (10,16,18,24,26,32,34,40,42,48,44,14)
(1,45,19,11,35,37,27)(2,48,15,10,33,39,28)
(3,47,18,14,30,41,22)(4,49,16,13,29,38,26)
(5,46,21,9,34,36,24)(6,43,17,12,32,42,23)

(7,44,20,8,31,40,25)
Sylow subgroups
p | Order Conjug. Nature | Normalizer Normal Generators
classes closure

(2,31,20,33,5,13,38,9)(3,39,28,41,6,21,
. 46,17)(4,47,30,49,7,23,12,25)(8,14,19,
2| 8 49 | cyclic 24 392 | 4229,32,37,18)(10,43,48,11,34,22,24,35)
(15,16,27,44,36,40,45,26)

(2,4.6)(3,5,7)(8,22,36)(9,25,41)(10,26,42)
. (11,27,37)(12,28,38)(13,23,39)(14,24,40)
3| 3 49 | cyclic 24 147 | (15,29,43)(16,32,48)(17,33,49)(18,34,44)
(19,35,45)(20,30,46)(21,31,47)

(1,8,22,15,36,43,29)(2,9,23,16,37,44,30)
(3,10,24,17,38,45,31)(4,11,25,18,39,46,32)
(5,12,26,19,40,47,33)(6,13,27,20,41,48,34)
7| 49 1 | abelian G 49 | (7,14,28,21,42,49,35)(1,31,47,39,21,23,13)
(2,34,43,38,19,25,14)(3,33,46,42,16,27,8)
(4,35,44,41,15,24,12)(5,32,49,37,20,22,10)
(6,29,45,40,18,28,9)(7,30,48,36,17,26,11)

16. Let G be a primitive group of degree 49 with 3 generators. We have |G| = 1176 = 2°x3x7%,

a; =(2,48,5,24)(3,14,6,32)(4,16,7,40)(8,21,29,39)
(9,11,33,35)(10,38,34,20)(12,44,30,26)(13,22,31,43)
(15,23,36,47)(17,19,41,37)(18,46,42,28)(25,27,49,45) (order 4)
a, =(2,30,3,38,4,46,5,12,6,20,7,28)
(8,35,15,37,22,45,29,11,36,19,43,27)

Generators of G: | (9,47,17,13,25,21,33,23,41,31,49,39)
(10,16,18,24,26,32,34,40,42,48,44,14) (order 12)

a3 =(1,8,22,15,36,43,29)(2,9,23,16,37,44,30)
(3,10,24,17,38,45,31)(4,11,25,18,39,46,32)
(5,12,26,19,40,47,33)(6,13,27,20,41,48,34)
(7,14,28,21,42,49,35) (order 7)

This generating set is not minimal. There is a smaller generating set with 2 elements. G is a
solvable group. G acts transitively on the set of 49 elements {1, 2, ..., 49}. The center of G is
trivial.

The derived subgroup D = [G, G] is a solvable group of order 98, generated by
{(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)(12,30)(13,31)(14,32)(15,36)(16,40)(17,41)(18,42)(19,
37)(20,38)(21,39)(22,43)(23,47)(24,48)(25,49)(26,44)(27,45)(28,46)(1,4,6,5,2,3,7)(8,11,13,12,9,
10,14)(15,18,20,19,16,17,21)(22,25,27,26,23,24,28)(29,32,34,33,30,31,35)(36,39,41,40,37,38,42)
(43,46,48,47,44,45,49)(1,9,25,17,41,49,33)(2,11,24,20,42,47,29)(3,13,28,19,36,44,32)(4,10,27,21,

40,43,30)(5,8,23,18,38,48,35)(6,14,26,15,37,46,31)(7,12,22,16,39,45,34)} and G/D = C,?xCs.

Lower central Series

Level | Order | Nature | Quotient | Successive quotient
1 98 | solvable | abelian C,°xCs
2 49 abelian | nilpotent C,
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Derived Series

Level

Order | Nature

Quotient | Successive quotient

98 solvable

abelian C,°xCs

49 abelian

nilpotent C,

1 trivial

solvable C,*

Conjugacy classes of maximal subgroups

Serial

Order

Nature

Conjugacy
classes

Generators

588

solvable 1

(1,28,38,30,12,20,46)(2,26,41,32,8,21,45)
(3,23,40,34,11,15,49)(4,22,42,31,9,19,48)
(5,27,39,29,14,17,44)(6,25,36,35,10,16,47)
(7,24,37,33,13,18,43)(2,30,3,38,4,46,5,12,6,
20,7,28)(8,35,15,37,22,45,29,11,36,19,43,
27)(9,47,17,13,25,21,33,23,41,31,49,39)
(10,16,18,24,26,32,34,40,42,48,44.14)

588

solvable 1

(1,14,24,16,40,48,32)(2,12,27,18,36,49,31)
(3,9,26,20,39,43,35)(4,8,28,17,37,47,34)
(5,13,25,15,42,45,30)(6,11,22,21,38,44,33)
(7,10,23,19,41,46,29)
(2,16,3,24,4,32,5,40,6,48,7,14)
(8,31,15,39,22,47,29,13,36,21,43,23)
(9,27,17,35,25,37,33,45,41,11,49,19)
(10,12,18,20,26,28,34,30,42,38,44,46)

588

solvable 1

(1,18,34,26,44,10,42)(2,17,35,22,46,13,40)
(3,21,29,25,48,12,37)(4,20,33,23,45,14,36)
(5,16,31,28,43,11,41)(6,19,30,24,49,8,39)
(7,15,32,27,47,9,38)
(2,26,3,34,4,42,5,44.6,10,7,18)
(8,9,15,17,22,25,29,33,36,41,43,49)
(11,47,19,13,27,21,35,23,37,31,45,39)
(12,32,20,40,28,48,30,14,38,16,46,24)

392

solvable 1

(2,20,5,38)(3,28,6,46)(4,30,7,12)(8,19,29,37)
(9,31,33,13)(10,48,34,24)(11,22,35,43)
(14,42,32,18)(15,27,36,45)(16,44,40,26)
(17,39,41,21)(23,25,47,49)(1,14,11,6)
(2,32,9,22)(3,24,12,33)(4,40,8,38)
(5,16,10,44)(7,48,13,21)(15,19,46,45)
(17,41,47,42)(18,29,43,25)(20,23,49,30)
(26,27,31,35)(28,36,34,39)

nilpotent 49

(2,20,5,38)(3,28,6,46)(4,30,7,12)(8,19,29,37)
(9,31,33,13)(10,48,34,24)(11,22,35,43)
(14,42,32,18)(15,27,36,45)(16,44,40,26)
(17,39,41,21)(23,25,47,49)
(2,16,3,24,4,32,5,40,6,48,7,14)
(8,31,15,39,22,47,29,13,36,21,43,23)
(9,27,17,35,25,37,33,45,41,11,49,19)

Proper normal subgroups
Serial | Order | Nature | Quotient | Subgroups Generators
(1,31,47,39,21,23,13)(2,34,43,38,19,25,14)
(3,33,46,42,16,27,8)(4,35,44,41,15,24,12)
(5,32,49,37,20,22,10)(6,29,45,40,18,28,9)
1 49 abelian | nilpotent -- (7,30,48,36,17,26,11)(1,43,15,8,29,36,22)
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(2,44,16,9,30,37,23)(3,45,17,10,31,38,24)
(4,46,18,11,32,39,25)(5,47,19,12,33,40,26)
(6,48,20,13,34,41,27)(7,49,21,14,35,42,28)

2 147

solvable

nilpotent

(2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,26,42)
(11,27,37)(12,28,38)(13,23,39)(14,24,40)
(15,29,43)(16,32,48)(17,33,49)(18,34,44)
(19,35,45)(20,30,46)(21,31,47)
(1,31,47,39,21,23,13)(2,34,43,38,19,25,14)
(3,33,46,42,16,27,8)(4,35,44,41,15,24,12)
(5,32,49,37,20,22,10)(6,29,45,40,18,28,9)
(7,30,48,36,17,26,11)(1,43,15,8,29,36,22)
(2,44,16,9,30,37,23)(3,45,17,10,31,38,24)
(4,46,18,11,32,39,25)(5,47,19,12,33,40,26)
(6,48,20,13,34,41,27)(7,49,21,14,35,42,28)

solvable

abelian

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)
(12,30)(13,31)(14,32)(15,36)(16,40)
(17,41)(18,42)(19,37)(20,38)(21,39)
(22,43)(23,47)(24,48)(25,49)(26,44)
(27,45)(28,46)(1,46,20,12,30,38,28)
(2,45,21,8,32,41,26)(3,49,15,11,34,40,23)
(4,48,19,9,31,42,22)(5,44,17,14,29,39,27)
(6,47,16,10,35,36,25)(7,43,18,13,33,37,24)
(1,8,22,15,36,43,29)(2,9,23,16,37,44,30)
(3,10,24,17,38,45,31)(4,11,25,18,39,46,32)
(5,12,26,19,40,47,33)(6,13,27,20,41,48,34)
(7,14,28,21,42,49,35)

4 196

solvable

cyclic

1,3

(2,10,5,34)(3,18,6,42)(4,26,7,44)(8,41,
29,17)(9,43,33,22)(11,31,35,13)(12,16,
30,40)(14,28,32,46)(15,49,36,25)(19,
39,37,21)(20,24,38,48)(23,27,4745)
(1,41,9,49,25,33,17)(2,42,11,47,24,29,20)
(3,36,13,44,28,32,19)(4,40,10,43,27,30,21)
(5,38,8,48,23,35,18)(6,37,14,46,26,31,15)
(7,39,12,45,22,34,16)

5 196

solvable

cyclic

1,3

(2,20,5,38)(3,28,6,46)(4,30,7,12)(8,19,
29,37)(9,31,33,13)(10,48,34,24)(11,22,
35,43)(14,42,32,18)(15,27,36,45)(16,
44,40,26)(17,39,41,21)(23,25,47,49)
(1,19,35,27,45,11,37)(2,15,33,28,48,10,39)
(3,18,30,22,47,14,41)(4,16,29,26,49,13,38)
(5,21,34,24,46,9,36)(6,17,32,23,43,12,42)
(7,20,31,25,44,8,40)

6 294

solvable

abelian

1,2,3

(1,46,20,12,30,38,28)(2,45,21,8,32,41,26)
(3,49,15,11,34,40,23)(4,48,19,9,31,42,22)
(5,44,17,14,29,39,27)(6,47,16,10,35,36,25)
(7,43,18,13,33,37,24)
(1,8,22,15,36,43,29)(2,9,23,16,37,44,30)
(3,10,24,17,38,45,31)(4,11,25,18,39,46,32)
(5,12,26,19,40,47,33)(6,13,27,20,41,48,34)
(7,14,28,21,42,49,35)(2,7,6,5,4,3)
(8,43,36,29,22,15)(9,49,41,33,25,17)
(10,44,42,34,26,18)(11,45,37,35,27,19)
(12,46,38,30,28,20)(13,47,39,31,23,21)
(14,48,40,32,24,16)
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588

solvable

cyclic

1,2,3,4,6

(2,26,3,34,4,42,5,44.6,10,7,18)
(8,9,15,17,22,25,29,33,36,41,43,49)
(11,47,19,13,27,21,35,23,37,31,45,39)
(12,32,20,40,28,48,30,14,38,16,46,24)
(1,40,14,48,24,32,16)(2,36,12,49,27,31,18)
(3,39,9,43,26,35,20)(4,37,8,47,28,34,17)
(5,42,13,45,25,30,15)(6,38,11,44,22,33,21)
(7,41,10,46,23,29,19)

588

solvable

cyclic

1,2,3,5,6

(2,30,3,38,4,46,5,12,6,20,7,28)
(8,35,15,37,22,45,29,11,36,19,43,27)
(9,47,17,13,25,21,33,23,41,31,49,39)
(10,16,18,24,26,32,34,40,42,48,44,14)
(1,32,48,40,16,24,14)(2,31,49,36,18,27,12)
(3,35,43,39,20,26,9)(4,34,47,37,17,28,8)
(5,30,45,42,15,25,13)(6,33,44,38,21,22,11)
(7,29,46,41,19,23,10)

196

solvable

cyclic

1,3

(2,48,5,24)(3,14,6,32)(4,16,7,40)(8,21,29,
39)(9,11,33,35)(10,38,34,20)(12,44,30,26)
(13,22,31,43)(15,23,36,47)(17,19,41,37)
(18,46,42,28)(25,27,49,45)
(1,21,31,23,47,13,39)(2,19,34,25,43,14,38)
(3,16,33,27,46,8,42)(4,15,35,24,44,12 41)
(5,20,32,22,49,10,37)(6,18,29,28,45,9,40)
(7,17,30,26,48,11,36)

10

392

solvable

cyclic

1,3,459

(2,48,5,24)(3,14,6,32)(4,16,7,40)(8,21,29,
39)(9,11,33,35)(10,38,34,20)(12,44,30,26)
(13,22,31,43)(15,23,36,47)(17,19,41,37)
(18,46,42,28)(25,27,49,45)
(1,19,26,29)(2,31,28,17)(3,48,24,39)
(4,22,27,5)(6,9,25,14)(7,42,23,44)
(8,35,12,16)(11,47,13,36)(15,45,33,38)
(18,41,34,46)(20,21,32,30)(37,40,49,43)

11

588

solvable

cyclic

1,2,3,6,9

(2,16,3,24,4,32,5,40,6,48,7,14)
(8,31,15,39,22,47,29,13,36,21,43,23)
(9,27,17,35,25,37,33,45,41,11,49,19)
(10,12,18,20,26,28,34,30,42,38,44,46)
(1,38,12,46,28,30,20)(2,41,8,45,26,32,21)
(3,40,11,49,23,34,15)(4,42,9,48,22,31,19)
(5,39,14,44,27,29,17)(6,36,10,47,25,35,16)
(7,37,13,43,24,33,18)

Sylow subgroups

Order

Conjug.
classes

Nature

Normalizer

Normal
closure

Generators

49

nilpotent

24

392

(9,11,33,35)(10,38,34,20)(12,44,30,26)
(13,22,31,43)(15,23,36,47)(17,19,41,37)
(18,46,42,28)(25,27,49,45)(2,20,5,38)
(3,28,6,46)(4,30,7,12)(8,19,29,37)
(9,31,33,13)(10,48,34,24)(11,22,35,43)
(14,42,32,18)(15,27,36,45)(16,44,40,26)
(17,39,41,21)(23,25,47,49)

49

cyclic

24

147

(2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,26,42)
(11,27,37)(12,28,38)(13,23,39)(14,24,40)
(15,29,43)(16,32,48)(17,33,49)(18,34,44)
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(19,35,45)(20,30,46)(21,31,47)

49

abelian G

(1,2,4,3,6,7,5)(8,9,11,10,13,14,12)(15,16,
18,17,20,21,19)(22,23,25,24,27,28,26)
(29,30,32,31,34,35,33)(36,37,39,38,41,
42,40)(43,44,46,45,48,49,47)(1,29,43,
49 | 36,15,22,8)(2,30,44,37,16,23,9)(3,31,
45,38,17,24,10)(4,32,46,39,18,25,11)
(5,33,47,40,19,26,12)(6,34,48,41,20,27,
13)(7,35,49,42,21,28,14)

17. Let G be a primitive group of degree 49 with 4 generators. We have |G| = 1176 = 2°x3x7?,

Generators of G:

a: = (2,29,24)(3,36,32)(4,43,40)(5,8,48)(6,15,14)(7,22,16)
(9,41,25)(10,27,30)(11,20,42)(12,34,45)(17,49,33)
(18,35,38)(19,28,44)(26,37,46) (order 3)

a = (2,8,5,29)(3,15,6,36)(4,22,7,43)(9,12,33,30)(10,19,34,37)
(11,26,35,44)(13,40,31,16)(14,47,32,23)(17,20,41,38)
(18,27,42,45)(21,48,39,24)(25,28,49,46) (order 4)

as = (2,21,5,39)(3,23,6,47)(4,31,7,13)(8,24,29,48)(9,44,33,26)
(10,41,34,17)(11,12,35,30)(14,15,32,36)(16,22,40,43)
(18,49,42,25)(19,20,37,38)(27,28,45,46) (order 4)

aqs =(1,8,22,15,36,43,29)(2,9,23,16,37,44,30)(3,10,24,17,38,45,31)
(4,11,25,18,39,46,32)(5,12,26,19,40,47,33)(6,13,27,20,41,48,34)
(7,14,28,21,42,49,35) (order 7)

This generating set is not minimal. There is a smaller generating set with 2 elements. G is a
solvable group. G acts transitively on the set of 49 elements {1, 2, ..., 49}. The center of G is

trivial.

The derived subgroup D = [G, G] is
{(2,48,5,24)(3,14,6,32)(4,16,7,40)(8,21,29,39)(9,11,33,35)(10,38,34,20)(12,44,30,26)(13,22,31,
43)(15,23,36,47)(17,19,41,37)(18,46,42,28)(25,27,49,45)(1,28,36,25)(2,14,40,18)(3,35,41,46)(4,
7,42,39)(5,21,37,11)(6,49,38,32)(8,26,15,23)(9,12,19,16)(10,33,20,44)(13,47,17,30)(24,29,27,43)

(31,34,48,45)} and G/D = C.

a solvable group of order 392, generated by

Lower central Series
Level | Order | Nature | Quotient | Successive guotient
1 392 | solvable | cyclic Cs
Derived Series
Level | Order | Nature | Quotient | Successive guotient
1 392 | solvable | cyclic Cs
2 98 | solvable | solvable C,°
3 49 abelian | solvable C,
4 1 trivial | solvable C/

Conjugacy classes of maximal subgroups

Conjugacy

Serial | Order | Nature Generators
classes
(2,29,5,8)(3,36,6,15)(4,43,7,22)(9,30,33,12)(10,37,
34,19)(11,44,35,26)(13,16,31,40)(14,23,32,47)(17,
1 392 | solvable 1 38,41,20)(18,45,42,27)(21,24,39,48)(25,46,49,28)

(1,22,10,31)(2,6,11,12)(3,21,8,49)(4,44,9,18)
(5,38,13,36)(7,33,14,27)(15,37,45,39)(16,28,46,35)
(17,47,43,20)(19,34,48,26)(23,29,32,24)(25,41,30,40)

(2,5)(3,6)(4,7)(8,21,24,29,39,48)(9,20,27,33,38,45)
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294

solvable

(10,18,26,34,42,44)(11,17,28,35,41,46)
(12,19,25,30,37,49)(13,16,22,31,40,43)
(14,15,23,32,36,47)(1,49,17,9,33,41,25)
(2,47,20,11,29,42,24)(3,44,19,13,32,36,28)
(4,43,21,10,30,40,27)(5,48,18,8,35,38,23)
(6,46,15,14,31,37,26)(7,45,16,12,34,39,22)

24

solvable

49

(8,39,24)(9,38,27)(10,42,26)(11,41,28)(12,37,25)
(13,40,22)(14,36,23)(15,47,32)(16,43,31)(17,46,35)
(18,44,34)(19,49,30)(20,45,33)(21,48,29)
(2,39,5,21)(3,47,6,23)(4,13,7,31)(8,48,29,24)

(9,26,33,44)(10,17,34,41)(11,30,35,12)
(14,36,32,15)(16,43,40,22)(18,25,42,49)

Maximal normal subgroups

Serial

Order | Nature

Quotient

Generators

392 | solvable

cyclic

(2,29,5,8)(3,36,6,15)(4,43,7,22)(9,30,33,12)(10,37,34,19)
(11,44,35,26)(13,16,31,40)(14,23,32,47)(17,38,41,20)
(18,45,42,27)(21,24,39,48)(25,46,49,28)
(1,22,10,31)(2,6,11,12)(3,21,8,49)(4,44,9,18)
(5,38,13,36)(7,33,14,27)(15,37,45,39)(16,28,46,35)
(17,47,43,20)(19,34,48,26)(23,29,32,24)(25,41,30,40)

Sylow subgroups

p | Order

Conjug.
classes

Nature

Normalizer

Normal
closure

Generators

49

nilpotent

24

392

(2,48,5,24)(3,14,6,32)(4,16,7,40)(8,21,
29,39)(9,11,33,35)(10,38,34,20) (12,44,
30,26)(13,22,31,43)(15,23,36,47) (17,19,
41,37)(18,46,42,28)(25,27,49,45) (2,29,
5,8)(3,36,6,15)(4,43,7,22)(9,30,33,12)
(10,37,34,19)(11,44,35,26)(13,16,31,40)
(14,23,32,47)(17,38,41,20)(18,45,42,27)
(21,24,39,48)(25,46,49,28)

28

cyclic

42

(8,39,24)(9,38,27)(10,42,26)(11,41,28)
(12,37,25)(13,40,22)(14,36,23)(15,47,32)
(16,43,31)(17,46,35)(18,44,34)(19,49,30)
(20,45,33)(21,48,29)

71 49

abelian

49

(1,6,2,7,4,5,3)(8,13,9,14,11,12,10)(15,20,
16,21,18,19,17)(22,27,23,28,25,26,24)
(29,34,30,35,32,33,31)(36,41,37,42,39,
40,38)(43,48,44,49,46,47 45)(1,15,29,22,
43,8,36)(2,16,30,23,44,9,37)(3,17,31,24,
45,10,38)(4,18,32,25,46,11,39)(5,19,33,26,
47,12,40)(6,20,34,27,48,13,41)(7,21,35,28,
49,14,42)

18. Let G be a primitive group of degree 49 with 4 generators. We have |G| = 1176 = 2°x3x7%

a. = (2,15,40)(3,22,48)(4,29,14)(5,36,16)(6,43,24)(7,8,32)
(9,25,41)(10,11,46)(12,18,19)(13,39,23)(17,33,49)(20,26,27)
(21,47,31)(28,34,35)(30,42,37)(38,44,45) (order 3)

a2 = (2,8,5,29)(3,15,6,36)(4,22,7,43)(9,12,33,30)
(10,19,34,37)(11,26,35,44)(13,40,31,16)(14,47,32,23)
(17,20,41,38)(18,27,42,45)(21,48,39,24)(25,28,49,46) (order 4)

as = (2,21,5,39)(3,23,6,47)(4,31,7,13)(8,24,29,48)(9,44,33,26)
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Generators of G: | (10,41,34,17)(11,12,35,30)(14,15,32,36)(16,22,40,43)
(18,49,42,25)(19,20,37,38)(27,28,45,46) (order 4)

as = (1,8,22,15,36,43,29)(2,9,23,16,37,44,30)
(3,10,24,17,38,45,31)(4,11,25,18,39,46,32)
(5,12,26,19,40,47,33)(6,13,27,20,41,48,34)
(7,14,28,21,42,49,35) (order 7)

This generating set is not minimal. There is a smaller generating set with 2 elements. G is a
solvable group. G acts transitively on the set of 49 elements {1, 2, ..., 49}. The center of G is
trivial.

The derived subgroup D = [G, G] is a solvable group of order 392, generated by
{(2,48,5,24)(3,14,6,32)(4,16,7,40)(8,21,29,39)(9,11,33,35)(10,38,34,20)(12,44,30,26)(13,22,31,
43)(15,23,36,47)(17,19,41,37)(18,46,42,28)(25,27,49,45)(1,9,4,30)(3,44,5,23)(6,37,7,16)(8,11,32,
29)(10,46,33,22)(12,25,31,43)(13,39,35,15)(14,18,34,36)(17,48,40,28)(19,27,38,49)(20,41,42,21)

(24,45,47,26)} and G/D = Cs.

Lower central Series
Level | Order | Nature | Quotient | Successive quotient
1 392 | solvable | cyclic Cs

Derived Series
Level | Order | Nature | Quotient | Successive quotient

1 392 | solvable | cyclic Cs
2 98 | solvable | solvable C,’
3 49 abelian | solvable C,
4 1 trivial | solvable C/
Conjugacy classes of maximal subgroups
Serial | Order | Nature Conjugacy Generators
classes

(2,29,5,8)(3,36,6,15)(4,43,7,22)(9,30,33,12)
(10,37,34,19)(11,44,35,26)(13,16,31,40)
(14,23,32,47)(17,38,41,20)(18,45,42,27)(21,24,39,48)
1 | 392 |solvable 1 (25,46,49,28)(1,22,10,31)(2,6,11,12)(3,21,8,49)
(4,44,9,18)(5,38,13,36)(7,33,14,27)(15,37,45,39)
(16,28,46,35)(17,47,43,20)(19,34,48,26)
(23,29,32,24)(25,41,30,40)
(1,32,48,40,16,24,14)(2,31,49,36,18,27,12)
(3,35,43,39,20,26,9)(4,34,47,37,17,28,8)
(5,30,45,42,15,25,13)(6,33,44,38,21,22,11)
(7,29,46,41,19,23,10)(2,36,40,5,15,16)

2| 294 | solvable 4 (3,43,48,6,22,24)(4,8,14,7,29,32)
(9,49,41,33,25,17)(10,35,46,34,11,28)
(12,42,19,30,18,37)(13,21,23,31,39,47)
(20,44,27,38,26,45)
(2,15,40)(3,22,48)(4,29,14)(5,36,16)(6,43,24)
(7,8,32)(9,25,41)(10,11,46)(12,18,19)(13,39,23)
(17,33,49)(20,26,27)(21,47,31)(28,34,35)(30,42,37)
3 24 | solvable 49 (38,44,45)(2,39,5,21)(3,47,6,23)(4,13,7,31)
(8,48,29,24)(9,26,33,44)(10,17,34,41)(11,30,35,12)
(14,36,32,15)(16,43,40,22)
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Proper normal subgroups

Serial

Order

Nature

Quotient

Subgroups

Generators

49

abelian

solvable

(1,3,5,4,7,2,6)(8,10,12,11,14,9,13)
(15,17,19,18,21,16,20)(22,24,26,25,28,23,27)
(29,31,33,32,35,30,34)(36,38,40,39,42,37,41)
(43,45,47,46,49,44,48)(1,15,29,22,43,8,36)
(2,16,30,23,44,9,37)(3,17,31,24,45,10,38)
(4,18,32,25,46,11,39)(5,19,33,26,47,12,40)
(6,20,34,27,48,13,41)(7,21,35,28,49,14,42)

98

solvable

solvable

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)(12,
30)(13,31)(14,32)(15,36)(16,40)(17,41)(18,
42)(19,37)(20,38)(21,39)(22,43)(23,47)(24,
48)(25,49)(26,44)(27,45)(28,46)(1,15,29,22,
43,8,36)(2,16,30,23,44,9,37)(3,17,31,24,45,
10,38)(4,18,32,25,46,11,39)(5,19,33,26,47,
12,40)(6,20,34,27,48,13,41)(7,21,35,28,49,
14,42)(1,3,5,4,7,2,6)(8,10,12,11,14,9,13)
(15,17,19,18,21,16,20)(22,24,26,25,28,23,27)
(29,31,33,32,35,30,34)(36,38,40,39,42,37,41)
(43,45,47,46,49,44,48)

392

solvable

cyclic

1,2

(2,29,5,8)(3,36,6,15)(4,43,7,22)(9,30,33,12)
(10,37,34,19)(11,44,35,26)(13,16,31,40)
(14,23,32,47)(17,38,41,20)(18,45,42,27)
(21,24,39,48)(25,46,49,28)(1,22,10,31)
(2,6,11,12)(3,21,8,49)(4,44,9,18)(5,38,13,36)
(7,33,14,27)(15,37,45,39)(16,28,46,35)
(17,47,43,20)(19,34,48,26)(23,29,32,24)
(25,41,30,40)

Sylow subgroups

Order

Conjug
classes

Nature

Normalizer

Normal
closure

Generators

49

nilpotent

24

]

392

(2,48,5,24)(3,14,6,32)(4,16,7,40)(8,21,29,39)
(9,11,33,35)(10,38,34,20)(12,44,30,26)
(13,22,31,43)(15,23,36,47)(17,19,41,37)
(18,46,42,28)(25,27,49,45)(2,29,5,8)
(3,36,6,15)(4,43,7,22)(9,30,33,12)
(10,37,34,19)(11,44,35,26)(13,16,31,40)
(14,23,32,47)(17,38,41,20)(18,45,42,27)
(21,24,39,48)(25,46,49,28)

196

cyclic

(2,15,40)(3,22,48)(4,29,14)(5,36,16)(6,43,24)
(7,8,32)(9,25,41)(10,11,46)(12,18,19)(13,39,
23)(17,33,49)(20,26,27)(21,47,31)(28,34,35)
(30,42,37)(38,44,45)

49

abelian

49

(1,6,2,7,4,5,3)(8,13,9,14,11,12,10)
(15,20,16,21,18,19,17)(22,27,23,28,25,26,24)
(29,34,30,35,32,33,31)(36,41,37,42,39,40,38)
(43,48,44,49,46,47,45)(1,15,29,22,43,8,36)
(2,16,30,23,44,9,37)(3,17,31,24,45,10,38)
(4,18,32,25,46,11,39)(5,19,33,26,47,12,40)
(6,20,34,27,48,13,41)(7,21,35,28,49,14,42)

19. Let G be a primitive group of degree 49 with 3 generators. We have |G| = 1568 = 2°x77,
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a. = (2,33)(3,41)(4,49)(5,9)(6,17)(7,25)(10,48)(11,35)(12,23)
(13,38)(14,18)(16,26)(19,37)(20,31)(21,46)(24,34)(27,45)
(28,39)(30,47)(32,42)(40,44) (order 2)

Generators of G:

a, = (2,35,33,48,38,22,31,10,5,11,9,24,20,43,13,34)
(3,37,41,14,46,29,39,18,6,19,17,32,28,8,21,42)
(4,45,49,16,12,36,47,26,7,27,25,40,30,15,23,44) (order 16)

as = (1,8,22,15,36,43,29)(2,9,23,16,37,44,30)
(3,10,24,17,38,45,31)(4,11,25,18,39,46,32)
(5,12,26,19,40,47,33)(6,13,27,20,41,48,34)
(7,14,28,21,42,49,35) (order 7)

This generating set is not minimal. There is a smaller generating set with 2 elements. G is a
solvable group. G acts transitively on the set of 49 elements {1, 2, ..., 49}. The center of G is

trivial.

The derived subgroup D =

[G, G]

is a solvable group of order 392, generated

{(2,31,20,33,5,13,38,9)(3,39,28,41,6,21,46,17)(4,47,30,49,7,23,12,25)(8,14,19,42,29,32,37,18)
(10,43,48,11,34,22,24,35)(15,16,27,44,36,40,45,26)(1,28,38,30,12,20,46)(2,26,41,32,8,21,45)(3,
23,40,34,11,15,49)(4,22,42,31,9,19,48)(5,27,39,29,14,17,44)(6,25,36,35,10,16,47)(7,24,37,33,13,

18,43)} and G/D = C,°.

Lower central Series

Level

Order

Nature

Quotient | Successive quotient

1

392

solvable

abelian

196

solvable

nilpotent

98

solvable

nilpotent

2
3
4

49

abelian

nilpotent

Derived Series

Level

Order

Nature

Quotient | Successive quotient

392

solvable

abelian C,°

49

abelian

nilpotent

1 trivial

solvable C/*

by

Conjugacy classes of maximal subgroups

Serial

Order | Nature

classes

Conjugacy

Generators

784

solvable 1

(2,35,33,48,38,22,31,10,5,11,9,24,20,43,13,34)
(3,37,41,14,46,29,39,18,6,19,17,32,28,8,21,42)
(4,45,49,16,12,36,47,26,7,27,25,40,30,15,23,44)
(1,10,26,18,42,44,34)(2,13,22,17,40,46,35)(3,12,
25,21,37,48,29)(4,14,23,20,36,45,33)(5,11,28, 16,
41,43,31)(6,8,24,19,39,49,30)(7,9,27,15,38,47,32)

784

solvable 1

(8,32)(9,31)(10,35)(11,34)(12,30)(13,33)(14,29)
(15,40)(16,36)(17,39)(18,37)(19,42)(20,38)(21,41)
(22,48)(23,49)(24,43)(25,47)(26,45)(27,44)(28,46)
(1,46,8,32,22,4,15,11,36,25,43,18,29,39)(2,37,9,44,
23,30,16)(3,26,10,19,24,40,17,47,38,33,45,5,31,12)
(6,14,13,28,27,21,20,42,41,49,48,35,34,7)

784

solvable 1

(2,11,5,35)(3,19,6,37)(4,27,7,45)(8,46,29,28)
(9,34,33,10)(12,36,30,15)(13,24,31,48) (14,21,
32,39)(16,23,40,47)(17,42,41,18)(20,43,38,22)
(25,44,49,26)(1,5,8,41,44,46,37,13)(2,35,45,15,
43,31,7,23)(3,38,32,12,49,14,33,39)(4,48,26,24,
47,6,18,21)(9,17,27,42,36,28,20,10)(11,25,29,
16,40,19,30,22)
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32 | nilpotent

(8,32)(9,31)(10,35)(11,34)(12,30)(13,33)(14,29)
(15,40)(16,36)(17,39)(18,37)(19,42)(20,38)

49 (21,41)(22,48)(23,49)(24,43)(25,47)(26,45)

(27,44)(28,46)(2,35,33,48,38,22,31,10,5,11,
9,24,20,43,13,34)(3,37,41,14,46,29,39,18,6,
19,17,32,28,8,21,42)(4,45,49,16,12,36,47,26,

Proper normal subgroups

Serial

Order

Nature | Quotient

Subgroups

Generators

49

abelian | nilpotent

(1,3,5,4,7,2,6)(8,10,12,11,14,9,13)(15,17,19,18,
21,16,20)(22,24,26,25,28,23,27)(29,31,33,32,
35,30,34)(36,38,40,39,42,37,41)(43,45,47,46,
49,44,48)(1,46,20,12,30,38,28)(2,45,21,8,32,41,
26)(3,49,15,11,34,40,23)(4,48,19,9,31,42,22) (5,
44,17,14,29,39,27)(6,47,16,10,35,36,25)(7,43,
18,13,33,37,24)

98

solvable | nilpotent

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)(12,30)
(13,31)(14,32)(15,36)(16,40)(17,41)(18,42)
(19,37)(20,38)(21,39)(22,43)(23,47)(24,48)
(25,49)(26,44)(27,45)(28,46)(1,9,25,17,41,49,33)
(2,11,24,20,42,47,29)(3,13,28,19,36,44,32)
(4,10,27,21,40,43,30)(5,8,23,18,38,48,35)
(6,14,26,15,37,46,31)(7,12,22,16,39,45,34)
(1,4,6,5,2,3,7)(8,11,13,12,9,10,14)
(15,18,20,19,16,17,21)(22,25,27,26,23,24,28)
(29,32,34,33,30,31,35)(36,39,41,40,37,38,42)
(43,46,48,47,44,45,49)

196

solvable | nilpotent

1,2

(2,38,5,20)(3,46,6,28)(4,12,7,30)(8,37,29,19)
(9,13,33,31)(10,24,34,48)(11,43,35,22)
(14,18,32,42)(15,45,36,27)(16,26,40,44)
(17,21,41,39)(23,49,47,25)(1,46,20,12,30,38,28)
(2,45,21,8,32,41,26)(3,49,15,11,34,40,23)
(4,48,19,9,31,42,22)(5,44,17,14,29,39,27)
(6,47,16,10,35,36,25)(7,43,18,13,33,37,24)

392

solvable | abelian

1,23

(2,13,20,9,5,31,38,33)(3,21,28,17,6,39,46,41)
(4,23,30,25,7,47,12,49)(8,32,19,18,29,14,37,42)
(10,22,48,35,34,43,24,11)(15,40,27,26,36,16,45,44)
(1,21,31,23,47,13,39)(2,19,34,25,43,14,38)
(3,16,33,27,46,8,42)(4,15,35,24,44,12 41)
(5,20,32,22,49,10,37)(6,18,29,28,45,9,40)
(7,17,30,26,48,11,36)

784

solvable | cyclic

1,2,3,4

(2,13,20,9,5,31,38,33)(3,21,28,17,6,39,46,41)
(4,23,30,25,7,47,12,49)(8,32,19,18,29,14,37,42)
(10,22,48,35,34,43,24,11)(15,40,27,26,36,16,45,44)
(1,14,11,6)(2,32,9,22)(3,24,12,33)(4,40,8,38)
(5,16,10,44)(7,48,13,21)(15,19,46,45)(17,41,47,42)
(18,29,43,25)(20,23,49,30)(26,27,31,35)(28,36,34,39)

784

solvable | cyclic

1,2,3,4

(2,35,33,48,38,22,31,10,5,11,9,24,20,43,13,34) (3,
37,41,14,46,29,39,18,6,19,17,32,28,8,21,42)(4,
45,49,16,12,36,47,26,7,27,25,40,30,15,23,44)(1,21,
31,23,47,13,39)(2,19,34,25,43,14,38)(3,16,33,27,
46,8,42)(4,15,35,24,44,12,41)(5,20,32,22,49,10,
37)(6,18,29,28,45,9,40)(7,17,30,26,48,11,36)

(8,32)(9,31)(10,35)(11,34)(12,30)(13,33)(14,29)

214
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(15,40)(16,36)(17,39)(18,37)(19,42)(20,38)(21,41)
784 |solvable | cyclic | 1,234 |(2248)(23,49)(24,43)(25,47)(26,45)(27,44)(28,46)
(1,25,22,39,36,32,29,11,8,18,15,46,43,4)(2,9,23,
16,37,44,30)(3,33,24,12,38,19,31,47,10,5,17,26,
45,40)(6,49,27,7,41,28,34,42,13,35,20,14,48,21)

Sylow subgroups

Conjug. Nature | Normalizer Normal

Generators
classes closure

p | Order

(8,32)(9,31)(10,35)(11,34)(12,30)(13,33)
(14,29)(15,40)(16,36)(17,39)(18,37)
(19,42)(20,38)(21,41)(22,48)(23,49)
2| 32 49 | nilpotent 32 G | (24,43)(25,47)(26,45)(27,44)(28,46)
(2,35,33,48,38,22,31,10,5,11,9,24,20,
43,13,34)(3,37,41,14,46,29,39,18,6,
19,17,32,28,8,21,42)(4,45,49,16,12,
36,47,26,7,27,25,40,30,15,23,44)

(1,15,29,22,43,8,36)(2,16,30,23,44.9,
37)(3,17,31,24,45,10,38)(4,18,32,25,
46,11,39)(5,19,33,26,47,12,40)(6,20,34,
7| 49 1 abelian G 49 | 27,48,13,41)(7,21,35,28,49,14,42)(1,20,
30,28,46,12,38)(2,21,32,26,45,8,41)(3,15,
34,23,49,11,40)(4,19,31,22,48,9,42)(5,17,
29,27,44,14,39)(6,16,35,25,47,10,36)(7,
18,33,24,43,13,37)

20. Let G be a primitive group of degree 49 with 5 generators. We have |G| = 1764 = 2°x3°x7°,

a; = (2,29,5,8)(3,36,6,15)(4,43,7,22)(9,30,33,12)
(10,37,34,19)(11,44,35,26)(13,16,31,40)(14,23,32,47)
(17,38,41,20)(18,45,42,27)(21,24,39,48)(25,46,49,28) (order 4)
a, =(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)(12,30)
(13,31)(14,32)(15,36)(16,40)(17,41)(18,42)(19,37)
(20,38)(21,39)(22,43)(23,47)(24,48)(25,49)(26,44)
(27,45)(28,46) (order 2)

az =(2,6,4)(3,7,5)(8,22,36)(9,27,39)(10,28,40)(11,23,41)
Generators of G: | (12,24,42)(13,25,37)(14,26,38)(15,29,43)(16,34,46)(17,35,47)
(18,30,48)(19,31,49)(20,32,44)(21,33,45) (order 3)

a4 =(2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,26,42)(11,27,37)
(12,28,38)(13,23,39)(14,24,40)(15,29,43)(16,32,48)
(17,33,49)(18,34,44)(19,35,45)(20,30,46)(21,31,47) (order 3)
as = (1,8,22,15,36,43,29)(2,9,23,16,37,44,30)
(3,10,24,17,38,45,31)(4,11,25,18,39,46,32)
(5,12,26,19,40,47,33)(6,13,27,20,41,48,34)
(7,14,28,21,42,49,35) (order 7)

This generating set is not minimal. There is a smaller generating set with 2 elements. G is a
solvable group. G acts transitively on the set of 49 elements {1, 2, ..., 49}. The center of G is
trivial.

The derived subgroup D = [G, G] is a solvable group of order 147, generated by
{(2,6,4)(3,7,5)(8,22,36)(9,27,39)(10,28,40)(11,23,41)(12,24,42)(13,25,37)(14,26,38)(15,29,43)
(16,34,46)(17,35,47)(18,30,48)(19,31,49)(20,32,44)(21,33,45)(1,12,28,20,38,46,30)(2,8,26,21,41,
45,32)(3,11,23,15,40,49,34)(4,9,22,19,42,48,31)(5,14,27,17,39,44,29)(6,10,25,16,36,47,35)(7,13,

24,18,37,43,33)} and G/D = C3xC,.
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Lower central Series

Level | Order | Nature | Quotient | Successive quotient

1 147 | solvable | cyclic C3xCy

Derived Series

Level | Order | Nature | Quotient | Successive quotient

1 147 | solvable | cyclic C3xCy

2 49 abelian | solvable Cs

3 1 trivial | solvable Cc/

Conjugacy classes of maximal subgroups

Serial

Order

Nature
classes

Conjugacy

Generators

882

solvable 1

(2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,26,42)
(11,27,37)(12,28,38)(13,23,39)(14,24,40)
(15,29,43)(16,32,48)(17,33,49)(18,34,44)
(19,35,45)(20,30,46)(21,31,47)(1,16,36,23,29,44)
(2,15,37,22,30,43)(3,21,38,28,31,49)
(4,19,39,26,32,47)(5,18,40,25,33,46)
(6,20,41,27,34,48)(7,17,42,24,35,45)
(8,9)(10,14)(11,12)

588

solvable 1

(2,6,4)(3,7,5)(8,22,36)(9,27,39)(10,28,40)
(11,23,41)(12,24,42)(13,25,37)(14,26,38)
(15,29,43)(16,34,46)(17,35,47)(18,30,48)
(19,31,49)(20,32,44)(21,33,45)(1,26,16,11)
(2,12,15,25)(3,33,21,39)(4,5,19,18)(6,47,20,46)
(7,40,17,32)(8,22,23,9)(10,29,28,37)(13,43,27,44)
(14,36,24,30)(31,35,42,38)(34,49,41,45)

588

solvable 3

(1,7,3,2,5,6,4)(8,14,10,9,12,13,11)
(15,21,17,16,19,20,18)(22,28,24,23,26,27,25)
(29,35,31,30,33,34,32)(36,42,38,37,40,41,39)
(43,49,45,44,47,48,46)
(2,43,3,8,4,15,5,22,6,29,7,36)
(9,46,17,12,25,20,33,28,41,30,49,38)
(10,11,18,19,26,27,34,35,42,37,44,45)
(13,32,21,40,23,48,31,14,39,16,47,24)

36

solvable 49

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,28)
(11,41,23)(12,42,24)(13,37,25)(14,38,26)
(15,43,29)(16,46,34)(17,47,35)(18,48,30)
(19,49,31)(20,44,32)(21,45,33)
(2,43,3,8,4,15,5,22,6,29,7,36)
(9,46,17,12,25,20,33,28,41,30,49,38)
(10,11,18,19,26,27,34,35,42,37,44,45)

Proper normal subgroups

Serial | Order

Nature | Quotient | Subgroups Generators

abelian | solvable

(1,7,3,2,5,6,4)(8,14,10,9,12,13,11)
(15,21,17,16,19,20,18)(22,28,24,
23,26,27,25)(29,35,31,30,33,34,
32)(36,42,38,37,40,41,39) (43,49,
- 45,44,47,48,46)(1,43,15,8,29,36,
22)(2,44,16,9,30,37,23)(3,45,17,
10,31,38,24)(4,46,18,11,32,39,25)
(5,47,19,12,33,40,26)(6,48,20,13,
34,41,27)(7,49,21,14,35,42,28)
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2 147 | solvable | solvable 1

(2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,26,42)
(11,27,37)(12,28,38)(13,23,39)(14,24,40)
(15,29,43)(16,32,48)(17,33,49)(18,34,44)
(19,35,45)(20,30,46)(21,31,47)
(1,43,15,8,29,36,22)(2,44,16,9,30,37,23)
(3,45,17,10,31,38,24)(4,46,18,11,32,39,25)
(5,47,19,12,33,40,26)(6,48,20,13,34,41,27)
(7,49,21,14,35,42,28)
(1,7,3,2,5,6,4)(8,14,10,9,12,13,11)
(15,21,17,16,19,20,18)(22,28,24,23,26,27,25)
(29,35,31,30,33,34,32)(36,42,38,37,40,41,39)
(43,49,45,44,47,48,46)

solvable | solvable 1

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)
(12,30)(13,31)(14,32)(15,36)(16,40)(17,41)
(18,42)(19,37)(20,38)(21,39)(22,43)(23,47)
(24,48)(25,49)(26,44)(27,45)(28,46)
(1,43,15,8,29,36,22)(2,44,16,9,30,37,23)
(3,45,17,10,31,38,24)(4,46,18,11,32,39,25)
(5,47,19,12,33,40,26)(6,48,20,13,34,41,27)
(7,49,21,14,35,42,28)
(1,7,3,2,5,6,4)(8,14,10,9,12,13,11)
(15,21,17,16,19,20,18)(22,28,24,23,26,27,25)
(29,35,31,30,33,34,32)(36,42,38,37,40,41,39)
(43,49,45,44,47 48,46)

4 294 | solvable | dihedral 1,2,3

(1,4)(3,5)(6,7)(8,32)(9,30)(10,33)(11,29)
(12,31)(13,35)(14,34)(15,39)(16,37)(17,40)
(18,36)(19,38)(20,42)(21,41)(22,46)(23,44)
(24,47)(25,43)(26,45)(27,49)(28,48)
(1,4,5)(2,6,3)(8,25,40)(9,27,38)(10,23,41)
(11,26,36)(12,22,39)(13,24,37)(14,28,42)
(15,32,47)(16,34,45)(17,30,48)(18,33,43)
(19,29,46)(20,31,44)(21,35,49)
(1,42,18,44,10,26)(2,38,19,43,14,25)
(3,40,15,49,11,23)(4,37,17,47,8,28)
(5,36,21,46,9,24)(6,41,20,48,13,27)
(7,39,16,45,12,22)(29,35,32,30,31,33)

5 147 | solvable | cyclic 1

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,28)
(11,41,23)(12,42,24)(13,37,25)(14,38,26)
(15,43,29)(16,46,34)(17,47,35)(18,48,30)
(19,49,31)(20,44,32)(21,45,33)
(1,39,13,47,23,31,21)
(2,38,14,43,25,34,19)(3,42,8,46,27,33,16)
(4,41,12,44,24,35,15)(5,37,10,49,22,32,20)
(6,40,9,45,28,29,18)(7,36,11,48,26,30,17)

6 441 | solvable | cyclic 1,25

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,28)
(11,41,23)(12,42,24)(13,37,25)(14,38,26)
(15,43,29)(16,46,34)(17,47,35)(18,48,30)
(19,49,31)(20,44,32)(21,45,33)
(1,39,34,5,37,31,7,36,32,6,40,30,3,42,
29,4,41,33,2,38,35)(8,11,13,12,9,10,14)
(15,25,48,19,23,45,21,22,46,20,26,44,
17,28,43,18,27,47,16,24,49)

(2,7,6,5,4,3)(8,15,22,29,36,43)(9,21,27,
33,39,45)(10,16,28,34,40,46)(11,17,23,
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294 | solvable

cyclic 1,35

35,41,47)(12,18,24,30,42,48)(13,19,25,
31,37,49)(14,20,26,32,38,44)(1,16,32,24,
48,14,40)(2,18,31,27,49,12,36)(3,20,35,
26,43,9,39)(4,17,34,28,47,8,37)(5,15,30,
25,45,13,42)(6,21,33,22,44,11,38)(7,19,
29,23,46,10,41)

882 | solvable

cyclic |1,2,3,4,5,6,7

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,28)
(11,41,23)(12,42,24)(13,37,25)(14,38,26)
(15,43,29)(16,46,34)(17,47,35)(18,48,30)
(19,49,31)(20,44,32)(21,45,33)
(1,16,43,37,8,30)(2,15,44,36,9,29)
(3,21,45,42,10,35)(4,19,46,40,11,33)
(5,18,47,39,12,32)(6,20,48,41,13,34)
(7,17,49,38,14,31)(22,23)(24,28)(25,26)

588 | solvable

cyclic 1,3,5,7

(2,6,4)(3,7,5)(8,22,36)(9,27,39)(10,28,40)
(11,23,41)(12,24,42)(13,25,37)(14,26,38)
(15,29,43)(16,34,46)(17,35,47)(18,30,48)
(19,31,49)(20,32,44)(21,33,45)
(1,13,42,16)(2,6,41,37)(3,48,39,30)
(4,34,38,44)(5,27,40,23)(7,20,36,9)(8,14,21,15)
(10,49,18,29)(11,35,17,43)(12,28,19,22)
(24,47,25,33)(31,45,46,32)

Sylow subgroups

Order Conjug. Nature | Normalizer

classes

Normal
closure

Generators

4 147 cyclic 12 588

(2,29,5,8)(3,36,6,15)(4,43,7,22)(9,30,33,12)
(10,37,34,19)(11,44,35,26)(13,16,31,40)
(14,23,32,47)(17,38,41,20)(18,45,42,27)
(21,24,39,48)(25,46,49,28)

9 49 abelian 36 441

(2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,26,42)
(11,27,37)(12,28,38)(13,23,39)(14,24,40)
(15,29,43)(16,32,48)(17,33,49)(18,34,44)
(19,35,45)(20,30,46)(21,31,47)(2,4.,6)
(3,5,7)(8,36,22)(9,39,27)(10,40,28)
(11,41,23)(12,42,24)(13,37,25)(14,38,26)
(15,43,29)(16,46,34)(17,47,35)(18,48,30)
(19,49,31)(20,44,32)(21,45,33)

49 1 abelian G 49

(1,36,8,43,22,29,15)(2,37,9,44,23,30,16)
(3,38,10,45,24,31,17)(4,39,11,46,25,32,18)
(5,40,12,47,26,33,19)(6,41,13,48,27,34,20)
(7,42,14,49,28,35,21)(1,48,16,14,32,40,24)
(2,49,18,12,31,36,27)(3,43,20,9,35,39,26)
(4,47,17,8,34,37,28)(5,45,15,13,30,42,25)
(6,44,21,11,33,38,22)(7,46,19,10,29,41,23)

218

21. Let G be a primitive group of degree 49 with 5 generators. We have |G| = 1764 = 2°x3?x72,

a: = (2,8)(3,15)(4,22)(5,29)(6,36)(7,43)(10,16)(11,23)
(12,30)(13,37)(14,44)(18,24)(19,31)(20,38)(21,45)
(26,32)(27,39)(28,46)(34,40)(35,47)(42,48) (order 2)

a, = (2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)(12,30)
(13,31)(14,32)(15,36)(16,40)(17,41)(18,42)(19,37)
(20,38)(21,39)(22,43)(23,47)(24,48)(25,49)(26,44)
(27,45)(28,46) (order 2)
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as = (2,6,4)(3,7,5)(8,22,36)(9,27,39)(10,28,40)(11,23,41)
Generators of G: | (12,24,42)(13,25,37)(14,26,38)(15,29,43)(16,34,46)
(17,35,47)(18,30,48)(19,31,49)(20,32,44)(21,33,45) (order 3)
as = (2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,26,42)(11,27,37)
(12,28,38)(13,23,39)(14,24,40)(15,29,43)(16,32,48)
(17,33,49)(18,34,44)(19,35,45)(20,30,46)(21,31,47) (order 3)
as = (1,8,22,15,36,43,29)(2,9,23,16,37,44,30)
(3,10,24,17,38,45,31)(4,11,25,18,39,46,32)
(5,12,26,19,40,47,33)(6,13,27,20,41,48,34)
(7,14,28,21,42,49,35) (order 7)

This generating set is not minimal. There is a smaller generating set with 2 elements. G is a
solvable group. G acts transitively on the set of 49 elements {1, 2, ..., 49}. The center of G is
trivial.

The derived subgroup D = [G, G] is a solvable group of order 147, generated by
{(2,6,4)(3,7,5)(8,22,36)(9,27,39)(10,28,40)(11,23,41)(12,24,42)(13,25,37)(14,26,38)(15,29,43)
(16,34,46)(17,35,47)(18,30,48)(19,31,49)(20,32,44)(21,33,45)(1,12,28,20,38,46,30)(2,8,26,21,41,
45,32)(3,11,23,15,40,49,34)(4,9,22,19,42,48,31)(5,14,27,17,39,44,29)(6,10,25,16,36,47,35)(7,13,

24,18,37,43,33)} and G/D = C,xCs.

Lower central Series
Level | Order | Nature | Quotient | Successive quotient
1 147 | solvable | abelian C,°xCs

Derived Series
Level | Order | Nature | Quotient | Successive guotient

1 147 | solvable | abelian C,°xCs
2 49 abelian | solvable Cs
3 1 trivial | solvable C/*

Conjugacy classes of maximal subgroups
Conjugacy
classes

Generators

(2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,26,42)(11,27,37)
(12,28,38)(13,23,39)(14,24,40)(15,29,43)(16,32,48)
1 | 882 | solvable 1 (17,33,49)(18,34,44)(19,35,45)(20,30,46)(21,31,47)
(1,14,29,21,22,42)(2,13,30,20,23,41)(3,11,31,18,24,39)
(4,10,32,17,25,38)(5,12,33,19,26,40)(6,9,34,16,27,37)
(7,8,35,15,28,36)(43,49)(44,48)(45,46)
(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,28)(11,41,23)
(12,42,24)(13,37,25)(14,38,26)(15,43,29)(16,46,34)
2 | 882 |solvable 1 (17,47,35)(18,48,30)(19,49,31)(20,44,32)(21,45,33)
(1,43,45,38,37,2)(3,36,44)(4,22,48,31,42,9)
(5,15,47,17,40,16)(6,29,49,10,39,23)(7,8,46,24,41,30)
(11,25,27,34,35,14)(12,18,26,20,33,21)(13,32,28)
(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,28)(11,41,23)
(12,42,24)(13,37,25)(14,38,26)(15,43,29)(16,46,34)
3 | 882 | solvable 1 (17,47,35)(18,48,30)(19,49,31)(20,44,32)(21,45,33)
(1,22,24,17,16,2)(3,15,23)(4,43,27,10,21,30)
(5,36,26,38,19,37)(6,8,28,31,18,44)(7,29,25,45,20,9)
(11,49,34)(12,42,33,39,47,41)(13,14,35,32,46,48)
(2,3,4,5,6,7)(8,43,36,29,22,15)(9,45,39,33,27,21)
(10,46,40,34,28,16)(11,47,41,35,23,17)
(12,48,42,30,24,18)(13,49,37,31,25,19)

4 | 588 | solvable 1 (14,44,38,32,26,20)

Serial | Order | Nature
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(1,23,17,48,33,8,25,38,49,5,9,18,41,35)
(2,16,20,34,29,22,24,45,47,12,11,39,42,7)
(3,44,19,13,32,36,28)
(4,37,21,6,30,15,27,31,43,26,10,46,40,14)
(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)
(12,30)(13,31)(14,32)(15,36)(16,40)(17,41)
(18,42)(19,37)(20,38)(21,39)(22,43)(23,47)

5 588 | solvable 3 (24,48)(25,49)(26,44)(27,45)(28,46)
(1,43,45,38,37,2)(3,36,44)(4,22,48,31,42,9)
(5,15,47,17,40,16)(6,29,49,10,39,23)
(7,8,46,24,41,30)(11,25,27,34,35,14)
(12,18,26,20,33,21)(13,32,28)
(2,22,6,8,4,36)(3,29,7,15,5,43)(9,25,41)
(10,32,42,16,26,48)(11,39,37,23,27,13)
(12,46,38,30,28,20)(14,18,40,44,24,34)

6 36 | solvable 49 (17,33,49)(19,47,45,31,35,21)
(2,7,6,5,4,3)(8,15,22,29,36,43)
(9,21,27,33,39,45)(10,16,28,34,40,46)
(11,17,23,35,41,47)(12,18,24,30,42)

Proper normal subgroups

Serial | Order | Nature | Quotient | Subgroups Generators
(1,7,3,2,5,6,4)(8,14,10,9,12,13,11)(15,21,
17,16,19,20,18)(22,28,24,23,26,27,25)
(29,35,31,30,33,34,32)(36,42,38,37,40,

1 49 abelian | solvable - 41,39)(43,49,45,44,47,48,46)(1,43,15,8,
29,36,22)(2,44,16,9,30,37,23)(3,45,17,
10,31,38,24)(4,46,18,11,32,39,25)(5,47,
19,12,33,40,26)(6,48,20,13,34,41,27)
(7,49,21,14,35,42,28)
(2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,26,42)
(11,27,37)(12,28,38)(13,23,39)(14,24,40)
(15,29,43)(16,32,48)(17,33,49)(18,34,44)
(19,35,45)(20,30,46)(21,31,47)(1,43,15,8,
29,36,22)(2,44,16,9,30,37,23)(3,45,17,10,

2 147 | solvable | dihedral 1 31,38,24)(4,46,18,11,32,39,25)(5,47,19,

12,33,40,26)(6,48,20,13,34,41,27)(7,49,
21,14,35,42,28)(1,7,3,2,5,6,4)(8,14,10,
9,12,13,11)(15,21,17,16,19,20,18)(22,
28,24,23,26,27,25)(29,35,31,30,33,34,32)
(36,42,38,37,40,41,39)(43,49,45,44,47,48,46)
(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)
(12,30)(13,31)(14,32)(15,36)(16,40)
(17,41)(18,42)(19,37)(20,38)(21,39)
(22,43)(23,47)(24,48)(25,49)(26,44)(27,45)
(28,46)(1,43,15,8,29,36,22)(2,44,16,9,30,
3 98 | solvable | solvable 1 37,23)(3,45,17,10,31,38,24)(4,46,18,11,32,
39,25)(5,47,19,12,33,40,26)(6,48,20,13,34,
41,27)(7,49,21,14,35,42,28)(1,7,3,2,5,6,4)
(8,14,10,9,12,13,11)(15,21,17,16,19,20,18)
(22,28,24,23,26,27,25)(29,35,31,30,33,34,
32)(36,42,38,37,40,41,39)(43,49,45,44,
47,48,46)
(1,4,2,7,3,6)(8,18,23,35,38,48)(9,21,24,34,
36,46)(10,20,22,32,37,49)(11,16,28,31,41,
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4 | 204

solvable

dihedral

1,2,3

43)(12,19,26,33,40,47)(13,15,25,30,42,45)
(14,17,27,29,39,44)(1,36,43)(2,39,48)(3,40,
49)(4,41,44)(5,42,45)(6,37,46)(7,38,47)(8,29,
22)(9,32,27)(10,33,28)(11,34,23)(12,35,24)
(13,30,25)(14,31,26)(16,18,20)(17,19,21)(1,
42,18,44,10,26)(2,38,19,43,14,25)(3,40,15,
49,11,23)(4,37,17,47,8,28)(5,36,21,46,9,24)
(6,41,20,48,13,27)(7,39,16,45,12,22)(29,
35,32,30,31,33)

5 147

solvable

abelian

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,28)
(11,41,23)(12,42,24)(13,37,25)(14,38,26)
(15,43,29)(16,46,34)(17,47,35)(18,48,30)
(19,49,31)(20,44,32)(21,45,33)(1,39,
13,47,23,31,21)(2,38,14,43,25,34,19)
(3,42,8,46,27,33,16)(4,41,12,44,24,35,
15)(5,37,10,49,22,32,20)(6,40,9,45,28,29,
18)(7,36,11,48,26,30,17)

6 441

solvable

abelian

1,2,5

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,28)
(11,41,23)(12,42,24)(13,37,25)(14,38,26)
(15,43,29)(16,46,34)(17,47,35)(18,48,30)
(19,49,31)(20,44,32)(21,45,33)(1,39,34,
5,37,31,7,36,32,6,40,30,3,42,29,4,41,33,
2,38,35)(8,11,13,12,9,10,14)(15,25,48,
19,23,45,21,22,46,20,26,44,17,28,43,
18,27,47,16,24,49)

7 294

solvable

cyclic

15

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,28)
(11,41,23)(12,42,24)(13,37,25)(14,38,26)
(15,43,29)(16,46,34)(17,47,35)(18,48,30)
(19,49,31)(20,44,32)(21,45,33)(1,43,46,
18,20,13,12,33,30,37,38,24,28,7)(2,36,
45,25,21,6,8,47,32,16,41,10,26,35)(3,
22,49,4,15,48,11,19,34,9,40,31,23,42)
(5,29,44,39,17,27,14)

8 294

solvable

cyclic

1,3,5

(2,7,6,5,4,3)(8,15,22,29,36,43)(9,21,27,
33,39,45)(10,16,28,34,40,46)(11,17,23,
35,41,47)(12,18,24,30,42,48)(13,19,25,
31,37,49)(14,20,26,32,38,44)(1,39,13,
47,23,31,21)(2,38,14,43,25,34,19)(3,42,
8,46,27,33,16)(4,41,12,44,24,35,15)(5,
37,10,49,22,32,20)(6,40,9,45,28,29,18)
(7,36,11,48,26,30,17)

9 882

solvable

cyclic

1,2,5,6,7

(1,7,42,38,10,9,44,47,26,27,34,32,18,15)
(2,49,40,24,13,30,46,19,22,6,35,39,17,8)
(3,14,37,45,12,23,48,33,25,20,29,4,21,36)
(5,28,41,31,11,16,43)(1,18,31,41,23,14)
(2,11,29,20,24,42)(3,39,30,13,22,21)
(4,32,34,27,28,7)(5,46,33,48,26,49)
(6,25,35)(8,15,17,38,37,9)(10,36,16)
(12,43,19,45,40,44)(1,23,17)(2,24,15)
(3,22,16)(4,28,20)(5,26,19)(6,25,21)
(7,27,18)(8,30,45)(9,31,43)(10,29,44)
(11,35,48)(12,33,47)(13,32,49)(14,34,46)
(36,37,38)(39,42,41)

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,28)
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10

882 | solvable | cyclic |1,2,3,4,5,6,8

(11,41,23)(12,42,24)(13,37,25)(14,38,26)
(15,43,29)(16,46,34)(17,47,35)(18,48,30)
(19,49,31)(20,44,32)(21,45,33)(1,39,22,
18,29,11)(2,37,23,16,30,9)(3,40,24,19,
31,12)(4,36,25,15,32,8)(5,38,26,17,33,10)
(6,42,27,21,34,14)(7,41,28,20,35,13)(43,46)
(45,47)(48,49)

11

294 | solvable | cyclic 1,5

(2,6,4)(3,7,5)(8,22,36)(9,27,39)(10,28,40)
(11,23,41)(12,24,42)(13,25,37)(14,26,38)
(15,29,43)(16,34,46)(17,35,47)(18,30,48)
(19,31,49)(20,32,44)(21,33,45)(1,36,41,
13,9,44,49,28,25,32,33,19,17,3)(2,43,
42,27,11,30,47,21,24,4,29,40,20,10)
(5,15,38,6,8,37,48,14,23,46,35,26,18,
31)(7,22,39,34,12,16,45)

12

882 | solvable | cyclic 1,2,5,6

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,28)
(11,41,23)(12,42,24)(13,37,25)(14,38,26)
(15,43,29)(16,46,34)(17,47,35)(18,48,30)
(19,49,31)(20,44,32)(21,45,33)(1,8,11,46,
45,3)(2,15,12,32,49,38)(4,43,10)(5,29,14,
39,44,17)(6,22,13,25,48,24)(7,36,9,18,47,
31)(16,19,33,35,42,37)(20,26,34,28,41,
23)(21,40,30)

13

588 | solvable | cyclic --

(2,3,4,5,6,7)(8,43,36,29,22,15)(9,45,
39,33,27,21)(10,46,40,34,28,16)(11,
47,41,35,23,17)(12,48,42,30,24,18) (13,
49,37,31,25,19)(14,44,38,32,26,20)
(1,31,25,14,41,15,33,46,9,6,17,26,49,37)
(2,3,24,28,42,36,29,32,11,13,20,19,47,44)
(4,10,27,21,40,43,30)(5,45,23,7,38,22,
35,39,8,34,18,12,48,16)

Sylow subg

roups

Order

Normal
closure

Conjug.

Normalizer
classes

Nature

Generators

147 abelian 12 588

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)(12,30)
(13,31)(14,32)(15,36)(16,40)(17,41)(18,42)
(19,37)(20,38)(21,39)(22,43)(23,47)(24,48)
(25,49)(26,44)(27,45)(28,46)(2,8)(3,15)(4,22)
(5,29)(6,36)(7,43)(10,16)(11,23)(12,30)(13,37)
(14,44)(18,24)(19,31)(20,38)(21,45)(26,32)
(27,39)(28,46)(34,40)(35,47)(42,48)

49 abelian 36 441

(2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,26,42)
(11,27,37)(12,28,38)(13,23,39)(14,24,40)
(15,29,43)(16,32,48)(17,33,49)(18,34,44)
(19,35,45)(20,30,46)(21,31,47)(2,4,6)(3,5,7)
(8,36,22)(9,39,27)(10,40,28)(11,41,23)
(12,42,24)(13,37,25)(14,38,26)(15,43,29)
(16,46,34)(17,47,35)(18,48,30)(19,49,31)
(20,44,32)(21,45,33)

49

1 abelian 49

(1,6,2,7,4,5,3)(8,13,9,14,11,12,10)
(15,20,16,21,18,19,17)(22,27,23,28,25,26,24)
(29,34,30,35,32,33,31)(36,41,37,42,39,40,38)
(43,48,44,49,46,47,45)(1,43,15,8,29,36,22)
(2,44,16,9,30,37,23)(3,45,17,10,31,38,24)
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(4,46,18,11,32,39,25)(5,47,19,12,33,40,26)
(6,48,20,13,34,41,27)(7,49,21,14,35,42,28)

22. Let G be a primitive group of degree 49 with 3 generators. We have |G| = 2352 = 2*x3x77,

a = (2,48,5,24)(3,14,6,32)(4,16,7,40)(8,21,29,39)
(9,11,33,35)(10,38,34,20)(12,44,30,26)(13,22,31,43)

(15,23,36,47)(17,19,41,37)(18,46,42,28)(25,27,49,45) (order 4)

Generators of G:

a, = (2,21,30,33,3,23,38,41,4,31,46,49,5,39,12,
9,6,47,20,17,7,13,28,25)(8,40,35,42,15,48,37,44,
22,14,45,10,29,16,11,18,36,24,19,26,43,32,27,34) (order 24)

as = (1,8,22,15,36,43,29)(2,9,23,16,37,44,30)(3, 10,
24,17,38,45,31)(4,11,25,18,39,46,32)(5,12,26,19,

40,47,33)(6,13,27,20,41,48,34)(7,14,28,21,42,49,35) (order 7)

This generating set is not minimal. There is a smaller generating set with 2 elements. G is a
solvable group. G acts transitively on the set of 49 elements {1, 2, ..., 49}. The center of G is

trivial.

The derived subgroup D = [G, G] is a solvable group of order 196, generated by
{(2,38,5,20)(3,46,6,28)(4,12,7,30)(8,37,29,19)(9,13,33,31)(10,24,34,48)(11,43,35,22)(14,18,32,
42)(15,45,36,27)(16,26,40,44)(17,21,41,39)(23,49,47,25)(1,28,38,30,12,20,46)(2,26,41,32,8,21,
45)(3,23,40,34,11,15,49)(4,22,42,31,9,19,48)(5,27,39,29,14,17,44)(6,25,36,35,10,16,47)(7,24,37,
33,13,18,43)} and G/D = C,*xCs.

Lower central Series
Level | Order | Nature | Quotient | Successive quotient
1 196 | solvable | abelian C,°xCs
2 98 | solvable | nilpotent C,
3 49 abelian | nilpotent C,
Derived Series
Level | Order | Nature | Quotient | Successive quotient
1 196 | solvable | abelian C,°xC,
2 49 abelian | nilpotent C,
3 1 trivial | solvable C/’
Conjugacy classes of maximal subgroups
Serial | Order | Nature Conjugacy Generators
classes
(1,11,27,19,37,45,35)(2,10,28,15,39,48,33)
(3,14,22,18,41,47,30)(4,13,26,16,38,49,29)
(5,9,24,21,36,46,34)(6,12,23,17,42,43,32)
1 | 1176 | solvable (7,8,25,20,40,44,31)(2,47,46,33,7,39,38,25,
6,31,30,17,5,23,28,9,4,21,20,49,3,13,12,41)
(8,24,45,42,43,16,37,34,36,14,35,26,29,48,
27,18,22,40,19,10,15,32,11,44)
(2,48,5,24)(3,14,6,32)(4,16,7,40)(8,21,29,39)
(9,11,33,35)(10,38,34,20)(12,44,30,26)(13,
22,31,43)(15,23,36,47)(17,19,41,37)(18,46,
2 1176 | solvable 42,28)(25,27,49,45)(1,14,23,46,13,15,47,37,
21,6,39,26)(2,5,27,28,12,11,49,43,18,16,36,
41)(3,44,24,20,10,40,45,7,17,25,38,8)(4,29,
22,30,9,34,48,33,19,35,42,32)
(2,43,5,22)(3,8,6,29)(4,15,7,36)(9,48,33,24)
(10,13,34,31)(11,20,35,38)(12,27,30,45)(14,
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3 1176 | solvable 1

41,32,17)(16,49,40,25)(18,21,42,39)(19,28,
37,46)(23,44,47,26)(1,41,15,14,43,30,36,3,
8,18,29,47)(2,21,17,44,46,38,40,11,13,33,35,
6)(4,26,19,27,48,28,42,23,9,24,31,25)(5,45,20,
39,49,12,37,34,10,7,32,16)

4 784 | solvable 1

(2,31,20,33,5,13,38,9)(3,39,28,41,6,21,46,17)
(4,47,30,49,7,23,12,25)(8,14,19,42,29,32,37,
18)(10,43,48,11,34,22,24,35)(15,16,27,44,36,40,
45,26)(1,11,2,33)(3,22,7,44)(4,38,5,21)(8,36,30,
16)(9,27,29,48)(10,49,35,24)(12,31,32,14)(13,18,
34,40)(15,17,37,42)(19,47,39,25)(20,28,41,45)
(23,46,43,26)

nilpotent 49

(2,31,20,33,5,13,38,9)(3,39,28,41,6,21,46,17)
(4,47,30,49,7,23,12,25)(8,14,19,42,29,32,37,18)
(10,43,48,11,34,22,24,35)(15,16,27,44,36,40,45,26)
(2,16,3,24,4,32,5,40,6,48,7,14)(8,31,15,39,22,47,29,
13,36,21,43,23)(9,27,17,35,25,37,33,45,41,11,49,19)
(10,12,18,20,26,28,34,30,42,

Proper normal subgroups

Serial

Order

Nature | Quotient

Subgroups Generators

49

abelian | nilpotent

(1,3,5,4,7,2,6)(8,10,12,11,14,9,13)(15,17,
19,18,21,16,20)(22,24,26,25,28,23,27)(29,
31,33,32,35,30,34)(36,38,40,39,42,37,41)
- (43,45,47,46,49,44,48)(1,15,29,22,43,8,36)
(2,16,30,23,44,9,37)(3,17,31,24,45,10,38)
(4,18,32,25,46,11,39)(5,19,33,26,47,12,40)
(6,20,34,27,48,13,41)(7,21,35,28,49,14,42)

147

solvable | nilpotent

(2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,26,42)
(11,27,37)(12,28,38)(13,23,39)(14,24,40)
(15,29,43)(16,32,48)(17,33,49)(18,34,44)
(19,35,45)(20,30,46)(21,31,47)(1,3,5,4,7,
2,6)(8,10,12,11,14,9,13)(15,17,19,18,21,
1 16,20)(22,24,26,25,28,23,27)(29,31,33,32,
35,30,34)(36,38,40,39,42,37,41)(43,45,47,
46,49,44,48)(1,15,29,22,43,8,36)(2,16,30,
23,44,9,37)(3,17,31,24,45,10,38)(4,18,32,
25,46,11,39)(5,19,33,26,47,12,40)(6,20,
34,27,48,13,41)(7,21,35,28,49,14,42)

98

solvable | nilpotent

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)
(12,30)(13,31)(14,32)(15,36)(16,40)(17,41)
(18,42)(19,37)(20,38)(21,39)(22,43)(23,47)
(24,48)(25,49)(26,44)(27,45)(28,46)(1,15,
29,22,43,8,36)(2,16,30,23,44,9,37)(3,17,

1 31,24,45,10,38)(4,18,32,25,46,11,39)(5,19,
33,26,47,12,40)(6,20,34,27,48,13,41) (7,21,
35,28,49,14,42)(1,3,5,4,7,2,6)(8,10,12,11,
14,9,13)(15,17,19,18,21,16,20)(22,24,
26,25,28,23,27)(29,31,33,32,35,30,34)
(36,38,40,39,42,37,41)(43,45,47,46,
49,44,48)

(1,15,29,22,43,8,36)(2,16,30,23,44,9,37)
(3,17,31,24,45,10,38)(4,18,32,25,46,11,39)
(5,19,33,26,47,12,40)(6,20,34,27,48,13,41)
(7,21,35,28,49,14,42)(1,3,5,4,7,2,6)
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4 294 | solvable | nilpotent 12,3

(8,10,12,11,14,9,13)(15,17,19,18,21,16,20)
(22,24,26,25,28,23,27)(29,31,33,32,35,30,34)
(36,38,40,39,42,37,41)(43,45,47,46,49,44,48)
(2,7,6,5,4,3)(8,43,36,29,22,15)
(9,49,41,33,25,17)(10,44,42,34,26,18)
(11,45,37,35,27,19)(12,46,38,30,28,20)
(13,47,39,31,23,21)(14,48,40,32,24,16)

5 196 | solvable | abelian 1,3

(2,38,5,20)(3,46,6,28)(4,12,7,30)(8,37,29,19)
(9,13,33,31)(10,24,34,48)(11,43,35,22)
(14,18,32,42)(15,45,36,27)(16,26,40,44)
(17,21,41,39)(23,49,47,25)
(1,46,20,12,30,38,28)(2,45,21,8,32,41,26)
(3,49,15,11,34,40,23)(4,48,19,9,31,42,22)
(5,44,17,14,29,39,27)(6,47,16,10,35,36,25)
(7,43,18,13,33,37,24)

6 392 | solvable | cyclic 1,35

(2,38,5,20)(3,46,6,28)(4,12,7,30)(8,37,29,19)
(9,13,33,31)(10,24,34,48)(11,43,35,22)
(14,18,32,42)(15,45,36,27)(16,26,40,44)
(17,21,41,39)(23,49,47,25)(1,19,17,6)
(2,37,18,32)(3,35,15,42)(4,45,16,43)
(5,27,20,12)(7,11,21,23)(8,9,24,25)
(10,36,22,31)(13,46,26,44)(14,34,28,40)
(29,48,38,47)(30,33,39,41)

7 392 | solvable | cyclic 1,35

(2,31,20,33,5,13,38,9)(3,39,28,41,6,21,46,17)
(4,47,30,49,7,23,12,25)(8,14,19,42,29,32,37,18)
(10,43,48,11,34,22,24,35)(15,16,27,44,36,40,
45,26)(1,39,13,47,23,31,21)(2,38,14,43,25,
34,19)(3,42,8,46,27,33,16)(4,41,12,44,24,
35,15)(5,37,10,49,22,32,20)(6,40,9,45,28,29,
18)(7,36,11,48,26,30,17)

8 588 | solvable | abelian 1,2,3,4,5

(1,46,20,12,30,38,28)(2,45,21,8,32,41,26)
(3,49,15,11,34,40,23)(4,48,19,9,31,42,22)
(5,44,17,14,29,39,27)(6,47,16,10,35,36,25)
(7,43,18,13,33,37,24)(2,12,3,20,4,28,5,
30,6,38,7,46)(8,11,15,19,22,27,29,35,36,37,
43,45)(9,23,17,31,25,39,33,47,41,13,49,21)
(10,40,18,48,26,14,34,16,42,24,44,32)

9 1176 | solvable | cyclic | 1,2,3,4,5,6,8

(2,38,5,20)(3,46,6,28)(4,12,7,30)(8,37,29,19)
(9,13,33,31)(10,24,34,48)(11,43,35,22) (14,
18,32,42)(15,45,36,27)(16,26,40,44)(17,21,
41,39)(23,49,47,25)(1,26,15,32,36,45,22,2,
29,21,43,41)(3,4,16,17,42,37,27,28,33,34,46,
47)(5,49,18,6,38,19,23,39,35,24,48,30)(7,13,
20,12,40,11,25,10,31,9,44,14)

10 1176 | solvable | cyclic | 1,2,3,4,5,7,8

(2,47,46,33,7,39,38,25,6,31,30,17,5,23,28,9,
4,21,20,49,3,13,12,41)(8,24,45,42,43,16,37,
34,36,14,35,26,29,48,27,18,22,40,19,10,15,
32,11,44)(1,35,45,37,19,27,11)(2,33,48,39,
15,28,10)(3,30,47,41,18,22,14)(4,29,49,38,
16,26,13)(5,34,46,36,21,24,9)(6,32,43,42,
17,23,12)(7,31,44,40,20,25,8)

(2,34,5,10)(3,42,6,18)(4,44,7,26)(8,17,29,
41)(9,22,33,43)(11,13,35,31)(12,40,30,16)
(14,46,32,28)(15,25,36,49)(19,21,37,39)
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11

392

solvable | cyclic

1,3

(20,48,38,24)(23,45,47,27)(1,31,38,43)
(2,36,39,3)(4,27,37,26)(5,12,41,20)
(6,49,40,35)(7,18,42,9)(8,23,17,25)
(10,19,15,13)(11,46,16,30)(14,29,21,45)
(22,47,24,34)(32,33,44,48)

12

784

solvable | cyclic

(2,34,5,10)(3,42,6,18)(4,44,7,26)(8,17,29,41)
(9,22,33,43)(11,13,35,31)(12,40,30,16)
(14,46,32,28)(15,25,36,49)(19,21,37,39)
(20,48,38,24)(23,45,47,27)(1,39,29,20,16,
33,37,6)(2,21,27,24,15,3,13,14)(4,23,44,11,
19,8,43,26)(5,47,17,42,18,46,7,31)(9,38,
45,30,22,35,49,36)(10,25,41,40,28,12,34,32)

13

1176

solvable | cyclic

(2,20,5,38)(3,28,6,46)(4,30,7,12)(8,19,
29,37)(9,31,33,13)(10,48,34,24)(11,22,
35,43)(14,42,32,18)(15,27,36,45)(16,44,
40,26)(17,39,41,21)(23,25,47,49)(1,5,28,
25,12,13,46,45,20,15,38,42)(2,43,23,21,
9,40,44,4,16,27,37,10)(3,11,22,48,14,17,
47,36,18,7,41,26)(6,31,24,29,8,35,49,
33,19,32,39,34)

Sylow subgroups

Order

Conjug.
classes

Nature | Normalizer

Normal
closure

Generators

16

49 nilpotent

48

784

(2,48,5,24)(3,14,6,32)(4,16,7,40)(8,21,29,39)
(9,11,33,35)(10,38,34,20)(12,44,30,26)
(13,22,31,43)(15,23,36,47)(17,19,41,37)
(18,46,42,28)(25,27,49,45)(2,31,20,33,5,13,
38,9)(3,39,28,41,6,21,46,17)(4,47,30,49,7,
23,12,25)(8,14,19,42,29,32,37,18)(10,43,48,
11,34,22,24,35)(15,16,27,44,36,40,45,26)

49 cyclic

48

147

(2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,26,42)
(11,27,37)(12,28,38)(13,23,39)(14,24,40)
(15,29,43)(16,32,48)(17,33,49)(18,34,44)
(19,35,45)(20,30,46)(21,31,47)

49

1 abelian

49

(1,35,45,37,19,27,11)(2,33,48,39,15,28,10)
(3,30,47,41,18,22,14)(4,29,49,38,16,26,13)
(5,34,46,36,21,24,9)(6,32,43,42,17,23,12)
(7,31,44,40,20,25,8)(1,36,8,43,22,29,15)
(2,37,9,44,23,30,16)(3,38,10,45,24,31,17)
(4,39,11,46,25,32,18)(5,40,12,47,26,33,19)
(6,41,13,48,27,34,20)(7,42,14,49,28,35,21)

23. Let G be a primitive group of degree 49 with 2 generators. We have |G| = 2352 = 2*x3x72.

Generators of G:

a; = (2,40,21,35,30,42,33,15,3,48,23,37,38,44,41,22 4,
14,31,45,46,10,49,29,5,16,39,11,12,18,9,36,6,24,47,
19,20,26,17,43,7,32,13,27,28,34,25,8) (order 48)

a = (1,8,22,15,36,43,29)(2,9,23,16,37,44,30)(3, 10,
24,17,38,45,31)(4,11,25,18,39,46,32)(5,12,26,19,40,
47,33)(6,13,27,20,41,48,34)(7,14,28,21,42,49,35) (order 7)

G is a solvable group. G acts transitively on the set of 49 elements {1, 2, ..., 49}. The center of
G is trivial. The derived subgroup D = [G, G] is an abelian group of order 49, generated by
{(1,30,46,38,20,28,12)(2,32,45,41,21,26,8)(3,34,49,40,15,23,11)(4,31,48,42,19,22,9)(5,29,44,39,
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17,27,14)(6,35,47,36,16,25,10)(7,33,43,37,18,24,13)(1,42,10,44,26,34,18)(2,40,13,46,22,35,17)(3,
37,12,48,25,29,21)(4,36,14,45,23,33,20)(5,41,11,43,28,31,16)(6,39,8,49,24,30,19)(7,38,9,47,27,

32,15)} and G/D = C3xCys.

Lower central Series
Level | Order | Nature | Quotient | Successive guotient
1 49 | abelian | cyclic C3xCyg

Derived Series
Level | Order | Nature | Quotient | Successive quotient

Serial | Order

1 49 | abelian | cyclic C3xCyq
2 1 trivial | solvable C/
Conjugacy classes of maximal subgroups
Nature Conjugacy Generators
classes

1176

(2,47,46,33,7,39,38,25,6,31,30,17,5,23,28,
9,4,21,20,49,3,13,12,41)(8,24,45,42,43,16,
37,34,36,14,35,26,29,48,27,18,22,40,19, 10,
solvable 1 15,32,11,44)(1,48,16,14,32,40,24)(2,49,18,
12,31,36,27)(3,43,20,9,35,39,26)(4,47,17,8,
34,37,28)(5,45,15,13,30,42,25)(6,44,21,11,
33,38,22)(7,46,19,10,29,41,23)

784

(2,24,31,35,20,10,33,43,5,48,13,11,38,34,9,22)
(3,32,39,37,28,18,41,8,6,14,21,19,46,42,17,29)
(4,40,47,45,30,26,49,15,7,16,23,27,12,44,25,36)
(1,2,4,3,6,7,5)(8,9,11,10,13,14,12)(15,16,18,17,
20,21,19)(22,23,25,24,27,28,26)(29,30,32,31,34,
35,33)(36,37,39,38,41,42,40)(43,44,46,45,48,49,47)

solvable 1

48

(2,40,21,35,30,42,33,15,3,48,23,37,38,44,41,22 4,
cyclic 49 14,31,45,46,10,49,29,5,16,39,11,12,18,9,36,6,24,
47,19,20,26,17,43,7,32,13,27,28,34,25,8)

Proper normal subgroups

Serial

Order | Nature | Quotient | Subgroups Generators

(1,24,40,32,14,16,48)(2,27,36,31,12,18,49)
(3,26,39,35,9,20,43)(4,28,37,34,8,17,47)

49 abelian | cyclic -- (5,25,42,30,13,15,45)(6,22,38,33,11,21,44)

(7,23,41,29,10,19,46)(1,47,21,13,31,39,23)
(2,43,19,14,34,38,25)(3,46,16,8,33,42,27)
(4,44,15,12,35,41,24)(5,49,20,10,32,37,22)
(6,45,18,9,29,40,28)(7,48,17,11,30,36,26)

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)
(12,30)(13,31)(14,32)(15,36)(16,40)(17,41)
(18,42)(19,37)(20,38)(21,39)(22,43)(23,47)
(24,48)(25,49)(26,44)(27,45)(28,46)
(1,24,40,32,14,16,48)(2,27,36,31,12,18,49)

98 | solvable | cyclic 1 (3,26,39,35,9,20,43)(4,28,37,34,8,17,47)

(5,25,42,30,13,15,45)(6,22,38,33,11,21,44)
(7,23,41,29,10,19,46)(1,47,21,13,31,39,23)
(2,43,19,14,34,38,25)(3,46,16,8,33,42,27)
(4,44,15,12,35,41,24)(5,49,20,10,32,37,22)
(6,45,18,9,29,40,28)(7,48,17,11,30,36,26)

(2,20,5,38)(3,28,6,46)(4,30,7,12)(8,19,29,37)
9,31,33,13)(10,48,34,24)(11,22,35,43)(14,42,
32,18)(15,27,36,45)(16,44,40,26)(17,39,41,21)
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196

solvable

cyclic

1,2

(23,25,47,49)(1,49,17,9,33,41,25)(2,47,20,11,
29,42,24)(3,44,19,13,32,36,28)(4,43,21,10,30,
40,27)(5,48,18,8,35,38,23)(6,46,15,14,31,37,
26)(7,45,16,12,34,39,22)

392

solvable

cyclic

1,23

(2,31,20,33,5,13,38,9)(3,39,28,41,6,21,46,17)
(4,47,30,49,7,23,12,25)(8,14,19,42,29,32,37,
18)(10,43,48,11,34,22,24,35)(15,16,27,44,36,
40,45,26)(1,30,46,38,20,28,12)(2,32,45,41,21,
26,8)(3,34,49,40,15,23,11)(4,31,48,42,19,22,9)
(5,29,44,39,17,27,14)(6,35,47,36,16,25,10)(7,
33,43,37,18,24,13)

784

solvable

cyclic

1,2,3,4

(1,27,42,5,6,20,11,16,25,7,48,24,28,35,8,30)
(2,41,47,31,36,40,26,14,23,49,38,19,46,45 3,
13)(4,34,29,43,10,44,17,32,22,21,18,39,12,37,
33,15)(1,35,46,18,49,29,3,24)(2,4,12,38,48,
45,40,11)(5,44,28,23,47,6,15,20)(7,41,30,8,
43,9,34,42)(10,14,19,22,39,36,26,21)(13,25,
31,16,37,17,32,27)

147

solvable

cyclic

(2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,26,42) (11,
27,37)(12,28,38)(13,23,39)(14,24,40)(15,29,
43)(16,32,48)(17,33,49)(18,34,44)(19,35,45)
(20,30,46)(21,31,47)(1,7,3,2,5,6,4)(8,14,10,
9,12,13,11)(15,21,17,16,19,20,18)(22,28,24,
23,26,27,25)(29,35,31,30,33,34,32)(36,42,38,
37,40,41,39)(43,49,45,44,47 48,46)(1,23,39,
31,13,21,47)(2,25,38,34,14,19,43)(3,27,42,
33,8,16,46)(4,24,41,35,12,15,44)(5,22,37,
32,10,20,49)(6,28,40,29,9,18,45)(7,26,36,
30,11,17,48)

294

solvable

cyclic

1,2,6

(2,7,6,5,4,3)(8,43,36,29,22,15)(9,49,41,33,
25,17)(10,44,42,34,26,18)(11,45,37,35,27,
19)(12,46,38,30,28,20)(13,47,39,31,23,21)
(14,48,40,32,24,16)(1,6,2,7,4,5,3)(8,13,9,
14,11,12,10)(15,20,16,21,18,19,17)(22,27,
23,28,25,26,24)(29,34,30,35,32,33,31)(36,
41,37,42,39,40,38)(43,48,44,49,46,47,45)
(1,21,31,23,47,13,39)(2,19,34,25,43,14,38)
(3,16,33,27,46,8,42)(4,15,35,24,44,12 41)
(5,20,32,22,49,10,37)(6,18,29,28,45,9,40)
(7,17,30,26,48,11,36)

588

solvable

cyclic

1,2,3,6,7

(2,30,3,38,4,46,5,12,6,20,7,28)(8,35,15,37,
22,45,29,11,36,19,43,27)(9,47,17,13,25,21,
33,23,41,31,49,39)(10,16,18,24,26,32,34,
40,42,48,44,14)(1,30,46,38,20,28,12)
(2,32,45,41,21,26,8)(3,34,49,40,15,23,11)
(4,31,48,42,19,22,9)(5,29,44,39,17,27,14)
(6,35,47,36,16,25,10)(7,33,43,37,18,24,13)

1176

solvable

cyclic

1,2,3,4,6,7,8

(2,47,46,33,7,39,38,25,6,31,30,17,5,23,28,
9,4,21,20,49,3,13,12,41)(8,24,45,42,43,16,
37,34,36,14,35,26,29,48,27,18,22,40,19,
10,15,32,11,44)(1,42,10,44,26,34,18)
(2,40,13,46,22,35,17)(3,37,12,48,25,29,21)
(4,36,14,45,23,33,20)(5,41,11,43,28,31,16)
(6,39,8,49,24,30,19)(7,38,9,47,27,32,15)
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Sylow subgroups

Order

Conjug.
classes

Nature

Normalizer

Normal
closure

generators

16

49

cyclic

48

784

(2,24,31,35,20,10,33,43,5,48,13,11,38,34,9,22)
(3,32,39,37,28,18,41,8,6,14,21,19,46,42,17,29)
(4,40,47,45,30,26,49,15,7,16,23,27,12,44,25,36)

49

cyclic

48

147

(2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,26,42)
(11,27,37)(12,28,38)(13,23,39)(14,24,40)
(15,29,43)(16,32,48)(17,33,49)(18,34,44)
(19,35,45)(20,30,46)(21,31,47)

49

abelian

49

(1,15,29,22,43,8,36)(2,16,30,23,44,9,37)
(3,17,31,24,45,10,38)(4,18,32,25,46,11,39)
(5,19,33,26,47,12,40)(6,20,34,27,48,13,41)
(7,21,35,28,49,14,42)(1,49,17,9,33,41,25)
(2,47,20,11,29,42,24)(3,44,19,13,32,36,28)
(4,43,21,10,30,40,27)(5,48,18,8,35,38,23)
(6,46,15,14,31,37,26)(7,45,16,12,34,39,22)

24. Let G be a primitive group of degree 49 with 3 generators. We have |G| = 2352 = 2*x3x77,

Generators of G:

a; = (2,33)(3,41)(4,49)(5,9)(6,17)(7,25)(10,48)(11,35)
(12,23)(13,38)(14,18)(16,26)(19,37)(20,31)(21,46)
(24,34)(27,45)(28,39)(30,47)(32,42)(40,44) (order 2)

a, = (2,21,30,33,3,23,38,41,4,31,46,49,5,39,12,9,6,47,
20,17,7,13,28,25)(8,40,35,42,15,48,37,44,22,14,45,10,
29,16,11,18,36,24,19,26,43,32,27,34) (order 24)

as = (1,8,22,15,36,43,29)(2,9,23,16,37,44,30)(3,10,24,
17,38,45,31)(4,11,25,18,39,46,32)(5,12,26,19,40,47,33)
(6,13,27,20,41,48,34)(7,14,28,21,42,49,35) (order 7)

This generating set is not minimal. There is a smaller generating set with 2 elements. G is a
solvable group. G acts transitively on the set of 49 elements {1, 2, ..., 49}. The center of G is

trivial.

The derived subgroup D = [G, G] is a solvable group of order 196, generated by
{(2,38,5,20)(3,46,6,28)(4,12,7,30)(8,37,29,19)(9,13,33,31)(10,24,34,48)(11,43,35,22)(14,18,32,
42)(15,45,36,27)(16,26,40,44)(17,21,41,39)(23,49,47,25)(1,19,35,27,45,11,37)(2,15,33,28,48,10,
39)(3,18,30,22,47,14,41)(4,16,29,26,49,13,38)(5,21,34,24,46,9,36)(6,17,32,23,43,12,42)(7,20,31,

25,44,8,40)} and G/D = C,°xCs.

Lower central Series

Serial

Order

Level | Order | Nature | Quotient | Successive quotient
1 196 | solvable | abelian C,°xCs
2 98 solvable | nilpotent C,
3 49 abelian | nilpotent C,

Derived Series

Level | Order | Nature | Quotient | Successive quotient
1 196 | solvable | abelian C,°xC4
2 49 abelian | nilpotent C,
3 1 trivial | solvable [

Conjugacy classes of maximal subgroups
Nature Conjugacy Generators
classes

(8,32)(9,31)(10,35)(11,34)(12,30)(13,33)(14,29)
(15,40)(16,36)(17,39)(18,37)(19,42)(20,38)(21,41)
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1176

solvable 1

(22,48)(23,49)(24,43)(25,47)(26,45)(27,44)(28,46)
(1,33,42,11,26,6,18,38,34,22,10,21)(2,7,37,40,23,
25,16,20,30,31,9,8)(3,24,36,15,28,35,19,12,32 4,
13,41)(5,43,39,49,27,47,17,46,29,48,14,45)

1176

solvable 1

(2,33)(3,41)(4,49)(5,9)(6,17)(7,25)(10,48)(11,35)
(12,23)(13,38)(14,18)(16,26)(19,37)(20,31)(21,46)
(24,34)(27,45)(28,39)(30,47)(32,42)(40,44)(1, 14,
4,17,2,27,7,29,3,39,6,44)(8,22,18,32,23,37,35,49,
38,10,48,20)(9,19,21,26,24,33,34,40,36,47,46,12)
(11,42,16,45,28,13,31,15,41,25,43,30)

1176

solvable 1

(1,6,2,7,4,5,3)(8,13,9,14,11,12,10)(15,20,16,21,18,
19,17)(22,27,23,28,25,26,24)(29,34,30,35,32,33,31)
(36,41,37,42,39,40,38)(43,48,44,49,46,47,45)(2,49,
28,31,7,41,20,23,6,33,12,21,5,25,46,13,4,17,38,47,
3,9,30,39)(8,10,27,14,43,44,19,48,36,42,11,40,29,
34,45,32,22,26,37,24,15,18,35,16)

784

solvable 1

(2,33)(3,41)(4,49)(5,9)(6,17)(7,25)(10,48)(11,35)
(12,23)(13,38)(14,18)(16,26)(19,37)(20,31)(21,46)
(24,34)(27,45)(28,39)(30,47)(32,42)(40,44)(1,19,
6,17,2,15,7,20,4,16,5,21,3,18)(8,23,13,28,9,25,14,
26,11,24,12,22,10,27)(29,41,34,37,30,42,35,39,
32,40,33,38,31,36)(43,46,48,47,44,45 49)

48

nilpotent 49

(8,32)(9,31)(10,35)(11,34)(12,30)(13,33)(14,29)
(15,40)(16,36)(17,39)(18,37)(19,42)(20,38)(21,41)
(22,48)(23,49)(24,43)(25,47)(26,45)(27,44)(28,46)
(2,49,6,33,4,17)(3,9,7,41,5,25)(8,22,36)(10,16,42,
48,26,32)(11,45,37,35,27,19)(12,39,38,23,28,13)
(14,34,40,18,24,44)(15,29,43)

Proper normal subgroups

Serial

Order

Nature

Quotient

Subgroups Generators

49

abelian

nilpotent

(1,3,5,4,7,2,6)(8,10,12,11,14,9,13)(15,17,19,
18,21,16,20)(22,24,26,25,28,23,27)(29,31,
33,32,35,30,34)(36,38,40,39,42,37,41)(43,

- 45,47,46,49,44,48)(1,15,29,22,43,8,36)(2,16,
30,23,44,9,37)(3,17,31,24,45,10,38)(4,18,32,
25,46,11,39)(5,19,33,26,47,12,40)(6,20,34,
27,48,13,41)(7,21,35,28,49,14,42)

147

solvable

nilpotent

(2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,26,42)
(11,27,37)(12,28,38)(13,23,39)(14,24,40)
(15,29,43)(16,32,48)(17,33,49)(18,34,44)
(19,35,45)(20,30,46)(21,31,47)(1,3,5,4,7,
2,6)(8,10,12,11,14,9,13)(15,17,19,18,21,
1 16,20)(22,24,26,25,28,23,27)(29,31,33,
32,35,30,34)(36,38,40,39,42,37,41) (43,
45,47,46,49,44.48)(1,15,29,22,43,8,36)
(2,16,30,23,44,9,37)(3,17,31,24,45,10,
38)(4,18,32,25,46,11,39)(5,19,33,26,47,
12,40)(6,20,34,27,48,13,41)(7,21,35,28,
49,14,42)

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)
(12,30)(13,31)(14,32)(15,36)(16,40)(17,41)
(18,42)(19,37)(20,38)(21,39)(22,43)(23,47)
(24,48)(25,49)(26,44)(27,45)(28,46)(1,15,
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29,22,43,8,36)(2,16,30,23,44,9,37)(3,17,

3 98 | solvable | nilpotent 1 31,24,45,10,38)(4,18,32,25,46,11,39) (5,19,
33,26,47,12,40)(6,20,34,27,48,13,41)(7,21,
35,28,49,14,42)(1,3,5,4,7,2,6)(8,10,12,11,
14,9,13)(15,17,19,18,21,16,20)(22,24,26,
25,28,23,27)(29,31,33,32,35,30,34)(36,38,
40,39,42,37 41)(43,45,47,46,49,44,48)

(1,15,29,22,43,8,36)(2,16,30,23,44,9,37)
(3,17,31,24,45,10,38)(4,18,32,25,46,11,39)
(5,19,33,26,47,12,40)(6,20,34,27,48,13,41)
(7,21,35,28,49,14,42)(1,3,5,4,7,2,6)(8,10,
12,11,14,9,13)(15,17,19,18,21,16,20)(22,
4 | 294 | solvable | nilpotent 123 24,26,25,28,23,27)(29,31,33,32,35,30,34)
(36,38,40,39,42,37,41)(43,45,47,46,49,44,
48)(2,7,6,5,4,3)(8,43,36,29,22,15)(9,49,41,
33,25,17)(10,44,42,34,26,18)(11,45,37,35,
27,19)(12,46,38,30,28,20)(13,47,39,31,23,
21)(14,48,40,32,24,16)

(2,20,5,38)(3,28,6,46)(4,30,7,12)(8,19,29,
37)(9,31,33,13)(10,48,34,24)(11,22,35,43)
(14,42,32,18)(15,27,36,45)(16,44,40,26)
(17,39,41,21)(23,25,47,49)(1,12,28,20,38,
5 | 196 |solvable | abelian 1,3 46,30)(2,8,26,21,41,45,32)(3,11,23,15,40,
49,34)(4,9,22,19,42,48,31)(5,14,27,17,39,
44,29)(6,10,25,16,36,47,35)(7,13,24,18,
37,43,33)

(1,12,28,20,38,46,30)(2,8,26,21,41,45,
32)(3,11,23,15,40,49,34)(4,9,22,19,42,
48,31)(5,14,27,17,39,44,29)(6,10,25,
6 | 588 |solvable | abelian | 12345 | 16,36,47,35)(7,13,24,18,37,43,33)(2,30,
3,38,4,46,5,12,6,20,7,28)(8,35,15,37,22,
45,29,11,36,19,43,27)(9,47,17,13,25,21,
33,23,41,31,49,39)(10,16,18,24,26,32,
34,40,42,48,44,14)

(2,31,20,33,5,13,38,9)(3,39,28,41,6,21,
46,17)(4,47,30,49,7,23,12,25)(8,14,19,
42,29,32,37,18)(10,43,48,11,34,22,24,
7 392 | solvable | cyclic 1,35 35)(15,16,27,44,36,40,45,26)(1,12,28,
20,38,46,30)(2,8,26,21,41,45,32)(3,11,
23,15,40,49,34)(4,9,22,19,42,48,31)(5,
14,27,17,39,44,29)(6,10,25,16,36,47,
35)(7,13,24,18,37,43,33)

(2,20,5,38)(3,28,6,46)(4,30,7,12)(8,19,
29,37)(9,31,33,13)(10,48,34,24)(11,22,
35,43)(14,42,32,18)(15,27,36,45)(16,44,
8 392 | solvable | cyclic 1,35 40,26)(17,39,41,21)(23,25,47,49)(1,12)
(2,8)(3,11)(4,9)(5,14)(6,10)(7,13)(15,49)
(16,47)(17,44)(18,43)(19,48)(20,46)
(21,45)(22,31)(23,34)(24,33)(25,35)
(26,32)(27,29)(28,30)

(1,12,28,20,38,46,30)(2,8,26,21,41,45,32)
(3,11,23,15,40,49,34)(4,9,22,19,42,48,31)
(5,14,27,17,39,44,29)(6,10,25,16,36,47,35)
9 | 1176 | solvable | cyclic | 1,2,3,4,5,6,7 | (7,13,24,18,37,43,33)(2,47,46,33,7,39,38,
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25,6,31,30,17,5,23,28,9,4,21,20,49,3,13,12,
41)(8,24,45,42,43,16,37,34,36,14,35,26,29,
48,27,18,22,40,19,10,15,32,11,44)

10

1176

solvable

cyclic

1,2,3,45,6,8

(2,20,5,38)(3,28,6,46)(4,30,7,12)(8,19,29,
37)(9,31,33,13)(10,48,34,24)(11,22,35,43)
(14,42,32,18)(15,27,36,45)(16,44,40,26)
(17,39,41,21)(23,25,47,49)(1,12,30,20,28,
38)(2,9,35,21,22,36)(3,14,33,15,27,37)(4,
10,32,19,25,41)(5,13,34,17,24,40)(6,8,31,
16,26,42)(7,11,29,18,23,39)(43,49,44) (45,
48,47)

11

392

solvable

cyclic

13

(2,33)(3,41)(4,49)(5,9)(6,17)(7,25)(10,48)
(11,35)(12,23)(13,38)(14,18)(16,26)(19,37)
(20,31)(21,46)(24,34)(27,45)(28,39)(30,47)
(32,42)(40,44)(1,11,32,6,48,33,40,44,16,38,
24,21,14,22)(2,26,31,9,49,3,36,35,18,43,27,
39,12,20)(4,17,34,28,47,8,37)(5,7,30,29,45,
46,42,41,15,19,25,23,13,10)

12

1176

solvable

cyclic

(2,13)(3,21)(4,23)(5,31)(6,39)(7,47)(8,19)
(9,38)(10,34)(11,43)(12,25)(15,27)(17,46)
(18,42)(20,33)(22,35)(26,44)(28,41)(29,37)
(30,49)(36,45)(1,40,2,27,7,10)(3,43,5,30,
6,21)(8,33,37,20,28,45)(9,41,42,24,22,12)
(11,25,39)(13,49,38,29,26,16)(14,17,36,
47,23,34)(15,19,44,48,35,31)(18,32,46)

13

784

solvable

cyclic

(2,13)(3,21)(4,23)(5,31)(6,39)(7,47)(8,19)
(9,38)(10,34)(11,43)(12,25)(15,27)(17,46)
(18,42)(20,33)(22,35)(26,44)(28,41)(29,37)
(30,49)(36,45)(1,10,2,13,4,14,3,12,6,8,7,9,
5,11)(15,46,16,45,18,48,17,49,20,47,21,43,
19,44)(22,29,23,30,25,32,24,31,27,34,28,35,
26,33)(36,41,37,42,39,40,38)

Sylow subgroups

p | Order

Conjug.
classes

Nature

Normalizer

Normal
closure

Generators

2| 16

49

nilpotent

48

784

(2,33)(3,41)(4,49)(5,9)(6,17)(7,25)(10,48)
(11,35)(12,23)(13,38)(14,18)(16,26)(19,37)
(20,31)(21,46)(24,34)(27,45)(28,39)(30,47)
(32,42)(40,44)(8,32)(9,31)(10,35)(11,34)
(12,30)(13,33)(14,29)(15,40)(16,36)(17,39)
(18,37)(19,42)(20,38)(21,41)(22,48)(23,49)
(24,43)(25,47)(26,45)(27,44)(28,46)

49

cyclic

48

147

(2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,26,42)
(11,27,37)(12,28,38)(13,23,39)(14,24,40)
(15,29,43)(16,32,48)(17,33,49)(18,34,44)
(19,35,45)(20,30,46)(21,31,47)

7| 49

abelian

49

(1,15,29,22,43,8,36)(2,16,30,23,44,9,37)
(3,17,31,24,45,10,38)(4,18,32,25,46,11,39)
(5,19,33,26,47,12,40)(6,20,34,27,48,13,41)
(7,21,35,28,49,14,42)(1,38,12,46,28,30,20)
(2,41,8,45,26,32,21)(3,40,11,49,23,34,15)
(4,42,9,48,22,31,19)(5,39,14,44,27,29,17)
(6,36,10,47,25,35,16)(7,37,13,43,24,33,18)
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Ice B. Risteski: A new mathematical model of cigarette combustion

25. Let G be a primitive group of degree 49 with 5 generators. We have |G| = 2352 = 2*x3x72,

Generators of G:

a. = (2,38,5,20)(3,46,6,28)(4,12,7,30)(8,37,29,19)(9,13,
33,31)(10,24,34,48)(11,43,35,22)(14,18,32,42) (15,45,
36,27)(16,26,40,44)(17,21,41,39)(23,49,47,25) (order 4)

az = (2,15,40)(3,22,48)(4,29,14)(5,36,16)(6,43,24)(7,8,
32)(9,25,41)(10,11,46)(12,18,19)(13,39,23)(17,33,49)
(20,26,27)(21,47,31)(28,34,35)(30,42,37)(38,44,45) (order 3)

as = (2,8,5,29)(3,15,6,36)(4,22,7,43)(9,12,33,30)(10, 19,
34,37)(11,26,35,44)(13,40,31,16)(14,47,32,23)(17,20,
41,38)(18,27,42,45)(21,48,39,24)(25,28,49,46) (order 4)

as = (2,21,5,39)(3,23,6,47)(4,31,7,13)(8,24,29,48) (9,44,
33,26)(10,41,34,17)(11,12,35,30)(14,15,32,36)(16,22,40,
43)(18,49,42,25)(19,20,37,38)(27,28,45,46) (order 4)

as = (1,8,22,15,36,43,29)(2,9,23,16,37,44,30)(3,10,24,
17,38,45,31)(4,11,25,18,39,46,32)(5,12,26,19,40,47,
33)(6,13,27,20,41,48,34)(7,14,28,21,42,49,35) (order 7)

This generating set is not minimal. There is a smaller generating set with 2 elements. G is a
solvable group. G acts transitively on the set of 49 elements {1, 2, ..., 49}. The center of G is

trivial.

The derived subgroup D = [G, G] is a solvable group of order 1176, generated by

{(2,8,5,29)(3,15,6,36)(4,22,7,43)(9,12,33,30)(10,19,34,37)(11,26,35,44)(13,40,31,16)(14,47,32,

23)(17,20,41,38)(18,27,42,45)(21,48,39,24)(25,28,49,46)(1,14,13)(2,25,5)(3,38,45)(4,19,30)(6,43,
42)(7,34,15)(8,21,48)(9,39,40)(10,31,24)(11,47,16)(12,23,32)(18,26,37)(20,36,28)(22,49,27)(29,

35,41)(33,44,46)} and G/D = C,.

Lower central Series

Level | Order | Nature | Quotient | Successive quotient
1 1176 | solvable | cyclic C,
Derived Series
Level | Order | Nature | Quotient | Successive guotient
1 1176 | solvable | cyclic C,
2 392 | solvable | dihedral Cs
3 98 | solvable | solvable C,°
4 49 abelian | solvable C,
5 1 trivial | solvable C/
Conjugacy classes of maximal subgroups
Serial | Order | Nature Conjugacy Generators
classes
(2,21,5,39)(3,23,6,47)(4,31,7,13)(8,24,29,48)(9,44,
33,26)(10,41,34,17)(11,12,35,30)(14,15,32,36)(16,
1 1176 | solvable 1 22,40,43)(18,49,42,25)(19,20,37,38)(27,28,45,46)
(1,22,21)(2,25,18)(3,26,17)(4,27,19)(5,28,16)(6,23,
15)(7,24,20)(8,33,47)(9,30,45)(10,35,48)(11,31,43)
(12,34,46)(13,29,44)(14,32,49)(36,38,39)(37,42,40)
(2,34,5,10)(3,42,6,18)(4,44,7,26)(8,17,29,41)(9,22,
33,43)(11,13,35,31)(12,40,30,16)(14,46,32,28)(15,
2 784 | solvable 3 25,36,49)(19,21,37,39)(20,48,38,24)(23,45,47,27)
(1,46,15,49)(2,39,19,35)(3,25,20,14)(4,18,21,7)(5,
32,16,42)(6,11,17,28)(8,45,22,48)(9,38,26,34)(10,
24,27,13)(12,31,23,41)(29,44,36,47)(30,37,40,33)
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588

solvable

(2,6,4)(3,7,5)(8,23,40)(9,28,37)(10,26,42)(11,25,38)
(12,27,41)(13,24,36)(14,22,39)(15,31,48)(16,29,47)
4 (17,30,45)(18,34,44)(19,33,46)(20,35,49)(21,32,43)
(1,43,30,9)(2,41,29,27)(3,28,35,38)(4,16,33,15)(5,
31,32,7)(6,11,34,47)(8,10,44,49)(12,26,46,39)(13,
42,48,24)(14,18,45,19)(17,36,21,23)(22,40,37,25)

48

solvable

(2,47,22)(3,13,29)(4,21,36)(5,23,43)(6,31,8)(7,39,
15)(9,45,10)(11,18,17)(12,28,38)(14,40,24)(16,48,
49 32)(19,26,25)(20,30,46)(27,34,33)(35,42,41) (37,44,
49)(2,41,48,37,5,17,24,19)(3,49,14,45,6,25,32,27)
(4,9,16,11,7,33,40,35)(8,34,21,20,29,10,39,38)(12,
22,44,31,30,43,26,13

Maximal normal subgroups

Serial

Order

Nature | Quotient

Generators

1176

solvable | cyclic

(2,21,5,39)(3,23,6,47)(4,31,7,13)(8,24,29,48)(9,44,33,26)
(10,41,34,17)(11,12,35,30)(14,15,32,36)(16,22,40,43)
(18,49,42,25)(19,20,37,38)(27,28,45,46)(1,22,21)
(2,25,18)(3,26,17)(4,27,19)(5,28,16)(6,23,15)
(7,24,20)(8,33,47)(9,30,45)(10,35,48)(11,31,43)

Sylow subgroups

Order

Conjug.
classes

Nature

Normalizer

Normal
closure

Generators

16

147

nilpotent

16

(2,29,5,8)(3,36,6,15)(4,43,7,22)(9,30,33,12)
(10,37,34,19)(11,44,35,26)(13,16,31,40)
(14,23,32,47)(17,38,41,20)(18,45,42,27)
(21,24,39,48)(25,46,49,28)(2,34,5,10)
(3,42,6,18)(4,44,7,26)(8,17,29,41)
(9,22,33,43)(11,13,35,31)(12,40,30,16)
(14,46,32,28)(15,25,36,49)(19,21,37,39)
(20,48,38,24)(23,45,47,27)

196

cyclic

12

1176

(2,4,6)(3,5,7)(8,40,23)(9,37,28)(10,42,26)
(11,38,25)(12,41,27)(13,36,24)(14,39,22)
(15,48,31)(16,47,29)(17,45,30)(18,44,34)
(19,46,33)(20,49,35)(21,43,32)

49

abelian

49

(1,6,2,7,4,5,3)(8,13,9,14,11,12,10)(15,20,
16,21,18,19,17)(22,27,23,28,25,26,24) (29,
34,30,35,32,33,31)(36,41,37,42,39,40,38)
(43,48,44,49,46,47,45)(1,15,29,22,43,8,36)
(2,16,30,23,44,9,37)(3,17,31,24,45,10,38)
(4,18,32,25,46,11,39)(5,19,33,26,47,12,40)
(6,20,34,27,48,13,41)(7,21,35,28,49,14,42)

26. Let G be a primitive group of degree 49 with 6 generators. We have |G| = 3528 = 2°x3?x72,

a: = (2,8)(3,15)(4,22)(5,29)(6,36)(7,43)(10,16)(11,23)
(12,30)(13,37)(14,44)(18,24)(19,31)(20,38)(21,45)
(26,32)(27,39)(28,46)(34,40)(35,47)(42,48) (order 2)

a, = (8,29)(9,30)(10,31)(11,32)(12,33)(13,34)(14,35)
(15,36)(16,37)(17,38)(18,39)(19,40)(20,41)(21,42)
(22,43)(23,44)(24,45)(25,46)(26,47)(27,48)(28,49) (order 2)

as = (2,5)(3,6)(4,7)(9,12)(10,13)(11,14)(16,19)(17,20)
(18,21)(23,26)(24,27)(25,28)(30,33)(31,34)(32,35)(37,40)
(38,41)(39,42)(44,47)(45,48)(46,49) (order 2)
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Generators of G:

a4 = (2,6,4)(3,7,5)(8,22,36)(9,27,39)(10,28,40)(11,23,41)
(12,24,42)(13,25,37)(14,26,38)(15,29,43)(16,34,46)
(17,35,47)(18,30,48)(19,31,49)(20,32,44)(21,33,45) (order 3)

as = (2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,26,42)(11,27,37)
(12,28,38)(13,23,39)(14,24,40)(15,29,43)(16,32,48)
(17,33,49)(18,34,44)(19,35,45)(20,30,46)(21,31,47) (order 3)

as = (1,8,22,15,36,43,29)(2,9,23,16,37,44,30)
(3,10,24,17,38,45,31)(4,11,25,18,39,46,32)
(5,12,26,19,40,47,33)(6,13,27,20,41,48,34)
(7,14,28,21,42,49,35) (order 7)

This generating set is not minimal. There is a smaller generating set with 2 elements. G is a
solvable group. G acts transitively on the set of 49 elements {1, 2, ..., 49}. The center of G is

trivial.

The derived subgroup D = [G, G] is a solvable group of order 294, generated by
{(1,42,10,44,26,34,18)(2,40,13,46,22,35,17)(3,37,12,48,25,29,21)(4,36,14,45,23,33,20)(5,41,11,
43,28,31,16)(6,39,8,49,24,30,19)(7,38,9,47,27,32,15)(2,7,6,5,4,3)(8,15,22,29,36,43)(9,21,27,33,
39,45)(10,16,28,34,40,46)(11,17,23,35,41,47)(12,18,24,30,42,48)(13,19,25,31,37,49)(14,20,26,32,

38,44)} and G/D = C,*xCs.

Lower central Series

Level

Order | Nature | Quotient | Successive quotient

294 | solvable | abelian C,°xCs

147 | solvable | nilpotent C,

Derived Series

Order | Nature | Quotient | Successive quotient

294 | solvable | abelian C,°xCs

49 abelian | solvable C,xCy

1 trivial | solvable C/

Conjugacy classes of maximal subgroups

Serial

Order

Nature

Conjugacy
classes

Generators

1764

solvable

(2,4,6)(3,5,7)(8,43,36,29,22,15)(9,46,41,30,25,20)
(10,47,42,31,26,21)(11,48,37,32,27,16)(12,49,38,
33,28,17)(13,44,39,34,23,18)(14,45,40,35,24,19)
(1,30,48,40,21,25,8,2,34,47,42,18,22,9,6,33,49,39,
15,23,13,5,35,46,36,16,27,12,7,32,43,37,20,26,14,
4,29,44.41,19,28,11)(3,31,45,38,17,24,10)

1764

solvable

(2,8)(3,15)(4,22)(5,29)(6,36)(7,43)(10,16)(11,23)
(12,30)(13,37)(14,44)(18,24)(19,31)(20,38)(21,45)
(26,32)(27,39)(28,46)(34,40)(35,47)(42,48)(1,21,
5,18,6,17)(2,16)(3,15,7,19,4,20)(8,28,12,25,13,24)
(9,23)(10,22,14,26,11,27)(29,42,33,39,34,38)(30,
37)(31,36,35,40,32,41)(43,49,47,46,48,45)

1764

solvable

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,28) (11,41,
23)(12,42,24)(13,37,25)(14,38,26)(15,43,29)(16,
46,34)(17,47,35)(18,48,30)(19,49,31)(20,44,32)
(21,45,33)(1,19,8,20,36,21,29,16,43,17,22,18)
(2,47,10,27,39,7,33,9,48,38,28,32)(3,26,11,6,40,
14,34,37,49,31,23,46)(4,5,12,13,41,42,35,30,44,
45,24,25)

(2,6,4)(3,7,5)(8,43,36,29,22,15)(9,48,39,30,27,18)
(10,49,40,31,28,19)(11,44,41,32,23,20)(12,45,42,

235



Tutun/Tobacco, Vol. 62, Ne 7-12,115-264, 2012

4 1176 | solvable

1

33,24,21)(13,46,37,34,25,16)(14,47,38,35,26,17)
(1,13,49,32,17,36,9,28,33,3,41,44,25,19)(2,27,47,
4,20,43,11,21,29,10,42,30,24,40)(5,6,48,46,18, 15,
8,14,35,31,38,37,23,26)(7,34,45,39,16,22,12)

5 1176 | solvable

(8,29)(9,30)(10,31)(11,32)(12,33)(13,34)(14,35)
(15,36)(16,37)(17,38)(18,39)(19,40)(20,41)(21,42)
(22,43)(23,44)(24,45)(25,46)(26,47)(27,48)(28,49)
(1,29,35,28,27,6)(2,8,32,21,26,41)(3,43,31,49,24,48)
(4,15,33,42,23,13)(5,36,30,14,25,20)(7,22,34)(9,11,
18,19,40,37)(10,46,17,47,38,44)(12,39,16)

6 72 solvable

49

(2,6,4)(3,7,5)(8,43,36,29,22,15)(9,48,39,30,27,18)
(10,49,40,31,28,19)(11,44,41,32,23,20)(12,45,42,
33,24,21)(13,46,37,34,25,16)(14,47,38,35,26,17)
(2,22,6,8,4,36)(3,29,7,15,5,43)(9,25,41)(10,32,42,
16,26,48)(11,39,37,23,27,13)(12,46,38,30,28,20)

(14,18,40,44,24)

Proper normal subgroups

Serial

Order | Nature

Quotient

Subgroups Generators

49 abelian

solvable

(1,5,7,6,3,4,2)(8,12,14,13,10,11,9)
(15,19,21,20,17,18,16)(22,26,28,
27,24,25,23)(29,33,35,34,31,32,
30)(36,40,42,41,38,39,37)(43,47,

- 49,48,45,46,44)(1,43,15,8,29,36,22)
(2,44,16,9,30,37,23)(3,45,17,10,31,
38,24)(4,46,18,11,32,39,25)(5,47,
19,12,33,40,26)(6,48,20,13,34,41,
27)(7,49,21,14,35,42,28)

147 | solvable

solvable

(2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,
26,42)(11,27,37)(12,28,38)(13,23,
39)(14,24,40)(15,29,43)(16,32,48)
(17,33,49)(18,34,44)(19,35,45)(20,
30,46)(21,31,47)(1,5,7,6,3,4,2)(8,
12,14,13,10,11,9)(15,19,21,20,17,
1 18,16)(22,26,28,27,24,25,23)(29,
33,35,34,31,32,30)(36,40,42,41,
38,39,37)(43,47,49,48,45,46,44)
(1,43,15,8,29,36,22)(2,44,16,9,30,
37,23)(3,45,17,10,31,38,24)(4,46,
18,11,32,39,25)(5,47,19,12,33,40,
26)(6,48,20,13,34,41,27)(7,49,21,
14,35,42,28)

98 solvable

solvable

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)
(11,35)(12,30)(13,31)(14,32)(15,36)
(16,40)(17,41)(18,42)(19,37)(20,38)
(21,39)(22,43)(23,47)(24,48)(25,49)
(26,44)(27,45)(28,46)(1,5,7,6,3,4,2)
(8,12,14,13,10,11,9)(15,19,21,20,17,
1 18,16)(22,26,28,27,24,25,23)(29,33,
35,34,31,32,30)(36,40,42,41,38,39,
37)(43,47,49,48,45,46,44)(1,43,15,
8,29,36,22)(2,44,16,9,30,37,23)(3,
45,17,10,31,38,24)(4,46,18,11,32,
39,25)(5,47,19,12,33,40,26)(6,48,
20,13,34,41,27)(7,49,21,14,35,42,28)
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4 | 204

solvable

dihedral

1,23

(1,11,27,19,37,45,35)(2,10,28,15,39,
48,33)(3,14,22,18,41,47,30)(4,13,26,
16,38,49,29)(5,9,24,21,36,46,34) (6,
12,23,17,42,43,32)(7,8,25,20,40,44,
31)(1,36,15,43,8,22)(2,42,20,47,11,24)
(3,37,21,48,12,25)(4,38,16,49,13,26)
(5,39,17,44,14,27)(6,40,18,45,9,28)
(7,41,19,46,10,23)(30,35,34,33,32,31)
(1,40,32)(2,38,34)(3,41,30)(4,36,33)
(5,39,29)(6,37,31)(7,42,35)(8,12,11)
(9,10,13)(15,26,46)(16,24,48)(17,27,
44)(18,22,47)(19,25,43)(20,23,45)
(21,28,49)

5 196

solvable

solvable

1,3

(1,15)(2,19)(3,20)(4,21)(5,16)(6,17)
(7,18)(8,22)(9,26)(10,27)(11,28)(12,
23)(13,24)(14,25)(29,36)(30,40)(31,
41)(32,42)(33,37)(34,38)(35,39) (44,
47)(45,48)(46,49)(1,26,36,33,8,19,
43,5,22,40,29,12,15,47)(2,28,37,35,
9,21,44,7,23,42,30,14,16,49)(3,24,
38,31,10,17,45)(4,27,39,34,11,20,
46,6,25,41,32,13,18,48)

6 588

solvable

dihedral

1,2,3,45

(1,3)(2,4)(5,6)(8,10)(9,11)(12,13)(15,
17)(16,18)(19,20)(22,24)(23,25)(26,27)
(29,31)(30,32)(33,34)(36,38)(37,39)(40,
41)(43,45)(44,46)(47,48)(1,11,44,7,10,
48)(2,14,45,6,8,46)(3,13,43,4,9,49) (5,
12,47)(15,32,37,21,31,41)(16,35,38,20,
29,39)(17,34,36,18,30,42)(19,33,40)
(22,25,23,28,24,27),(1,31,21,13,23,47)
(2,33,15,10,28,48)(3,35,20,9,26,43)
(4,32,18,11,25,46)(5,29,17,14,27,44)
(6,30,19,8,24,49)(7,34,16,12,22,45)
(36,38,42,41,37,40)

7 147

solvable

nilpotent

(2,4,6)(3,5,7)(8,36,22)(9,39,27) (10,40,
28)(11,41,23)(12,42,24)(13,37,25)(14,
38,26)(15,43,29)(16,46,34)(17,47,35)
(18,48,30)(19,49,31)(20,44,32)(21,45,
33)(1,47,21,13,31,39,23)(2,43,19,14,
34,38,25)(3,46,16,8,33,42,27) (4,44,
15,12,35,41,24)(5,49,20,10,32,37,22)
(6,45,18,9,29,40,28)(7,48,17,11,30,
36,26)

8 441

solvable

nilpotent

1,2,7

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,
28)(11,41,23)(12,42,24)(13,37,25)(14,
38,26)(15,43,29)(16,46,34)(17,47,35)
(18,48,30)(19,49,31)(20,44,32) (21,45,
33)(1,47,42,6,45,39,2,43,40,7,48,38,
4,44,36,5,49,41,3,46,37)(8,26,35,13,
24,32,9,22,33,14,27,31,11,23,29,12,
28,34,10,25,30)(15,19,21,20,17,18,16)

(2,7,6,5,4,3)(8,15,22,29,36,43)(9,21,27,
33,39,45)(10,16,28,34,40,46)(11,17,23,
35,41,47)(12,18,24,30,42,48)(13,19,25,
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294

solvable

abelian

1,3,7

31,37,49)(14,20,26,32,38,44)(1,47,21,
13,31,39,23)(2,43,19,14,34,38,25)(3,46,
16,8,33,42,27)(4,44,15,12,35,41,24)(5,
49,20,10,32,37,22)(6,45,18,9,29,40,28)
(7,48,17,11,30,36,26)

10

882

solvable

abelian

1,2,3,4,7,8,9

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,
28)(11,41,23)(12,42,24)(13,37,25)(14,
38,26)(15,43,29)(16,46,34)(17,47,35)
(18,48,30)(19,49,31)(20,44,32) (21,45,
33)(1,11,36,32,43,25)(2,9,37,30,44,23)
(3,12,38,33,45,26)(4,8,39,29,46,22) (5,
10,40,31,47,24)(6,14,41,35,48,28)(7,
13,42,34,49,27)(15,18)(17,19)(20,21)

11

588

solvable

cyclic

1,3,7,9

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,
28)(11,41,23)(12,42,24)(13,37,25)(14,
38,26)(15,43,29)(16,46,34)(17,47,35)
(18,48,30)(19,49,31)(20,44,32) (21,45,
33)(1,36,37,2)(3,29,42,44)(4,15,40,9)
(5,8,39,16)(6,22,41,23)(7,43,38,30)
(10,32,21,47)(11,18,19,12)(13,25,
20,26)(14,46,17,33)(24,34,28,48)
(31,35,49,45)

12

588

solvable

cyclic

1,3,5,7,9

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34) (11,
35)(12,30)(13,31)(14,32)(15,36)(16,
40)(17,41)(18,42)(19,37)(20,38)(21,
39)(22,43)(23,47)(24,48)(25,49)(26,
44)(27,45)(28,46)(1,47,34,22,40,20)
(2,44,30,23,37,16)(3,49,32,24,42,18)
(4,45,35,25,38,21)(5,48,29,26,41,15)
(6,43,33,27,36,19)(7,46,31,28,39,17)
(8,12,13)(10,14,11)

13

1764

solvable

cyclic

1,2,3,4,7,8,9,10,11

(2,4,6)(3,5,7)(8,36,22)(9,39,27)(10,40,
28)(11,41,23)(12,42,24)(13,37,25)(14,
38,26)(15,43,29)(16,46,34)(17,47,35)
(18,48,30)(19,49,31)(20,44,32)(21,45,
33)(1,36,39,25,23,16,21,35,31,10,13,
6)(2,15,42,32,24,9,20,7,29,38,11,27)
(3,8,41,4,22,37,18,28,30,17,14,34)
(5,43,40,46,26,44,19,49,33,45,12,48)

14

1764

solvable

cyclic

1,2,3,45,6,7,8,9,10,12

(2,7,6,5,4,3)(8,15,22,29,36,43)(9,21,27,
33,39,45)(10,16,28,34,40,46)(11,17,23,
35,41,47)(12,18,24,30,42,48)(13,19,25,
31,37,49)(14,20,26,32,38,44)(1,39,27,
19,30,10,7,36,25,20,33,9,3,42,22,18,34,
12,2,38,28,15,32,13,5,37,24,21,29,11,6,
40,23,17,35,8,4,41,26,16,31,14) (43,46,
48,47 ,44,45,49)

15

588

solvable

cyclic

1,3,7,9

(2,29)(3,36)(4,43)(5,8)(6,15)(7,22)(9,
33)(10,40)(11,47)(13,19)(14,26)(16,
34)(17,41)(18,48)(21,27)(23,35)(24,
42)(25,49)(31,37)(32,44)(39,45)(1,15,
21,35,31,24,23,44,47,12,13,41,39,4)
(2,43,19,14,34,38,25)(3,22,16,49,33,
10,27,37,46,5,8,20,42,32)(6,36,18,7,

238




Ice B. Risteski: A new mathematical model of cigarette combustion

29,17,28,30,45,26,9,48,40,11)

16

1764

solvable | cyclic

1,2,3,4,7,8,9,10

(2,29)(3,36)(4,43)(5,8)(6,15)(7,22)(9,
33)(10,40)(11,47)(13,19)(14,26)(16,
34)(17,41)(18,48)(21,27)(23,35)(24,
42)(25,49)(31,37)(32,44)(39,45)(1,29,
31,24,23,2)(3,22,30)(4,8,34,17,28,37)
(5,43,33,45,26,44)(6,15,35,38,25,9)(7,
36,32,10,27,16)(11,13,20,21,42,39)
(12,48,19,49,40,46)(14,41,18)

17

1176

solvable | cyclic

(2,6,4)(3,7,5)(8,43,36,29,22,15)(9,48,
39,30,27,18)(10,49,40,31,28,19)(11,
44,41,32,23,20)(12,45,42,33,24,21)
(13,46,37,34,25,16)(14,47,38,35,26,
17)(1,34,28,11,38,15,30,49,12,3,20,
23,46,40)(2,48,26,4,41,22,32,42,8,31,
21,9,45,19)(5,6,27,25,39,36,29,35,14,
10,17,16,44,47)(7,13,24,18,37,43,33)

Sylow subgroups

Order

Conjug.
classes

Nature

Normalizer

Normal
closure

Generators

147

nilpotent

24

1176

(2,8)(3,15)(4,22)(5,29)(6,36)(7,43)(10,16)
(11,23)(12,30)(13,37)(14,44)(18,24)(19,31)
(20,38)(21,45)(26,32)(27,39)(28,46)(34,40)
(35,47)(42,48)(8,29)(9,30)(10,31)(11,32)
(12,33)(13,34)(14,35)(15,36)(16,37)(17,38)
(18,39)(19,40)(20,41)(21,42)(22,43)(23,44)
(24,45)(25,46)(26,47)(27,48)(28,49)

49

abelian

72

441

(2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,26,42)
(11,27,37)(12,28,38)(13,23,39)(14,24,40)
(15,29,43)(16,32,48)(17,33,49)(18,34,44)
(19,35,45)(20,30,46)(21,31,47)(2,4,6)
(3,5,7)(8,36,22)(9,39,27)(10,40,28)(11,41,
23)(12,42,24)(13,37,25)(14,38,26)(15,43,
29)(16,46,34)(17,47,35)(18,48,30)(19,49,
31)(20,44,32)(21,45,33)

49

abelian

49

(1,22,36,29,8,15,43)(2,23,37,30,9,16,44)
(3,24,38,31,10,17,45)(4,25,39,32,11,18,46)
(5,26,40,33,12,19,47)(6,27,41,34,13,20,48)
(7,28,42,35,14,21,49)(1,32,48,40,16,24,14)
(2,31,49,36,18,27,12)(3,35,43,39,20,26,9)
(4,34,47,37,17,28,8)(5,30,45,42,15,25,13)
(6,33,44,38,21,22,11)(7,29,46,41,19,23,10)

27. Let G be a primitive group of degree 49 with 5 generators. We have |G| = 3528 = 2°x3?x77,

Generators of G:

a; = (2,15,40)(3,22,48)(4,29,14)(5,36,16)(6,43,24)(7,8,32)(9,25,41)
(10,11,46)(12,18,19)(13,39,23)(17,33,49)(20,26,27)(21,47,31)
(28,34,35)(30,42,37)(38,44,45) (order 3)

a, = (2,8,5,29)(3,15,6,36)(4,22,7,43)(9,12,33,30)(10,19,34,37)
(11,26,35,44)(13,40,31,16)(14,47,32,23)(17,20,41,38)
(18,27,42,45)(21,48,39,24)(25,28,49,46) (order 4)

as = (2,21,5,39)(3,23,6,47)(4,31,7,13)(8,24,29,48)(9,44,33,26)
(10,41,34,17)(11,12,35,30)(14,15,32,36)(16,22,40,43)
(18,49,42,25)(19,20,37,38)(27,28,45,46) (order 4)
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a, = (2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,26,42)(11,27,37)
(12,28,38)(13,23,39)(14,24,40)(15,29,43)(16,32,48)
(17,33,49)(18,34,44)(19,35,45)(20,30,46)(21,31,47) (order 3)
as = (1,8,22,15,36,43,29)(2,9,23,16,37,44,30)
(3,10,24,17,38,45,31)(4,11,25,18,39,46,32)
(5,12,26,19,40,47,33)(6,13,27,20,41,48,34)
(7,14,28,21,42,49,35) (order 7)

This generating set is not minimal. There is a smaller generating set with 2 elements. G is a
solvable group. G acts transitively on the set of 49 elements {1, 2, ..., 49}. The center of G is
trivial.

The derived subgroup D = [G, G] is a solvable group of order 392, generated by
{(2,24,5,48)(3,32,6,14)(4,40,7,16)(8,39,29,21)(9,35,33,11)(10,20,34,38)(12,26,30,44)(13,43,31,
22)(15,47,36,23)(17,37,41,19)(18,28,42,46)(25,45,49,27)(1,39,37,5)(2,13,36,20)(3,23,42,22) (4,
47,40,32)(6,31,41,49)(7,21,38,10)(8,26,16,25)(9,30,15,43)(11,17,19,14)(12,48,18,34)(24,46,28,

33)(29,35,44,45)} and G/D = C

Lower central Series
Level | Order | Nature | Quotient | Successive quotient
1 392 | solvable | abelian Cs’

Derived Series
Level | Order | Nature | Quotient | Successive quotient

1 392 | solvable | abelian Cs’
2 98 | solvable | solvable C,’
3 49 abelian | solvable C,
4 1 trivial | solvable Cc/*

Conjugacy classes of maximal subgroups

Conjugacy

Generators
classes

Serial | Order | Nature

(2,48,5,24)(3,14,6,32)(4,16,7,40)(8,21,29,39)(9,11,33,35)
(10,38,34,20)(12,44,30,26)(13,22,31,43)(15,23,36,47)

1 | 1176 | solvable 1 (17,19,41,37)(18,46,42,28)(25,27,49,45)(1,22,20,3,
24,15,5,26,17,4,25,19,7,28,18,2,23,21,6,27,16)(8,32,
43,10,35,45,12,30,47,11,34,46,14,29,49,9,31,44,13,
33,48)(36,37,39,38,41,42,40)

(2,39,5,21)(3,47,6,23)(4,13,7,31)(8,48,29,24)(9,26,33,44)
(10,17,34,41)(11,30,35,12)(14,36,32,15)(16,43,40,22)

2 | 1176 | solvable 1 (18,25,42,49)(19,38,37,20)(27,46,45,28)(1,8,4)(2,36,37)
(3,15,47)(5,43,17)(6,29,28)(7,22,34)(9,18,40)(10,25,48)
(11,32,14)(12,39,16)(13,46,24)(19,26,20)(21,33,35)(23,
27,41)(30,49,38)(31,42,44)

(2,29,5,8)(3,36,6,15)(4,43,7,22)(9,30,33,12)(10,37,34,19)
(11,44,35,26)(13,16,31,40)(14,23,32,47)(17,38,41,20)

3 | 1176 | solvable 1 (18,45,42,27)(21,24,39,48)(25,46,49,28)(1,33,39,12,
23,5,21,40,31,26,13,19)(2,22,42,18,24,30,20,14,29,
3,11,41)(4,44,37,49,28,45,17,48,34,43,8,46)(6,38,
36,27,25,15,16,32,35,9,10,7)

(2,8,5,29)(3,15,6,36)(4,22,7,43)(9,12,33,30)(10,19,34,37)
(11,26,35,44)(13,40,31,16)(14,47,32,23)(17,20,41,38)

4 | 1176 | solvable 1 (18,27,42,45)(21,48,39,24)(25,28,49,46)(1,22,26,9,16,
15,25,39,37,17,45,46,41,34,31,49,7,6,33,12,14) (2,21,
5,11,40,8,24,43,23,20,30,18,42,4,38,47,10,48,29,27,
35)(3,44,19,13,32,36,28)
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5 882

solvable

(1,43,20,16,44,6)(2,22,3,15,9,21)(4,29,39,19,37,33)
(5,8,35,18,23,38)(7,36,26,17,30,11)(10,42,12,28,31,
25)(13,14,49,27,24,45)(32,46,41,40,47,34)(1,43,26,
23,2,36,39,25,30,31,38,11,13,34,17,21,14,48,47,
19,7)(3,22,9,27,37,18,42,32,45,33,10,6,8,20,28,
16,49,40,46,5,29)(4,15,35,24,44,12,41)

solvable

49

(8,39,24)(9,38,27)(10,42,26)(11,41,28)(12,37,25)
(13,40,22)(14,36,23)(15,47,32)(16,43,31)(17,46,
35)(18,44,34)(19,49,30)(20,45,33)(21,48,29)(2,32,
13)(3,40,21)(4,48,23)(5,14,31)(6,16,39)(7,24,47)
(8,36,22)(9,18,20)(10,12,49)(11,27,37)(15,43,29)
(17,26,28)(19,35,45)(25,34,30)

Proper normal subgroups

Serial | Order

Nature

Quotient

Subgroups Generators

abelian

solvable

(1,3,5,4,7,2,6)(8,10,12,11,14,9,13)(15,17,19,
18,21,16,20)(22,24,26,25,28,23,27)(29,31,
33,32,35,30,34)(36,38,40,39,42,37,41)(43,
- 45,47,46,49,44,48)(1,15,29,22,43,8,36)(2,
16,30,23,44,9,37)(3,17,31,24,45,10,38) (4,
18,32,25,46,11,39)(5,19,33,26,47,12,40)
(6,20,34,27,48,13,41)(7,21,35,28,49,14,42)

2 147

solvable

solvable

(2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,26,42) (11,
27,37)(12,28,38)(13,23,39)(14,24,40)(15,29,
43)(16,32,48)(17,33,49)(18,34,44)(19,35,45)
(20,30,46)(21,31,47)(1,3,5,4,7,2,6)(8,10,12,
11,14,9,13)(15,17,19,18,21,16,20)(22,24,26,
1 25,28,23,27)(29,31,33,32,35,30,34)(36,38,40,
39,42,37,41)(43,45,47,46,49,44,48)(1,15,29,
22,43,8,36)(2,16,30,23,44,9,37)(3,17,31,24,
45,10,38)(4,18,32,25,46,11,39)(5,19,33,26,
47,12,40)(6,20,34,27,48,13,41)(7,21,35,28,
49,14,42)

solvable

solvable

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)(12,30)
(13,31)(14,32)(15,36)(16,40)(17,41)(18,42)
(19,37)(20,38)(21,39)(22,43)(23,47)(24,48)
(25,49)(26,44)(27,45)(28,46)(1,15,29,22,43,
8,36)(2,16,30,23,44,9,37)(3,17,31,24,45,10,
1 38)(4,18,32,25,46,11,39)(5,19,33,26,47,12,
40)(6,20,34,27,48,13,41)(7,21,35,28,49,14,
42)(1,3,5,4,7,2,6)(8,10,12,11,14,9,13)(15,
17,19,18,21,16,20)(22,24,26,25,28,23,27)
(29,31,33,32,35,30,34)(36,38,40,39,42,37,
41)(43,45,47,46,49,44,48)

4 294

solvable

solvable

(1,15,29,22,43,8,36)(2,16,30,23,44,9,37)(3,
17,31,24,45,10,38)(4,18,32,25,46,11,39)(5,
19,33,26,47,12,40)(6,20,34,27,48,13,41)(7,
21,35,28,49,14,42)(1,3,5,4,7,2,6)(8,10,12,
11,14,9,13)(15,17,19,18,21,16,20)(22,24,
123 | 26,2528,23,27)(29,31,33,32,35,30,34)(36,
38,40,39,42,37,41)(43,45,47,46,49,44,48)
(2,7,6,5,4,3)(8,43,36,29,22,15)(9,49,41,33,
25,17)(10,44,42,34,26,18)(11,45,37,35,27,
19)(12,46,38,30,28,20)(13,47,39,31,23,21)
(14,48,40,32,24,16)
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392

solvable

abelian

13

(2,29,5,8)(3,36,6,15)(4,43,7,22)(9,30,33,12)
(10,37,34,19)(11,44,35,26)(13,16,31,40)
(14,23,32,47)(17,38,41,20)(18,45,42,27)
(21,24,39,48)(25,46,49,28)(1,22,10,31)
(2,6,11,12)(3,21,8,49)(4,44,9,18)(5,38,13,
36)(7,33,14,27)(15,37,45,39)(16,28,46,35)
(17,47,43,20)(19,34,48,26)(23,29,32,24)
(25,41,30,40)

1176

solvable

cyclic

1,2,3,4,5

(2,29,5,8)(3,36,6,15)(4,43,7,22)(9,30,33,12)
(10,37,34,19)(11,44,35,26)(13,16,31,40)
(14,23,32,47)(17,38,41,20)(18,45,42,27)
(21,24,39,48)(25,46,49,28)(1,22,5,33,3,
38,2,44,4,11,7,21)(8,10,19,16,24,25,30,
35,39,36,49,47)(9,41,18,48,28,13,29,20,
40,27,45,34)(12,46,17,14,23,15,32,26,
42,31,43,37)

1176

solvable

cyclic

1,35

(2,24,5,48)(3,32,6,14)(4,40,7,16)(8,39,29,21)
(9,35,33,11)(10,20,34,38)(12,26,30,44) (13,43,
31,22)(15,47,36,23)(17,37,41,19)(18,28,42,46)
(25,45,49,27)(1,8,11,30,2,3,46,32,34,38,45,49,
20,41,40,28,21,15,12,26,23)(4,33,25,31,43,10,
48,37,6,42,18,35,19,24,47,22,13,36,9,7,16)
(5,27,39,29,14,17,44)

1176

solvable

cyclic

1,3,5

(2,21,5,39)(3,23,6,47)(4,31,7,13)(8,24,29,48)
(9,44,33,26)(10,41,34,17)(11,12,35,30)(14,15,
32,36)(16,22,40,43)(18,49,42,25)(19,20,37,38)
(27,28,45,46)(1,22,20,3,24,15,5,26,17,4,25,19,
7,28,18,2,23,21,6,27,16)(8,32,43,10,35,45,12,
30,47,11,34,46,14,29,49,9,31,44,13,33,48)(36,
37,39,38,41,42,40)

1176

solvable

cyclic

1,3,5

(2,39,5,21)(3,47,6,23)(4,13,7,31)(8,48,29,24)
(9,26,33,44)(10,17,34,41)(11,30,35,12) (14,36,
32,15)(16,43,40,22)(18,25,42,49)(19,38,37,
20)(27,46,45,28)(1,8,4)(2,36,37)(3,15,47)
(5,43,17)(6,29,28)(7,22,34)(9,18,40)(10,25,48)
(11,32,14)(12,39,16)(13,46,24)(19,26,20)(21,
33,35)(23,27,41)(30,49,38)(31,42,44)

Sylow subgroups

Ordre

Conjug.
classes

Nature

Normalizer

Normal
closure

Generators

49

nilpotent

(2,48,5,24)(3,14,6,32)(4,16,7,40)(8,21,29,39)
(9,11,33,35)(10,38,34,20)(12,44,30,26) (13,
22,31,43)(15,23,36,47)(17,19,41,37)(18,46,

392 | 42,28)(25,27,49,45)(2,29,5,8)(3,36,6,15)

(4,43,7,22)(9,30,33,12)(10,37,34,19)(11,
44,35,26)(13,16,31,40)(14,23,32,47)(17,
38,41,20)(18,45,42,27)(21,24,39,48) (25,
46,49,28)

196

abelian

18

(2,15,40)(3,22,48)(4,29,14)(5,36,16)(6,43,24)
(7,8,32)(9,25,41)(10,11,46)(12,18,19)(13,39,
23)(17,33,49)(20,26,27)(21,47,31)(28,34,35)
(30,42,37)(38,44,45)(2,29,24)(3,36,32) (4,43,
40)(5,8,48)(6,15,14)(7,22,16)(9,41,25)(10,27,
30)(11,20,42)(12,34,45)(17,49,33)(18,35,38)
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(19,28,44)(26,37,46)

(1,6,2,7,4,5,3)(8,13,9,14,11,12,10)(15,20, 16,
21,18,19,17)(22,27,23,28,25,26,24)(29,34,30,
35,32,33,31)(36,41,37,42,39,40,38)(43,48,44,
49 1 abelian G 49 | 49,46,47,45)(1,15,29,22,43,8,36)(2,16,30,23,
44,9,37)(3,17,31,24,45,10,38)(4,18,32,25,46,
11,39)(5,19,33,26,47,12,40)(6,20,34,27,48,
13,41)(7,21,35,28,49,14,42)

28. Let G be a primitive group of degree 49 with 3 generators. We have |G| = 4704 = 2°x3x7?,

a; = (2,33)(3,41)(4,49)(5,9)(6,17)(7,25)(10,48)(11,35)(12,23)
(13,38)(14,18)(16,26)(19,37)(20,31)(21,46)(24,34)(27,45)
(28,39)(30,47)(32,42)(40,44) (order 2)

a, = (2,40,21,35,30,42,33,15,3,48,23,37,38,44,41,22,4,14,31,
Generators of G: | 45,46,10,49,29,5,16,39,11,12,18,9,36,6,24,47,19,20,26,17,
43,7,32,13,27,28,34,25,8) (order 48)

az = (1,8,22,15,36,43,29)(2,9,23,16,37,44,30)(3,10,24,17,
38,45,31)(4,11,25,18,39,46,32)(5,12,26,19,40,47,33)(6,13,
27,20,41,48,34)(7,14,28,21,42,49,35) (order 7)

This generating set is not minimal. There is a smaller generating set with 2 elements. G is a
solvable group. G acts transitively on the set of 49 elements {1, 2, ..., 49}. The center of G is
trivial.

The derived subgroup D = [G, G] is a solvable group of order 392, generated by
{(2,33,38,31,5,9,20,13)(3,41,46,39,6,17,28,21)(4,49,12,47,7,25,30,23)(8,42,37,14,29,18,19,32)
(10,11,24,43,34,35,48,22)(15,44,45,16,36,26,27,40)(1,30,46,38,20,28,12)(2,32,45,41,21,26,8)
(3,34,49,40,15,23,11)(4,31,48,42,19,22,9)(5,29,44,39,17,27,14)(6,35,47,36,16,25,10)(7,33,43,

37,18,24,13)} and G/D = C,?xCs.

Lower central Series
Level | Order | Nature | Quotient | Successive quotient

1 392 | solvable | abelian C,°xCs
2 196 | solvable | nilpotent C,
3 98 | solvable | nilpotent C,
4 49 abelian | nilpotent C,

Derived Series
Level | Order | Nature | Quotient | Successive quotient

1 392 | solvable | abelian C,°xCs
2 49 abelian | nilpotent Cs
3 1 trivial | solvable C/

Conjugacy classes of maximal subgroups
Conjugacy
classes

Generators

(1,6,2,7,4,5,3)(8,13,9,14,11,12,10)(15,20,16,21,

18,19,17)(22,27,23,28,25,26,24)(29,34,30,35,32,
1 | 2352 | solvable 1 33,31)(36,41,37,42,39,40,38)(43,48,44,49,46 47,
45)(2,40,21,35,30,42,33,15,3,48,23,37,38,44,41,
22,4,14,31,45,46,10,49,29,5,16,39,11,12,18,9,36,
6,24,47,19,20,26,17,43,7,32,13,27,28,34,25,8)

(2,33)(3,41)(4,49)(5,9)(6,17)(7,25)(10,48)(11,35)
(12,23)(13,38)(14,18)(16,26)(19,37)(20,31)(21,46)
2 | 2352 | solvable 1 (24,34)(27,45)(28,39)(30,47)(32,42)(40,44)(1,46,
28,12,20,30)(2,48,25,8,19,35)(3,44,24,11,17,33)

Serial | Order | Nature
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(4,47,26,9,16,32)(5,43,23,14,18,34)(6,45,22,10,
21,31)(7,49,27,13,15,29)(36,41,42)(37,40,39)

(2,34,5,10)(3,42,6,18)(4,44,7,26)(8,17,29,41)(9,
22,33,43)(11,13,35,31)(12,40,30,16)(14,46,32,
28)(15,25,36,49)(19,21,37,39)(20,48,38,24) (23,

3 2352 | solvable 1 45,47,27)(1,23,40,43,46,8,41,25,28,18,37,14,12,
35,36,19,20,5,39,34,30,48,42,2)(3,21,49,27,45,
33,26,9,24,6,13,15,10,44,16,32,17,22,29,7,31,
11,4,47)
(2,24,31,35,20,10,33,43,5,48,13,11,38,34,9,22)
(3,32,39,37,28,18,41,8,6,14,21,19,46,42,17,29)

4 1568 | solvable 1 (4,40,47,45,30,26,49,15,7,16,23,27,12,44,25,36)
(1,6,2,7,4,5,3)(8,33,9,29,11,30,10,32,13,31,14,34,
12,35)(15,38,16,41,18,42,17,40,20,36,21,37,19,39)
(22,44,23,46,25,45,24,48,27,49,28,47,26,43)
(2,24,31,35,20,10,33,43,5,48,13,11,38,34,9,22)(3,
32,39,37,28,18,41,8,6,14,21,19,46,42,17,29)(4,40,

5 96 | nilpotent 49 47,45,30,26,49,15,7,16,23,27,12,44,25,36)(2,4,6)
(3,5,7)(8,48,36,32,22,16)(9,47,41,31,25,21)(10,45,
42,35,26,19)(11,44,37,34,27,18)(12,46,38,30,28,
20)(13,49,39,33,23,

Proper normal subgroups
Serial | Order | Nature | Quotient Subgroups Generators
(1,7,3,2,5,6,4)(8,14,10,9,12,13,11)(15,21,
17,16,19,20,18)(22,28,24,23,26,27,25)
(29,35,31,30,33,34,32)(36,42,38,37,40,
1 49 abelian | nilpotent - 41,39)(43,49,45,44,47,48,46)(1,12,28,20,
38,46,30)(2,8,26,21,41,45,32)(3,11,23,15,
40,49,34)(4,9,22,19,42,48,31)(5,14,27,17,
39,44,29)(6,10,25,16,36,47,35)(7,13,24,
18,37,43,33)
(2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,26,42)
(11,27,37)(12,28,38)(13,23,39)(14,24,40)
(15,29,43)(16,32,48)(17,33,49)(18,34,44)
(19,35,45)(20,30,46)(21,31,47)(1,12,28,
20,38,46,30)(2,8,26,21,41,45,32)(3,11,
2 147 | solvable | nilpotent 1 23,15,40,49,34)(4,9,22,19,42,48,31)(5,
14,27,17,39,44,29)(6,10,25,16,36,47,35)
(7,13,24,18,37,43,33)(1,7,3,2,5,6,4)(8,14,
10,9,12,13,11)(15,21,17,16,19,20,18)(22,
28,24,23,26,27,25)(29,35,31,30,33,34,32)
(36,42,38,37,40,41,39)(43,49,45,44,47,
48,46)
(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,35)
(12,30)(13,31)(14,32)(15,36)(16,40)(17,41)
(18,42)(19,37)(20,38)(21,39)(22,43)(23,47)
(24,48)(25,49)(26,44)(27,45)(28,46)(1,21,
31,23,47,13,39)(2,19,34,25,43,14,38)(3,16,
3 98 | solvable | nilpotent 1 33,27,46,8,42)(4,15,35,24,44,12,41)(5,20,

32,22,49,10,37)(6,18,29,28,45,9,40)(7,17,
30,26,48,11,36)(1,2,4,3,6,7,5)(8,9,11,10,
13,14,12)(15,16,18,17,20,21,19)(22,23,25,
24,27,28,26)(29,30,32,31,34,35,33)(36,37,
39,38,41,42,40)(43,44,46,45,48,49,47)
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294

solvable

nilpotent

1,2,3

(1,21,31,23,47,13,39)(2,19,34,25,43,14,38)
(3,16,33,27,46,8,42)(4,15,35,24,44,12 41)
(5,20,32,22,49,10,37)(6,18,29,28,45,9,40)
(7,17,30,26,48,11,36)(1,2,4,3,6,7,5)(8,9,
11,10,13,14,12)(15,16,18,17,20,21,19)
(22,23,25,24,27,28,26)(29,30,32,31,34,35,
33)(36,37,39,38,41,42,40)(43,44,46,45,48,
49,47)(2,7,6,5,4,3)(8,43,36,29,22,15)(9,49,
41,33,25,17)(10,44,42,34,26,18)(11,45,37,
35,27,19)(12,46,38,30,28,20)(13,47,39,31,
23,21)(14,48,40,32,24,16)

196

solvable

nilpotent

1,3

(2,38,5,20)(3,46,6,28)(4,12,7,30(8,37,29,
19)(9,13,33,31)(10,24,34,48)(11,43,35,22)
(14,18,32,42)(15,45,36,27)(16,26,40,44)
(17,21,41,39)(23,49,47,25)(1,2,4,3,6,7,5)
(8,9,11,10,13,14,12)(15,16,18,17,20,21,19)
(22,23,25,24,27,28,26)(29,30,32,31,34,35,
33)(36,37,39,38,41,42,40)(43,44,46,45,48,
49,47)

588

solvable

nilpotent

1,2,3,4,5

(1,46,20,12,30,38,28)(2,45,21,8,32,41,26)
(3,49,15,11,34,40,23)(4,48,19,9,31,42,22)
(5,44,17,14,29,39,27)(6,47,16,10,35,36,25)
(7,43,18,13,33,37,24)(2,12,3,20,4,28,5,30,
6,38,7,46)(8,11,15,19,22,27,29,35,36,37,
43,45)(9,23,17,31,25,39,33,47,41,13,49,
21)(10,40,18,48,26,14,34,16,42,24,44,32)

392

solvable

abelian

1,3,5

(2,31,20,33,5,13,38,9)(3,39,28,41,6,21,46,
17)(4,47,30,49,7,23,12,25)(8,14,19,42,29,
32,37,18)(10,43,48,11,34,22,24,35) (15,16,
27,44,36,40,45,26)(1,39,13,47,23,31,21)
(2,38,14,43,25,34,19)(3,42,8,46,27,33,16)
(4,41,12,44,24,35,15)(5,37,10,49,22,32,20)
(6,40,9,45,28,29,18)(7,36,11,48,26,30,17)

784

solvable

cyclic

1,3,5,7

(2,31,20,33,5,13,38,9)(3,39,28,41,6,21,46,
17)(4,47,30,49,7,23,12,25)(8,14,19,42,29,
32,37,18)(10,43,48,11,34,22,24,35) (15,16,
27,44,36,40,45,26)(1,37,42,6)(2,19,41,12)
(3,11,39,17)(4,27,38,23)(5,45,40,32)(7,35,
36,43)(8,33,21,47)(9,48,20,30)(10,15,18,
14)(13,28,16,22)(24,49,25,29)(31,34,46,44)

784

solvable

cyclic

1,3,5,7

(2,24,31,35,20,10,33,43,5,48,13,11,38,34,
9,22)(3,32,39,37,28,18,41,8,6,14,21,19,46,
42,17,29)(4,40,47,45,30,26,49,15,7,16,23,
27,12,44,25,36)(1,32,48,40,16,24,14)(2,31,
49,36,18,27,12)(3,35,43,39,20,26,9)(4,34,
47,37,17,28,8)(5,30,45,42,15,25,13) (6,33,
44,38,21,22,11)(7,29,46,41,19,23,10)

10

1176

solvable

abelian

1,2,3,4,5,6,7

(1,39,13,47,23,31,21)(2,38,14,43,25,34,19)
(3,42,8,46,27,33,16)(4,41,12,44,24,35,15)
(5,37,10,49,22,32,20)(6,40,9,45,28,29,18)
(7,36,11,48,26,30,17)(2,47,46,33,7,39,38,
25,6,31,30,17,5,23,28,9,4,21,20,49,3,13,
12,41)(8,24,45,42,43,16,37,34,36,14,35,
26,29,48,27,18,22,40,19,10,15,32,11,44)
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11

2352 | solvable | cyclic

1,2,3,4,5,6,7,8,10

(2,31,20,33,5,13,38,9)(3,39,28,41,6,21,46,
17)(4,47,30,49,7,23,12,25)(8,14,19,42,29,
32,37,18)(10,43,48,11,34,22,24,35)(15,16,
27,44,36,40,45,26)(1,33,36,13,22,7,15,37,
29,24,8,18)(2,39,38,26,25,20,19,35,34,9,
14,3)(4,28,40,16,27,31,21,11,30,5,10,41)
(6,48,42,49,23,44,17,45,32,46,12,47)

12

2352 | solvable | cyclic

1,2,3,4,5,6,7,9,10

(2,40,21,35,30,42,33,15,3,48,23,37,38,44,
41,22,4,14,31,45,46,10,49,29,5,16,39,11,
12,18,9,36,6,24,47,19,20,26,17,43,7,32,
13,27,28,34,25,8)(1,39,13,47,23,31,21)
(2,38,14,43,25,34,19)(3,42,8,46,27,33,
16)(4,41,12,44,24,35,15)(5,37,10,49,22,
32,20)(6,40,9,45,28,29,18)(7,36,11,48,26,
30,17)

13

784 | solvable | cyclic

1,3,5,7

(8,32)(9,31)(10,35)(11,34)(12,30)(13,33)
(14,29)(15,40)(16,36)(17,39)(18,37)(19,42)
(20,38)(21,41)(22,48)(23,49)(24,43)(25,47)
(26,45)(27,44)(28,46)(1,25,22,39,36,32,29,
11,8,18,15,46,43,4)(2,9,23,16,37,44,30)
(3,33,24,12,38,19,31,47,10,5,17,26,45,40)
(6,49,27,7,41,28,34,42,13,35,20,14,48,21)

14

1568 | solvable | cyclic

1,3,5,7,8,9,13

(8,32)(9,31)(10,35)(11,34)(12,30)(13,33)
(14,29)(15,40)(16,36)(17,39)(18,37)(19,42)
(20,38)(21,41)(22,48)(23,49)(24,43)(25,47)
(26,45)(27,44)(28,46)(1,34,7,28,26,39,21,
24.43,31,46,18,16,14,25,20)(2,8,30,10,45,
49,27,3,47,36,33,41,6,4,17,48)(5,37,11,15,
32,19,40,38,44,12,42,22,35,23,9,13)

15

2352 | solvable | cyclic

1,2,3,4,5,6,7,10

(2,31,20,33,5,13,38,9)(3,39,28,41,6,21,46,
17)(4,47,30,49,7,23,12,25)(8,14,19,42,29,
32,37,18)(10,43,48,11,34,22,24,35) (15,16,
27,44,36,40,45,26)(1,48,27,12,19,29)(2,47,
23,8,16,34)(3,45,25,11,21,35)(4,44,28,9,
17,30)(5,46,22,14,20,31)(6,49,26,10,15,32)
(7,43,24,13,18,33)(36,40,41)(38,42,39)

Sylow subgroups

Ordre Conjug.
classes

Nature

Normalizer

Normal
closure

Generators

32 49

nilpotent

96

1568

(8,32)(9,31)(10,35)(11,34)(12,30)(13,33)
(14,29)(15,40)(16,36)(17,39)(18,37)(19,42)
(20,38)(21,41)(22,48)(23,49)(24,43)(25,47)
(26,45)(27,44)(28,46)(2,24,31,35,20,10,33,
43,5,48,13,11,38,34,9,22)(3,32,39,37,28,18,
41,8,6,14,21,19,46,42,17,29)(4,40,47,45,30,
26,49,15,7,16,23,27,12,44,25,36)

cyclic

96

147

(2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,26,42)
(11,27,37)(12,28,38)(13,23,39)(14,24,40)
(15,29,43)(16,32,48)(17,33,49)(18,34,44)
(19,35,45)(20,30,46)(21,31,47)

(1,33,49,41,17,25,9)(2,29,47,42,20,24,11)
(3,32,44,36,19,28,13)(4,30,43,40,21,27,10)
(5,35,48,38,18,23,8)(6,31,46,37,15,26,14)
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49 1 abelian G 49 | (7,34,45,39,16,22,12)(1,43,15,8,29,36,22)
(2,44,16,9,30,37,23)(3,45,17,10,31,38,24)
(4,46,18,11,32,39,25)(5,47,19,12,33,40,26)
(6,48,20,13,34,41,27)(7,49,21,14,35,42,28)

29. Let G be a primitive group of degree 49 with 6 generators. We have |G| = 7056 = 2*x3?x72,

a; = (2,38,5,20)(3,46,6,28)(4,12,7,30)(8,37,29,19)(9,13,33,31)
(10,24,34,48)(11,43,35,22)(14,18,32,42)(15,45,36,27)(16,26,
40,44)(17,21,41,39)(23,49,47,25) (order 4)

a, = (2,15,40)(3,22,48)(4,29,14)(5,36,16)(6,43,24)(7,8,32)
(9,25,41)(10,11,46)(12,18,19)(13,39,23)(17,33,49)(20,26,
27)(21,47,31)(28,34,35)(30,42,37)(38,44,45) (order 3)

Generators of G:

as = (2,8,5,29)(3,15,6,36)(4,22,7,43)(9,12,33,30)(10,19,34,37)
(11,26,35,44)(13,40,31,16)(14,47,32,23)(17,20,41,38)(18,27,42,
45)(21,48,39,24)(25,28,49,46) (order 4)

a = (2,21,5,39)(3,23,6,47)(4,31,7,13)(8,24,29,48)(9,44,33,26)
(10,41,34,17)(11,12,35,30)(14,15,32,36)(16,22,40,43)(18,49,42,
25)(19,20,37,38)(27,28,45,46) (order 4)

as = (2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,26,42)(11,27,37)(12,28,
38)(13,23,39)(14,24,40)(15,29,43)(16,32,48)(17,33,49)(18,34,44)
(19,35,45)(20,30,46)(21,31,47) (order 3)

as = (1,8,22,15,36,43,29)(2,9,23,16,37,44,30)(3,10,24,17,38,45,
31)(4,11,25,18,39,46,32)(5,12,26,19,40,47,33)(6,13,27,20,41,48,
34)(7,14,28,21,42,49,35) (order 7)

This generating set is

not minimal. There is a smaller generating set with 2 elements. G is a

solvable group. G acts transitively on the set of 49 elements {1, 2, ..., 49}. The center of G is

trivial.

The derived subgroup D = [G, G] is a solvable group of order 1176, generated

{(2,8,5,29)(3,15,6,36)(4,22,7,43)(9,12,33,30)(10,19,34,37)(11,26,35,44)(13,40,31,16)(14,47,32,

23)(17,20,41,38)(18,27,42,45)(21,48,39,24)(25,28,49,46)(1,18,38)(2,40,21)(3,29,11)(4,45,22)
(5,28,44)(7,9,33)(8,46,10)(12,42,23)(13,27,41)(14,16,19)(15,25,24)(17,43,32)(20,34,48)(26,35,30)

(31,36,39)(37,47,49)} and G/D = C,xCs.

Lower central Series

by

Level | Order | Nature | Quotient | Successive quotient
1 1176 | solvable | cyclic C,xC5
Derived Series
Level | Order | Nature | Quotient | Successive quotient
1 1176 | solvable | cyclic C,xCs
2 392 | solvable | solvable Cs
3 98 | solvable | solvable C,’
4 49 abelian | solvable C,
5 1 trivial | solvable [
Conjugacy classes of maximal subgroups
Serial | Order | Nature Conjugacy Generators
classes
(2,16,3,24,4,32,5,40,6,48,7,14)(8,31,15,39,22,47,
29,13,36,21,43,23)(9,27,17,35,25,37,33,45,41,11,
1 3528 | solvable 1 49,19)(10,12,18,20,26,28,34,30,42,38,44,46)(1,33,
39,5,35,37,7,34,36,6,31,40,3,32,42,4,30,41,2,29,
38)(8,11,13,12,9,10,14)(15,44,23,19,43,22,21,47,
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26,20,49,28,17,48,27,18,45,24,16,46,25)

2352

solvable 1

(2,47,22)(3,13,29)(4,21,36)(5,23,43)(6,31,8)(7,39,
15)(9,45,10)(11,18,17)(12,28,38)(14,40,24)(16,48,
32)(19,26,25)(20,30,46)(27,34,33)(35,42,41)(37,
44,49)(1,2,42,25,31,32,28,37)(3,47,45,7,29,13 8,
35)(4,11,5,20,30,44,34,19)(6,24,15,40,33,36,17,
27)(9,18,43,22,46,16,10,38)(12,23,26,14,48,39,
41,49)

2352

solvable 3

(2,38,5,20)(3,46,6,28)(4,12,7,30)(8,37,29,19)
(9,13,33,31)(10,24,34,48)(11,43,35,22) (14,18,
32,42)(15,45,36,27)(16,26,40,44)(17,21,41,39)
(23,49,47,25)(1,38,18,13,44,29,42,4,10,16,34,
49)(2,31,21,6,45,15,41,46,8,37,32,14)(3,17,
20,48,43,36,39,11,9,30,35,7)(5,24,19,27,47,
22,40,25,12,23,33,28)

1764

solvable 4

(2,15,40)(3,22,48)(4,29,14)(5,36,16)(6,43,24)
(7,8,32)(9,25,41)(10,11,46)(12,18,19)(13,39,
23)(17,33,49)(20,26,27)(21,47,31)(28,34,35)
(30,42,37)(38,44,45)(1,19,47,3,31,44,23,32,
39,28,21,36)(2,42,46,15,35,5,22,45,40,30,17,
25)(4,48,49,34,29,27,26,41,38,20,16,6)(7.9,
43,11,33,14,24.8,37,12,18,10)

144

solvable 49

(2,40,15)(3,48,22)(4,14,29)(5,16,36)(6,24,43)
(7,32,8)(9,41,25)(10,46,11)(12,19,18)(13,23,
39)(17,49,33)(20,27,26)(21,31,47)(28,35,34)
(30,37,42)(38,45,44)(2,33,32,19,7,25,24,11,
6,17,16,45,5,9,14,37,4,49,48,35,3,41,40,27)
(8,26,47,38,43,18,39,30,36,10,31,28,29,44,
23,20,22,

Proper normal subgroups

Serial

Order

Nature

Quotient

Subgroups Generators

49

abelian

solvable

(1,3,5,4,7,2,6)(8,10,12,11,14,9,13)(15,17,
19,18,21,16,20)(22,24,26,25,28,23,27)
(29,31,33,32,35,30,34)(36,38,40,39,42,

- 37,41)(43,45,47,46,49,44,48)(1,15,29,

22,43,8,36)(2,16,30,23,44,9,37)(3,17,
31,24,45,10,38)(4,18,32,25,46,11,39)
(5,19,33,26,47,12,40)(6,20,34,27,48,

13,41)(7,21,35,28,49,14,42)

147

solvable

solvable

(2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,26,42)
(11,27,37)(12,28,38)(13,23,39)(14,24,40)
(15,29,43)(16,32,48)(17,33,49)(18,34,44)
(19,35,45)(20,30,46)(21,31,47)(1,3,5,4,7,
2,6)(8,10,12,11,14,9,13)(15,17,19,18,21,
1 16,20)(22,24,26,25,28,23,27)(29,31,33,
32,35,30,34)(36,38,40,39,42,37,41)
(43,45,47,46,49,44,48)(1,15,29,22,
43,8,36)(2,16,30,23,44,9,37)(3,17,31,
24,45,10,38)(4,18,32,25,46,11,39)
(5,19,33,26,47,12,40)(6,20,34,27,48,
13,41)(7,21,35,28,49,14,42)

(2,5)(3,6)(4,7)(8,29)(9,33)(10,34)(11,
35)(12,30)(13,31)(14,32)(15,36)(16,40)
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solvable

solvable

(17,41)(18,42)(19,37)(20,38)(21,39)(22,
43)(23,47)(24,48)(25,49)(26,44)(27,45)
(28,46)(1,15,29,22,43,8,36)(2,16,30,23,
44,9,37)(3,17,31,24,45,10,38)(4,18,32,
25,46,11,39)(5,19,33,26,47,12,40)(6,
20,34,27,48,13,41)(7,21,35,28,49,14,
42)(1,3,5,4,7,2,6)(8,10,12,11,14,
9,13)(15,17,19,18,21,16,20)(22,24,26,25,
28,23,27)(29,31,33,32,35,30,34)(36,38,40,
39,42,37,41)(43,45,47,46,49,44,48)

4 294

solvable

solvable

1,2,3

(1,15,29,22,43,8,36)(2,16,30,23,44,9,37)
(3,17,31,24,45,10,38)(4,18,32,25,46,11,
39)(5,19,33,26,47,12,40)(6,20,34,27,48,
13,41)(7,21,35,28,49,14,42)(1,3,5,4,7,
2,6)(8,10,12,11,14,9,13)(15,17,19,18,
21,16,20)(22,24,26,25,28,23,27)(29,
31,33,32,35,30,34)(36,38,40,39,42,37,
41)(43,45,47,46,49,44,48)(2,7,6,5,4,3)
(8,43,36,29,22,15)(9,49,41,33,25,17)
(10,44,42,34,26,18)(11,45,37,35,27,19)
(12,46,38,30,28,20)(13,47,39,31,23,
21)(14,48,40,32,24,16)

5 392

solvable

solvable

1,3

(2,29,5,8)(3,36,6,15)(4,43,7,22)(9,30,
33,12)(10,37,34,19)(11,44,35,26)(13,
16,31,40)(14,23,32,47)(17,38,41,20)
(18,45,42,27)(21,24,39,48)(25,46,49,28)
(1,22,10,31)(2,6,11,12)(3,21,8,49)
(4,44,9,18)(5,38,13,36)(7,33,14,27)
(15,37,45,39)(16,28,46,35)(17,47,43,20)
(19,34,48,26)(23,29,32,24)(25,41,30,40)

6 1176

solvable

dihedral

1,2,3,4,5

(2,29,5,8)(3,36,6,15)(4,43,7,22)(9,30,33,
12)(10,37,34,19)(11,44,35,26)(13,16,31,
40)(14,23,32,47)(17,38,41,20)(18,45,42,
27)(21,24,39,48)(25,46,49,28)(1,22,5,33,
3,38,2,44,4,11,7,21)(8,10,19,16,24,25,30,
35,39,36,49,47)(9,41,18,48,28,13,29,20,
40,27,45,34)(12,46,17,14,23,15,32,26,
42,31,43,37)

7 1176

solvable

cyclic

1,3,5

(2,21,5,39)(3,23,6,47)(4,31,7,13)(8,24,29,
48)(9,44,33,26)(10,41,34,17)(11,12,35,30)
(14,15,32,36)(16,22,40,43)(18,49,42,25)
(19,20,37,38)(27,28,45,46)(1,22,21)(2,25,
18)(3,26,17)(4,27,19)(5,28,16)(6,23,15)(7,
24,20)(8,33,47)(9,30,45)(10,35,48)(11,31,
43)(12,34,46)(13,29,44)(14,32,49)(36,38,39)
(37,42,40)

8 3528

solvable

cyclic

1,2,3,45,6,7

(2,4,6)(3,5,7)(8,40,23)(9,37,28)(10,42,26)
(11,38,25)(12,41,27)(13,36,24)(14,39,22)
(15,48,31)(16,47,29)(17,45,30)(18,44,34)
(19,46,33)(20,49,35)(21,43,32)(1,22,25,
14,21,15,24,38,42,16,44,45,40,33,30,48,
6,5,32,11,13)(2,49,18,12,31,36,27)(3,37,
46,9,47,29,26,34,7,20,4,10,39,8,23,43,
28,19,35,17,41)
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(2,32,13)(3,40,21)(4,48,23)(5,14,31)(6,
16,39)(7,24,47)(8,36,22)(9,18,20)(10,
12,49)(11,27,37)(15,43,29)(17,26,28)

9 2352 | solvable | cyclic 1,3,5,7 (19,35,45)(25,34,30)(33,42,38)(41,44,46)
(1,22,2,34,49,21,48,30)(3,7,12,36,46,43,
40,14)(4,16,18,5,45,27,24,47)(6,39,31,9,
44,10,32,41)(8,13,19,23,42,37,26,20)(11,
28,29,17,38,15,35,25)

Sylow subgroups

Conjug. Nature | Normalizer Normal

Ordre
classes closure

Generators

(2,8,5,29)(3,15,6,36)(4,22,7,43)(9,12,33,30)
(10,19,34,37)(11,26,35,44)(13,40,31,16)
(14,47,32,23)(17,20,41,38)(18,27,42,45)
2| 16 147 | nilpotent 48 2352 | (21,48,39,24)(25,28,49,46)(2,38,5,20)
(3,46,6,28)(4,12,7,30)(8,37,29,19)
(9,13,33,31)(10,24,34,48)(11,43,35,22)
(14,18,32,42)(15,45,36,27)(16,26,40,44)
(17,21,41,39)(23,49,47,25)

(2,4,6)(3,5,7)(8,22,36)(9,25,41)(10,26,42)
(11,27,37)(12,28,38)(13,23,39)(14,24,40)
(15,29,43)(16,32,48)(17,33,49)(18,34,44)
3| 9 196 | abelian 36 3528 | (19,35,45)(20,30,46)(21,31,47)(2,40,15)
(3,48,22)(4,14,29)(5,16,36)(6,24,43)

(7,32,8)(9,41,25)(10,46,11)(12,19,18)

(13,23,39)(17,49,33)(20,27,26)(21,31,47)
(28,35,34)(30,37,42)(38,45,44)

(1,8,22,15,36,43,29)(2,9,23,16,37,44,30)

(3,10,24,17,38,45,31)(4,11,25,18,39,46,32)
(5,12,26,19,40,47,33)(6,13,27,20,41,48,34)
7| 49 1 abelian G 49 | (7,14,28,21,42,49,35)(1,34,44,42,18,26,10)
(2,35,46,40,17,22,13)(3,29,48,37,21,25,12)
(4,33,45,36,20,23,14)(5,31,43,41,16,28,11)
(6,30,49,39,19,24,8)(7,32,47,38,15,27,9)

30. Let G be the primitive group 7% GL(2,7) ¢ 1. We have |G| =49 = 7% G is a cyclic group
generated by  (1,8,22,1536,4329),  (2,9,23,16,37,44,30),  (3,10,24,17,38,45,31),
(4,11,25,18,39,46,32), (5,12,26,19,40,47,33), (6,13,27,20,41,48,34), (7,14,28,21,42,49,35).

Non-trivial orbits of G: {1,8,22,15,36,43,29}, {2.9,23,16,37,44,30}, {3,10,24,17,38,45,31},
{4,11,25,18,39,46,32}, {5,12,26,19,40,47,33}, {6,13,27,20,41,48,34}, {7,14,28,21,42,49,35}.

31. Let G be the primitive group 7% GL(2,7) ¢ 2. We have |G| = 98 = 2x7%

a; = (8,29)(9,30)(10,31)(11,32)(12,33)(13,34)(14,35)(15,36)
(16,37)(17,38)(18,39)(19,40)(20,41)(21,42)(22,43)(23,44)
(24,45)(25,46)(26,47)(27,48)(28,49) (order 2)

Generators of G: [75,°=(1 8,22 15,36,43,29)(2,9,23,16,37,44,30)(3,10,24,17,
38,45,31)(4,11,25,18,39,46,32)(5,12,26,19,40,47,33)(6,13,
27,20,41,48,34)(7,14,28,21,42,49,35) (order 7)

G is a solvable group. Non-trivial orbits of G: {1,8,29,22,43,15,36}, {2,9,30,23,44,16,37},
{3,10,31,24,45,17,38%}, {4,11,32,25,46,18,39}, {5,12,33,26,47,19,40}, {6,13,34,27,48,20,41},
{7,14,35,28,49,21,42%}. The center of G is trivial.

The derived subgroup D = [G, G] is a cyclic group of order 7, generated by
{(1,43,15,8,29,36,22)(2,44,16,9,30,37,23)(3,45,17,10,31,38,24)(4,46,18,11,32,39,25)(5,47,19,12,

33,40,26)(6,48,20,13,34,41,27)(7,49,21,14,35,42,28)} and G/D = C,.
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Conjugacy classes of subgroups

Maximal
subgroup Generators
classes

Conjugacy

Serial | Order | Nature classes

1 1 trivial 1 --

(8,29)(9,30)(10,31)(11,32)(12,33)(13,34)(14,35)
2 2 | cyclic 7 1 (15,36)(16,37)(17,38)(18,39)(19,40)(20,41)
(21,42)(22,43)(23,44)(24,45)(25,46)(26,47)
(27,48)(28,49)

(1,8,22,15,36,43,29)(2,9,23,16,37,44,30)

3 7 | cyclic 1 1 (3,10,24,17,38,45,31)(4,11,25,18,39,46,32)
(5,12,26,19,40,47,33)(6,13,27,20,41,48,34)
(7,14,28,21,42,49,35)

(8,29)(9,30)(10,31)(11,32)(12,33)(13,34)
(14,35)(15,36)(16,37)(17,38)(18,39)(19,40)
(20,41)(21,42)(22,43)(23,44)(24,45)(25,46)
4 14 | dihedral 1 23 | (26,47)(27,48)(28,49)(1,8,22,15,36,43,29)
(2,9,23,16,37,44,30)(3,10,24,17,38,45,31)
(4,11,25,18,39,46,32)(5,12,26,19,40,47,33)
(6,13,27,20,41,48,34)(7,14,28,21,42,49,35)

Maximal normal subgroups

Serial | Order | Nature | Quotient Generators
(1,15,29,22,43,8,36)(2,16,30,23,44,9,37)

1 7 cyclic | cyclic | (3,17,31,24,45,10,38)(4,18,32,25,46,11,39)
(5,19,33,26,47,12,40)(6,20,34,27,48,13,41)

Sylow subgroups

Conjug. Nature | Normalizer Normal

Generators
classes closure

p | Ordre

(8,29)(9,30)(10,31)(11,32)(12,33)(13,34)

2| 2 7 cyclic 2 14 | (14,35)(15,36)(16,37)(17,38)(18,39)(19,40)
(20,41)(21,42)(22,43)(23,44)(24,45)(25,46)
(26,47)(27,48)(28,49)

(1,15,29,22,43,8,36)(2,16,30,23,44,9,37)

71 7 1 cyclic 14 7 | (3,17,31,24,45,10,38)(4,18,32,25,46,11,39)
(5,19,33,26,47,12,40)(6,20,34,27,48,13,41)
(7,21,35,28,49,14,42)

32. Let G be the primitive group 7% GL(2,7) ¢ 3. We have |G| = 147 = 3x7°,

a; = (8,22,36)(9,23,37)(10,24,38)(11,25,39)(12,26,40)(13,27,41)
(14,28,42)(15,29,43)(16,30,44)(17,31,45)(18,32,46)(19,33,47)
(20,34,48)(21,35,49) (order 3)

Generators of G 5 "='(1 822,15 36,43,29)(2,9,23,16,37,44,30)(3,10,24,17,38,45,31)
(4,11,25,18,39,46,32)(5,12,26,19,40,47,33)(6,13,27,20,41,48,34)
(7,14,28,21,42,49,35) (order 7)

G is a solvable group. Non-trivial orbits of G: {1,8,22,36,15,43,29}, {2,9,23,37,16,44,30},
{3,10,24,38,17,45,31}, {4,11,25,39,18,46,32}, {5,12,26,40,19,47,33}, {6,13,27,41,20,48,34},
{7,14,28,42,21,49,35}. The center of G is trivial.

The derived subgroup D = [G, G] is a cyclic group of order 7, generated by
{(1,8,22,15,36,43,29)(2,9,23,16,37,44,30)(3,10,24,17,38,45,31)(4,11,25,18,39,46,32)(5,12,26,19,

40,47,33)(6,13,27,20,41,48,34)(7,14,28,21,42,49,35)} and G/D = Ca.
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Conjugacy classes of subgroups

. Maximal
Serial | Order | Nature C(;?;gsgeicy subgroup Generators
classes
1 1 trivial 1 -- -
(8,22,36)(9,23,37)(10,24,38)(11,25,39)(12,26,
2 3 cyclic 7 1 40)(13,27,41)(14,28,42)(15,29,43)(16,30,44)
(17,31,45)(18,32,46)(19,33,47)(20,34,48)
(21,35,49)
(1,8,22,15,36,43,29)(2,9,23,16,37,44,30)(3,10,
3 7 cyclic 1 1 24,17,38,45,31)(4,11,25,18,39,46,32)(5,12,26,
19,40,47,33)(6,13,27,20,41,48,34)(7,14,28,21,
42,49,35)
(8,22,36)(9,23,37)(10,24,38)(11,25,39)(12,26,
40)(13,27,41)(14,28,42)(15,29,43)(16,30,44)
(17,31,45)(18,32,46)(19,33,47)(20,34,48)(21,
4 21 | solvable 1 2,3 35,49)(1,8,22,15,36,43,29)(2,9,23,16,37,44,30)
(3,10,24,17,38,45,31)(4,11,25,18,39,46,32)(5,
12,26,19,40,47,33)(6,13,27,20,41,48,34)(7,14,
28,21,42,49,35)
Maximal normal subgroups
Serial | Order | Nature | Quotient Generators
(1,29,43,36,15,22,8)(2,30,44,37,16,23,9)(3,31,
1 7 cyclic | cyclic | 45,38,17,24,10)(4,32,46,39,18,25,11)(5,33,47,
40,19,26,12)(6,34,48,41,20,27,13)
Sylow subgroups
p | Ordre Conjug. Nature | Normalizer Normal Generators
classes closure
(8,22,36)(9,23,37)(10,24,38)(11,25,39)
3 3 7 cyclic 3 21 (12,26,40)(13,27,41)(14,28,42)(15,29,
43)(16,30,44)(17,31,45)(18,32,46)(19,
33,47)(20,34,48)(21,35,49)
(1,29,43,36,15,22,8)(2,30,44,37,16,23,
7 7 1 cyclic 21 9)(3,31,45,38,17,24,10)(4,32,46,39,18,
25,11)(5,33,47,40,19,26,12)(6,34,48,41,
20,27,13)(7,35,49,42,21,28,14)

33. Let G be the primitive group 7% GL(2,7) ¢ 4. We have |G| = 294 = 2x3x7?,

Generators of G:

a. = (8,22,36)(9,23,37)(10,24,38)(11,25,39)(12,26,40)
(13,27,41)(14,28,42)(15,29,43)(16,30,44)(17,31,45)
(18,32,46)(19,33,47)(20,34,48)(21,35,49) (order 3)

a, = (8,15,22,29,36,43)(9,16,23,30,37,44)(10,17,24,
31,38,45)(11,18,25,32,39,46)(12,19,26,33,40,47)(13,
20,27,34,41,48)(14,21,28,35,42,49) (order 6)

as = (1,8,22,15,36,43,29)(2,9,23,16,37,44,30)(3,10,24,
17,38,45,31)(4,11,25,18,39,46,32)(5,12,26,19,40,47,33)
(6,13,27,20,41,48,34)(7,14,28,21,42,49,35) (order 7)

This generating set is not minimal. There is a smaller generating set with 2 elements. G is a

solvable group.

Non-trivial

orbits of G:

{1,8,22,15,36,29,43}, {2,9,23,16,37,30,44},

{3,10,24,17,38,31,45}, {4,11,25,18,39,32,46}, {5,12,26,19,40,33,47}, {6,13,27,20,41,34,48},
{7,14,28,21,42,35,49}. The center of G is trivial.
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The derived subgroup D = [G, G] is a cyclic group of order 7, generated by
{(1,8,22,15,36,43,29)(2,9,23,16,37,44,30)(3,10,24,17,38,45,31)(4,11,25,18,39,46,32)(5,12,26,19,

40,47,33)(6,13,27,20,41,48,34)(7,14,28,21,42,49,35)} and G/D = C,xCa.

Derived Series
Level | Order | Nature | Quotient | Successive guotient
1 7 cyclic cyclic C,xCs
2 1 trivial | solvable C;

Conjugacy classes of subgroups

. Maximal
Serial | Order | Nature C%?;:Seicy subgroup Generators
classes
1 1 trivial 1 -- -
(8,29)(9,30)(10,31)(11,32)(12,33)(13,34)(14,35)
2 2 cyclic 7 1 (15,36)(16,37)(17,38)(18,39)(19,40)(20,41)
(21,42)(22,43)(23,44)(24,45)(25,46)(26,47)
(27,48)(28,49)
(8,22,36)(9,23,37)(10,24,38)(11,25,39)(12,26,40)
3 3 cyclic 7 1 (13,27,41)(14,28,42)(15,29,43)(16,30,44)(17,31,

45)(18,32,46)(19,33,47)(20,34,48)(21,35,49)

(8,22,36)(9,23,37)(10,24,38)(11,25,39)(12,26,40)
(13,27,41)(14,28,42)(15,29,43)(16,30,44) (17,31,
45)(18,32,46)(19,33,47)(20,34,48)(21,35,49)

4 6 | cyclic 7 23 | (8,29)(9,30)(10,31)(11,32)(12,33)(13,34)(14,35)
(15,36)(16,37)(17,38)(18,39)(19,40)(20,41)(21,
42)(22,43)(23,44)(24,45)(25,46)(26,47)(27,48)
(28,49)

(1,8,22,15,36,43,29)(2,9,23,16,37,44,30)(3,10,24,
5 7 | cyclic 1 1 17,38,45,31)(4,11,25,18,39,46,32)(5,12,26,19,40,
47,33)(6,13,27,20,41,48,34)(7,14,28,21,42,49,35)

(8,29)(9,30)(10,31)(11,32)(12,33)(13,34)(14,35)
(15,36)(16,37)(17,38)(18,39)(19,40)(20,41)(21,
42)(22,43)(23,44)(24,45)(25,46)(26,47)(27,48)

6 14 | dihedral 1 25 | (2849)(1,8,22,15,36,43,29)(2,9,23,16,37,44,30)
(3,10,24,17,38,45,31)(4,11,25,18,39,46,32) (5,12,
26,19,40,47,33)(6,13,27,20,41,48,34)(7,14,28,
21,42,49,35)

(8,22,36)(9,23,37)(10,24,38)(11,25,39)(12,26,
40)(13,27,41)(14,28,42)(15,29,43)(16,30,44)
(17,31,45)(18,32,46)(19,33,47)(20,34,48)(21,
7 21 | solvable 1 - 35,49)(1,8,22,15,36,43,29)(2,9,23,16,37,44,
30)(3,10,24,17,38,45,31)(4,11,25,18,39,46,32)
(5,12,26,19,40,47,33)(6,13,27,20,41,48,34)
(7,14,28,21,42,49,35)

(8,43,36,29,22,15)(9,44,37,30,23,16)(10,45,
38,31,24,17)(11,46,39,32,25,18)(12,47,40,
33,26,19)(13,48,41,34,27,20)(14,49,42,35,
8 42 | solvable 1 - 28,21)(1,22,36,29,8,15,43)(2,23,37,30,9,
16,44)(3,24,38,31,10,17,45)(4,25,39,32,11,
18,46)(5,26,40,33,12,19,47)(6,27,41,34,13,
20,48)(7,28,42,35,14,21,49)
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Maximal normal subgroups
Serial | Order | Nature | Quotient Generators
(8,22,36)(9,23,37)(10,24,38)(11,25,39)(12,26,40)
(13,27,41)(14,28,42)(15,29,43)(16,30,44)(17,31,
1 21 | solvable | cyclic | 45)(18,32,46)(19,33,47)(20,34,48)(21,35,49)(1,29,
43,36,15,22,8)(2,30,44,37,16,23,9)(3,31,45,38,17,
24,10)(4,32,46,39,18,25,11)(5,33,47,40,19,26,12)
(6,34,48,41,20,27,13)(7,35,49,42,21,28,14)
(8,29)(9,30)(10,31)(11,32)(12,33)(13,34)(14,35)
(15,36)(16,37)(17,38)(18,39)(19,40)(20,41)(21,
2 14 | dihedral | cyclic | 42)(22,43)(23,44)(24,45)(25,46)(26,47)(27,48)
(28,49)(1,29,43,36,15,22,8)(2,30,44,37,16,23,9)
(3,31,45,38,17,24,10)(4,32,46,39,18,25,11)(5,33,
47,40,19,26,12)(6,34,48,41,20,27,13)

Sylow subgroups

p | Ordre Conjug. Nature | Normalizer Normal Generators

classes closure

(8,29)(9,30)(10,31)(11,32)(12,33)(13,34)
2| 2 7 cyclic 6 14 | (14,35)(15,36)(16,37)(17,38)(18,39)
(19,40)(20,41)(21,42)(22,43)(23,44)
(24,45)(25,46)(26,47)(27,48)(28,49)

(8,22,36)(9,23,37)(10,24,38)(11,25,39)

3| 3 7 cyclic 6 21 | (12,26,40)(13,27,41)(14,28,42)(15,29,43)
(16,30,44)(17,31,45)(18,32,46)(19,33,47)
(20,34,48)(21,35,49)

(1,22,36,29,8,15,43)(2,23,37,30,9,16,44)

71 7 1 cyclic 42 7 | (3,24,38,31,10,17,45)(4,25,39,32,11,18,46)
(5,26,40,33,12,19,47)(6,27,41,34,13,20,48)
(7,28,42,35,14,21,49)

34. Let G be the primitive group L2, 7% # 49.1. We have |G| = 56448 = 2'x3°x7°,

a; = (1,2,4)(3,7,5)(8,9,11)(10,14,12)(15,16,18)(17,21,19)
(22,23,25)(24,28,26)(29,30,32)(31,35,33)(36,37,39)
(38,42,40)(43,44,46)(45,49,47) (order 3)

a, =(1,8,22)(2,9,23)(3,10,24)(4,11,25)(5,12,26)(6,13,27)
(7,14,28)(15,43,29)(16,44,30)(17,45,31)(18,46,32)(19,47,33)
(20,48,34)(21,49,35) (order 3)

as = (1,4,7)(2,6,5)(8,11,14)(9,13,12)(15,18,21)(16,20,19)
Generators of G: | (22,25,28)(23,27,26)(29,32,35)(30,34,33)(36,39,42)(37,41,40)
(43,46,49)(44,48,47) (order 3)

as = (1,22,43)(2,23,44)(3,24,45)(4,25,46)(5,26,47)(6,27,48)
(7,28,49)(8,36,29)(9,37,30)(10,38,31)(11,39,32)(12,40,33)
(13,41,34)(14,42,35) (order 3)

as = (2,8)(3,15)(4,22)(5,29)(6,36)(7,43)(10,16)(11,23)(12,30)
(13,37)(14,44)(18,24)(19,31)(20,38)(21,45)(26,32)(27,39)
(28,46)(34,40)(35,47)(42,48) (order 2)

This generating set is not minimal. There is a smaller generating set with 2 elements. G acts
transitively on the set of 49 elements {1, 2, ..., 49}. The center of G is trivial.

The derived subgroup D =[G, G] is a perfect group of order 28224, generated by
{(1,24,20,44,4,26,21,43,3,27,16,46,5,28,15,45,6,23,18,47,7,22,17,48,2,25,19,49)(8,10,13,9,11,12,
14)(29,38,34,37,32,40,35,36,31,41,30,39,33,42)(1,35,18,24,43,42,11,3,29,21,25,45,36,14,4,31,15,
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28,46,38,8,7,32,17,22,49,39,10)(2,34,16,27,44,41,9,6,30,20,23,48,37,13)(5,33,19,26,47,40,12) }

and G/D = C,.

Maximal normal subgroups

Serial | Order | Nature | Quotient Generators

(1,5,2,7)(4,6)(8,47,23,14,43,26,9,49,22,12,44,28)
(10,45,24)(11,48,25,13,46,27)(15,40,30,21,36,33,

1 28224 | perfect | cyclic | 16,42,29,19,37,35)(17,38,31)(18,41,32,20,39,34),

(1,20,2,15,6,16)(3,21,5,17,7,19)(4,18)(8,13,9)(10,
14,12)(22,41,44,29,27,37,43,34,23,36,48,30)(24,

42,47,31,28,
Sylow subgroups
p | Order Conjug. Nature | Normalizer Normal Generators
classes closure

(40,47)(41,48)(42,49)(2,36)(3,43)

(45,49)

(4,15)(5,8)(6,29)(7,22)(9,40)(10,47)
2| 128 | 441 | nilpotent 128 G | (11,19)(13,33)(14,26)(16,39)(17,46)
(20,32)(21,25)(23,42)(24,49)(27,35)
(30,41)(31,48)(38,44)(2,6)(3,7)(9,13)
(10,14)(16,20)(17,21)(23,27)(24,28)
(30,34)(31,35)(37,41)(38,42)(44,48)

(8,15)(9,16)(10,17)(11,18)(12,19)(13,20)
(14,21)(36,43)(37,44)(38,45)(39,46)

(8,36,22)(9,37,23)(10,38,24)(11,39,25)
(12,40,26)(13,41,27)(14,42,28)(15,43,29)
(16,44,30)(17,45,31)(18,46,32)(19,47,33)

3| 9 784 | abelian 72 28224 | (20,48,34)(21,49,35)(2,4,7)(3,5,6)(9,11,

42)(38,40,41)(44,46,49)(45,47,48)

14)(10,12,13)(16,18,21)(17,19,20)(23,25,
28)(24,26,27)(30,32,35)(31,33,34) (37,39,

(1,6,3,2,5,7,4)(8,13,10,9,12,14,11)(15,20,
17,16,19,21,18)(22,27,24,23,26,28,25)
(29,34,31,30,33,35,32)(36,41,38,37,40,

71 49 64 abelian 882 28224 | 42,39)(43,48,45,44,47,49,46)(1,42,16,

(7,37,20,46,26,31,8)

48,25,33,10)(2,41,18,47,24,29,14)(3,36,
21,44,27,32,12)(4,40,17,43,28,30,13)(5,
38,15,49,23,34,11)(6,39,19,45,22,35,9)

35. Let G be the primitive group A7 on 1-sets*'. We have |G| = 12700800 = 2'x3x5°x7°,

Generators of G:

a = (1,2,3,4,5,6,7)(8,9,10,11,12,13,14)(15,16,17,18,19,20,21)
(22,23,24,25,26,27,28)(29,30,31,32,33,34,35)(36,37,38,39,40,
41,42)(43,44,45,46,47,48,49) (order 7)

a, = (1,8,15,22,29,36,43)(2,9,16,23,30,37,44)(3,10,17,24,31,
38,45)(4,11,18,25,32,39,46)(5,12,19,26,33,40,47)(6,13,20,
27,34,41,48)(7,14,21,28,35,42,49) (order 7)

as = (5,6,7)(12,13,14)(19,20,21)(26,27,28)(33,34,35)(40,41,42)
(47,48,49) (order 3)

as = (29,36,43)(30,37,44)(31,38,45)(32,39,46)(33,40,47)
(34,41,48)(35,42,49) (order 3)

as = (2,8)(3,15)(4,22)(5,29)(6,36)(7,43)(10,16)(11,23)(12,30)
(13,37)(14,44)(18,24)(19,31)(20,38)(21,45)(26,32)(27,39)
(28,46)(34,40)(35,47)(42,48) (order 2)
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This generating set is not minimal. There is a smaller generating set with 2 elements. G acts
transitively on the set of 49 elements {1, 2, ..., 49}. The center of G is trivial.

The derived subgroup D = [G, G] is a perfect group of order 6350400, generated by
{(1,11,47,21,2,8,46,19,7,9,43,18,5,14,44,15,4,12,49,16)(3,10,45,17)(6,13,48,20)(22,25,26,28,23)
(29,39,33,42,30,36,32,40,35,37)(31,38)(34,41)(1,28,43,35,36,14,15,7,22,49,29,42,8,21)(2,23,44,
30,37,9,16)(3,26,46,34,38,12,18,6,24,47,32,41,10,19,4,27,45,33,39,13,17,5,25,48,31,40,11,20) }
and G/D = C..

Derived Series
Level | Order | Nature | Quotient | Successive quotient
1 6350400 | perfect | cyclic C,

Maximal normal subgroups

Serial | Order | Nature | Quotient Generators
(1,46,34,23,12,42,17)(2,47,35,24,8,39,20)
(3,43,32,27,9,40,21)(4,48,30,26,14,38,15)
1 6350400 | perfect | cyclic | (5,49,31,22,11,41,16)(6,44,33,28,10,36,18)
(7,45,29,25,13,37,19)(1,49,12,22,7,47,8,28,
5,43,14,26)(2,45,11,23,3,46,9,24,4,44,10,25)
(6,48,13,27)(15,42,19,36,21,40)

Sylow subgroups

Conjug. Nature | Normalizer Normal

Generators
classes closure

p | Ordre

(15,22)(16,23)(17,24)(18,25)(19,26)
(20,27)(21,28)(36,43)(37,44)(38,45)
(39,46)(40,47)(41,48)(42,49), (8,29)
(9,30)(10,31)(11,32)(12,33)(13,34)
2 | 128 | 99225 | nilpotent 128 G | (14,35)(22,36)(23,37)(24,38)(25,39)
(26,40)(27,41)(28,42)(2,15)(3,8)
(4,43)(5,22)(6,29)(7,36)(9,17)(11,45)
(12,24)(13,31)(14,38)(18,44)(19,23)
(20,30)(21,37)(25,47)(27,33)(28,40)
(32,48)(35,41)(39,49)

(3,7,6)(10,14,13)(17,21,20)(24,28,27)
(31,35,34)(38,42,41)(45,49,48)(2,4,5)
(9,11,12)(16,18,19)(23,25,26)(30,32,
3| 81 | 4900 | abelian 2502 | 6350400 | 33)(37,39,40)(44,46,47), (22,43,36)
(23,44,37)(24,45,38)(25,46,39) (26,
47,40)(27,48,41)(28,49,42)(8,29,15)
(9,30,16)(10,31,17)(11,32,18)(12,33,
19)(13,34,20)(14,35,21)

(15,22,29,36,43)(16,23,30,37,44)
(17,24,31,38,45)(18,25,32,39,46)
(19,26,33,40,47)(20,27,34,41,48)
5| 25 | 15876 | abelian 800 6350400 | (21,28,35,42,49)(3,5,6,7,4)(10,
12,13,14,11)(17,19,20,21,18)(24,
26,27,28,25)(31,33,34,35,32)(38,
40,41,42,39)(45,47,48,49,46)

(1,5,7,4,6,2,3)(8,12,14,11,13,9,10)
(15,19,21,18,20,16,17)(22,26,28,
25,27,23,24)(29,33,35,32,34,30,31)
(36,40,42,39,41,37,38)(43,47,49,46,
7| 49 | 14400 | abelian 882 6350400 | 48,44,45)(1,23,39,33,45,20,14)(2,
25,40,31,48,21,8)(3,27,42,29,44,18,
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12)(4,26,38,34,49,15,9)(5,24,41,35,
43,16,11)(6,28,36,30,46,19,10)
(7,22,37,32,47,17,13)

36. Let G be the primitive group A7 on 1-sets*?. We have |G| = 25401600 = 28x3*x5°x 72,

Generators of G:

a: = (1,2,3,4,5,6,7)(8,9,10,11,12,13,14)(15,16,17,18,19,20,21)
(22,23,24,25,26,27,28)(29,30,31,32,33,34,35)(36,37,38,39,40,
41,42)(43,44,45,46,47,48,49) (order 7)

a2 = (1,8,15,22,29,36,43)(2,9,16,23,30,37,44)(3,10,17,24,31,
38,45)(4,11,18,25,32,39,46)(5,12,19,26,33,40,47)(6,13,20,
27,34,41,48)(7,14,21,28,35,42,49) (order 7)

az = (5,6,7)(12,13,14)(19,20,21)(26,27,28)(33,34,35)
(40,41,42)(47,48,49) (order 3)

as = (29,36,43)(30,37,44)(31,38,45)(32,39,46)(33,40,47)
(34,41,48)(35,42,49) (order 3)

as = (2,8)(3,15)(4,22)(5,29)(6,36)(7,43)(10,16)(11,23)(12,30)
(13,37)(14,44)(18,24)(19,31)(20,38)(21,45)(26,32)(27,39)
(28,46)(34,40)(35,47)(42,48) (order 2)

as = (6,7)(13,14)(20,21)(27,28)(34,35)(36,43)(37,44)(38,45)
(39,46)(40,47)(41,49)(42,48) (order 2)

This generating set is not minimal. There is a smaller generating set with 2 elements. G acts
transitively on the set of 49 elements {1, 2, ..., 49}. The center of G is trivial.

The derived subgroup D = [G, G] is a perfect group of order 6350400, generated by
{(1,27,46,19,29,41,11,5,22,48,18,33,36,13,4,26,43,20,32,40,8,6,25,47,15,34,39,12)(2,24,44,17,30,
38,9,3,23,45,16,31,37,10)(7,28,49,21,35,42,14)(1,33,41,7,31,36,5,34,42,3,29,40,6,35,38)(2,30,37)
(4,32,39)(8,19,27,14,17,22,12,20,28,10,15,26,13,21,24)(9,16,23)(11,18,25)(43,47,48,49,45)} and
G/D = ng.

Maximal normal subgroups

Serial

Order

Nature

Quotient

Generators

12700800

cyclic

(1,8,13,48,46,4)(2,36,9,41,44,39)(3,15,14,34,47,25)
(5,22,10,20,49,32)(6,43,11)(7,29,12,27,45,18)
(16,42,30,40,23,38)(17,21,35,33,26,24)(19,28,31)
(1,10,40,23,15,14,33,27)(2,17,42,30,20,7,31,41)
(3,38,37,16,21,35,34,6)(4,45,39,44,18,49,32,48)
(5,24,36,9,19,28,29,13)(8,12,26,22)(11,47,25,43)

12700800

cyclic

(1,25,12,21,30,6,22,11,19,35,2,27,8,18,33,7,23,13,
15,32,5,28,9,20,29,4,26,14,16,34)(3,24,10,17,31)
(36,46,40,49,37,48)(38,45)(39,47,42,44,41,43)
(1,46,31,9,40,22,18,3,44,33,8,39,24,16,5,43,32,
10,37,26,15,4,45,30,12,36,25,17,2,47,29,11,38,
23,19)(6,48,34,13,41,27,20)(7,49,35,14,42,28,21)

12700800

cyclic

(1,14,43,21)(2,9,44,16)(3,10,45,17)(4,12,46,19)
(5,11,47,18)(6,13,48,20)(7,8,49,15)(22,35)
(23,30)(24,31)(25,33)(26,32)(27,34)(28,29)
(36,42)(39,40)(1,38,32,26)(2,17,30,19)(3,31,33,5)
(4,24,29,40)(6,10,34,12)(7,45,35,47)(8,41,11,27)
(9,20)(14,48)

Sylow subgroups

Order

Conjug.
classes

Nature

Normalizer

Normal

Generators
closure

(6,7)(13,14)(20,21)(22,43)(23,44)(24,45)
(25,46)(26,47)(27,49)(28,48)(34,35)(41,42)
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256

99225

nilpotent

256

(8,43)(9,44)(10,45)(11,46)(12,47)(13,48)
(14,49)(22,36)(23,37)(24,38)(25,39)(26,40)
(27,41)(28,42),
(15,29)(16,30)(17,31)(18,32)
(19,33)(20,34)(21,35)(22,43)(23,44)(24,45)
(25,46)(26,47)(27,48)(28,49)(2,8)(3,36)
(4,15)(5,29)(6,22)(7,43)(10,37)(11,16)
(12,30)(13,23)(14,44)(17,39)(19,32)(20,25)
(21,46)(24,41)(26,34)(28,48)(31,40)
(35,47)(42,45)

81

4900

abelian

5184

6350400

(3,4,6)(10,11,13)(17,18,20)(24,25,27)
(31,32,34)(38,39,41)(45,46,48)(8,29,43)
(9,30,44)(10,31,45)(11,32,46)(12,33,47)
(13,34,48)(14,35,49), (2,5,7)(8,43,29)
(9,47,35)(10,45,31)(11,46,32)(12,49,
30)(13,48,34)(14,44,33)(16,19,21)
(23,26,28)(37,40,42), (15,36,22)(16,
37,23)(17,38,24)(18,39,25)(19,40,26)
(20,41,27)(21,42,28)

25

15876

abelian

1600

6350400

(15,43,29,36,22)(16,44,30,37,23) (17,45,
31,38,24)(18,46,32,39,25)(19,47,33,40,
26)(20,48,34,41,27)(21,49,35,42,28)
(3,4,6,7,5)(10,11,13,14,12)(17,18,20,
21,19)(24,25,27,28,26)(31,32,34,35,33)
(38,39,41,42,40)(45,46,48,49,47)

49

14400

abelian

1764

6350400

(1,6,2,5,3,4,7)(8,13,9,12,10,11,14)(15,20,
16,19,17,18,21)(22,27,23,26,24,25,28)(29,
34,30,33,31,32,35)(36,41,37,40,38,39,42)
(43,48,44,47 45,46,49)(1,49,32,17,26,37,
13)(2,48,29,21,25,38,12)(3,47,30,20,22,42,
11)(4,45,33,16,27,36,14)(5,44,34,15,28,39,
10)(6,43,35,18,24,40,9)(7,46,31,19,23,41,8)

37. Let G be the primitive group A7 on 1-sets**. We have |G| = 25401600 = 2°x3*x5?x7?,

Generators of G:

a: = (1,2,3,4,5,6,7)(8,9,10,11,12,13,14)(15,16,17,18,19,20,21)
(22,23,24,25,26,27,28)(29,30,31,32,33,34,35)(36,37,38,39,40,
41,42)(43,44,45,46,47,48,49) (order 7)

a, = (1,8,15,22,29,36,43)(2,9,16,23,30,37,44)(3,10,17,24,31,
38,45)(4,11,18,25,32,39,46)(5,12,19,26,33,40,47)(6,13,20,
27,34,41,48)(7,14,21,28,35,42,49) (order 7)

as = (5,6,7)(12,13,14)(19,20,21)(26,27,28)(33,34,35)
(40,41,42)(47,48,49) (order 3)

as = (29,36,43)(30,37,44)(31,38,45)(32,39,46)(33,40,47)
(34,41,48)(35,42,49) (order 3)

as = (2,8)(3,15)(4,22)(5,29)(6,36,7,43)(10,16)(11,23)(12,30)
(13,37,14,44)(18,24)(19,31)(20,38,21,45)(26,32)(27,39,28,46)
(34,40,35,47)(41,42,49,48) (order 4)

as = (6,7)(13,14)(20,21)(27,28)(34,35)(36,43)(37,44)(38,45)
(39,46)(40,47)(41,49)(42,48) (order 2)

This generating set is not minimal. There is a smaller generating set with 2 elements. G acts
transitively on the set of 49 elements {1, 2, ..., 49}. The center of G is trivial.

The derived subgroup D = [G, G] is a perfect group of order 6350400, generated by
{(1,28,18,33,36,49,11,5,22,21,32,40,43,14,4,26,15,35,39,47,8,7,25,19,29,42,46,12)(2,24,16,31,37,
45,9,3,23,17,30,38,44,10)(6,27,20,34,41,48,13)(1,33,28,48,3,29,26,49,6,31,22,47,7,34,24,43,5,35,
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27,45)(2,30,23,44)(4,32,25,46)(8,19,14,20,10,15,12,21,13,17)(9,16)(11,18)(36,40,42,41,38)}

G/D = C,.

and

Derived Series

Level

Order

Nature

Quotient

Successive quotient

1 6350400

perfect

cyclic

C4

Maximal normal subgroups

Serial

Order

Nature

Quotient

Generators

1 12700800

cyclic

(1,12,32,17)(2,14,30,21)(3,8,33,18)(4,10,29,19)
(5,11,31,15)(6,13,34,20)(7,9,35,16)(22,47,25,45)
(23,49)(24,43,26,46)(27,48)(28,44)(36,40,39,38)
(37,42)(1,16,11,5,17,13)(2,18,12,3,20,8)(4,19,
10,6,15,9)(7,21,14)(22,44,39,33,24,48,36,30,25,
47,38,34)

Sy

ow subgroups

Conjug.

Order
classes

Nature

Normalizer

Normal
closure

Generators

256 | 99225

nilpotent

256

(4,5)(11,12)(15,22,36,43)(16,23,37,44)
(17,24,38,45)(18,26,39,47)(19,25,40,46)
(20,27,41,48)(21,28,42,49)(32,33)(2,8,
6,29)(3,15)(4,43)(5,22)(7,36)(9,13,34,30)
(10,20,31,16)(11,48,32,44)(12,27,33,23)
(14,41,35,37)(18,45)(19,24)(21,38)(25,47)
(28,40)(39,49)(8,29)(9,30)(10,31)(11,32)
(12,33)(13,34)(14,35)(15,36)(16,37)(17,38)
(18,39)(19,40)(20,41)(21,42)

81 4900

abelian

5184

6350400

(4,7,5)(11,14,12)(18,21,19)(25,28,26)(32,35,
33)(39,42,40)(46,49,47)(2,3,6)(9,10,13)(16,
17,20)(23,24,27)(30,31,34)(37,38,41)(44,45,
48)(15,43,36)(16,44,37)(17,45,38)(18,46,39)
(19,47,40)(20,48,41)(21,49,42)(8,22,29)(9,
23,30)(10,24,31)(11,25,32)(12,26,33)(13,
27,34)(14,28,35)

25 15876

abelian

1600

6350400

(15,29,43,22,36)(16,30,44,23,37)(17,31,45,
24,38)(18,32,46,25,39)(19,33,47,26,40)(20,
34,48,27,41)(21,35,49,28,42)(3,6,7,4,5)
(10,13,14,11,12)(17,20,21,18,19)(24,27,
28,25,26)(31,34,35,32,33)(38,41,42,39,40)
(45,48,49,46,47)

49 14400

abelian

1764

6350400

(1,7,3,4,2,6,5)(8,14,10,11,9,13,12)(15,21,
17,18,16,20,19)(22,28,24,25,23,27,26) (29,
35,31,32,30,34,33)(36,42,38,39,37,41,40)
(43,49,45,46,44,48,47)(1,36,43,29,15,22,8)
(2,37,44,30,16,23,9)(3,38,45,31,17,24,10)
(4,39,46,32,18,25,11)(5,40,47,33,19,26,12)
(6,41,48,34,20,27,13)(7,42,49,35,21,28,14)

38. Let G be the primitive group A7 on 1-sets**. We have |G| = 50803200 = 29x3*x5x7?,

a; =(1,2,3,4,5,6,7)(8,9,10,11,12,13,14)(15,16,17,
18,19,20,21)(22,23,24,25,26,27,28)(29,30,31,32,
33,34,35)(36,37,38,39,40,41,42)(43,44,45,46,47,
48,49) (order 7)
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a, = (1,8,15,22,29,36,43)(2,9,16,23,30,37,44)
(3,10,17,24,31,38,45)(4,11,18,25,32,39,46)
(5,12,19,26,33,40,47)(6,13,20,27,34,41,48)
(7,14,21,28,35,42,49) (order 7)

as = (5,6,7)(12,13,14)(19,20,21)(26,27,28)
(33,34,35)(40,41,42)(47,48,49) (order 3)
Generators of G: | a, = (29,36,43)(30,37,44)(31,38,45)(32,39,46)
(33,40,47)(34,41,48)(35,42,49) (order 3)

as = (36,43)(37,44)(38,45)(39,46)(40,47)
(41,48)(42,49) (order 2)

as = (6,7)(13,14)(20,21)(27,28)(34,35)(41,42)
(48,49) (order 2)

az = (2,8)(3,15)(4,22)(5,29)(6,36)(7,43)(10,16)
(11,23)(12,30)(13,37)(14,44)(18,24)(19,31)
(20,38)(21,45)(26,32)(27,39)(28,46)(34,40)
(35,47)(42,48) (order 2)

This generating set is not minimal. There is a smaller generating set with 2 elements. G acts
transitively on the set of 49 elements {1, 2, ..., 49}. The center of G is trivial.

The derived subgroup D = [G, G] is of order 12700800, generated by
{(1,18,29,4,15,32)(2,20,30,6,16,34)(3,17,31)(5,21,33,7,19,35)(8,39,43,25)(9,41,44,27)(10,38,45,
24)(11,36,46,22)(12,42,47,28)(13,37,48,23)(14,40,49,26)(1,38,4,42)(2,40)(3,39,7,36)(5,37)(6,41)
(8,10,11,14)(9,12)(15,24,46,35)(16,26,44,33)(17,25,49,29)(18,28,43,31)(19,23,47,30)(20,27,48,

34)(21,22,45,32)} and G/D = C,A

Maximal normal subgroups
Serial Order Nature | Quotient Generators
(1,5,33,34,27,25,39,42,14,10,45,43)(2,19,30,
20,23,18,37,21,9,17,44,15)(3,47,29,6,26,32,
41,28,11,38,49,8)(4,40,35,13,24,46,36,7,12,
1 25401600 cyclic | 31,48,22)(1,40,45,18,29,37,3,19,43,39,31,16)
(2,5,47,46,32,30)(4,33,44)(6,12,48,11,34,9)
(7,26,49,25,35,23)(8,41,10,20)(14,27)(15,36,
38,17)(21,22,42,24)
(1,5,47,44,30,29)(2,33,43)(3,12,45,9,31,8)
(4,40,48,16,35,22)(6,19,49,23,32,36)(7,26,
46,37,34,15)(11,38,13,17,14,24)(18,42,27)
2 25401600 cyclic | (20,21,28,25,39,41)(1,14,3,35,2,49,4,28,6,21)
(5,42)(8,10,31,30,44,46,25,27,20,15)(9,45,32,
23,48,18,22,13,17,29)(11,24,34,16,43)(12,38,
33,37,47,39,26,41,19,36)
(1,16,45,36,2,17,43,37,3,15,44,38)(4,20,46,41)
(5,21,47,42)(6,18,48,39)(7,19,49,40)(8,9,10)
3 25401600 cyclic | (11,13)(12,14)(22,23,24)(25,27)(26,28)(29,30,
31)(32,34)(33,35)(1,26,14,30,6,24,8,33,7,23,13,
31)(2,27,10,29,5,28,9,34,3,22,12,35)(4,25,11,32)
(15,40,21,37,20,38)(16,41,17,36,19,42)

Sylow subgroups

Conjug. Nature | Normalizer Normal

Generators
classes closure

p | Order

(36,43)(37,44)(38,45)(39,46)(40,47) (41,
48)(42,49)(2,8)(3,22)(4,15)(5,29)(6,36)
(7,43)(10,23)(11,16)(12,30)(13,37)(14,

44)(17,25)(19,32)(20,39)(21,46)(26,31)
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2 | 512 | 99225 | nilpotent 512

G | (27,38)(28,45)(34,40)(35,47)(42,48)(2,3)
(4,5)(9,10)(11,12)(16,17)(18,19)(23,24)

(25,26)(30,31)(32,33)(37,38)(39,40) (44,

45)(46,47)(2,4)(9,11)(16,18)(23,25)(30,

32)(37,39)(44,46)

3 81 4900 abelian 10368

6350400

(5,7,6)(12,14,13)(19,21,20)(26,28,27)
(33,35,34)(40,42,41)(47,49,48)(2,4,3)
(9,11,10)(16,18,17)(23,25,24)(30,32,
31)(37,39,38)(44,46,45), (22,36,43)
(23,37,44)(24,38,45)(25,39,46) (26,
40,47)(27,41,48)(28,42,49)(8,15,29)
(9,16,30)(10,17,31)(11,18,32)(12,19,
33)(13,20,34)(14,21,35)

5 25 15876 | abelian 3200

6350400

(15,22,36,43,29)(16,23,37,44,30)(17,
24,38,45,31)(18,25,39,46,32)(19,26,
40,47,33)(20,27,41,48,34)(21,28,42,
49,35)(3,6,4,7,5)(10,13,11,14,12)(17,
20,18,21,19)(24,27,25,28,26)(31,34,
32,35,33)(38,41,39,42,40)(45,48,46,
49,47)

7 49 14400 | abelian 3528

6350400

(1,2,3,6,5,7,4)(8,9,10,13,12,14,11)(15,
16,17,20,19,21,18)(22,23,24,27,26,28,
25)(29,30,31,34,33,35,32)(36,37,38,41,
40,42,39)(43,44,45,48,47,49,46)(1,30,
45,41,26,21,11)(2,31,48,40,28,18,8)(3,
34,47,42,25,15,9)(4,29,44,38,27,19,14)
(5,35,46,36,23,17,13)(6,33,49,39,22,16,
10)(7,32,43,37,24,20,12)

8. DISCUSSION

In this article the problem of cigarette
combustion globally is considered. The
research showed that this problem is neither
easy nor simple, just opposite it is a very hard
scientific problem, which includes other
complex subproblems, as those of problem of
balancing chemical reaction of tobacco
combustion, field temperature problem in the
combustion zone, smoke filtration problem,
and the problem of groups’ formation of
reaction coefficients. No one of the mentioned
subproblems is fully solved. Their solutions are
quite tied with usage of update hardware and
software. For instance, with current softwear it
is imposible to be balanced the chemical
reaction (4. 28).

Now, this question naturally arises: Is it
solvable any chemical equation by a computer?

The reply of this question is very simple:
No! Reason why this reply is negative lies in
inappropriate chemical methods, which most of
them are paradoxal, but from other hand
sophisticated mathematical methods are not
computer adapted for daily usage. Right now,

the hardest problem in chemistry as well as
mathematics is balancing of N reactions, i.e.,
the continuum reactions, which need special
treatment with new mathematical methods, as
this developed in this article.

Since the chemical reaction of tobacco
combustion (4. 28) is very complex reaction,
which belongs to the class of N reactions, its
necessary and sufficient conditions are not
determined. In fact, it is a shortcoming of the
mathematical model, which does not provide
precise necessary and sufficient conditions
when the reaction (4. 28) is possible.

Of course, there are other obstacles, which
must be overcome. For instace, for the reaction
(4. 28) is not developed topology of its
solutions.

These remarks creates a new scientific
requirement that for balancing N reactions
should be built a computer package as soon as
possible, because this kind of chemical
reactions is not studied enough in chemistry
and mathematics too.

Generaly speaking it is a first work where
the chemical reaction (4. 28) is considered, and
as every pioneering job it does not provide a
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complete treatmant, but it opens doors of next
research.

9. CONCLUSION

The global cigarette combustion problem in
this work is treated only from the mathematical
point of view, for whom is given a completely
new approach toward its solution. It is
considered as a complex mathematical
problem, which includes few subproblems: the
problem of balancing chemical reaction of
tobacco combustion, field temperature problem
in the combustion zone, smoke filtration
problem, and the problem of groups’ formation
of reaction coefficients. In fact, these problems
are particularly solved for the certain
simulation conditions. For instance, the smoke
infiltration problem is founded and solved by
virtue of partial differential equation of first
order. The field temperature problem in the
combustion zone is modeled by the two-
dimensional heat transfer equation which is
solved by quadratures. The chemical reaction
(4. 28), which describes tobacco combustion is
a completely new reaction and it includes all
important alkaloids and toxins. This reaction
has four generators. In fact, it is a very hard
chemical reaction, which cannot be balanced
by a computer, because right now in the theory
of computer sciences there is not powerful
software, which can be used for its balance.
Unique way to balance this reaction is by the
usage of mathematical method.

Since, the reaction of tobacco combustion is
very complicated we found only its general
solution and one particular solution. This
reaction spans real vector spaces. For the
reaction  coefficients are calculated a
symmetric group Ss, an alternating group Asg
and 38 primitive groups.

The strengths of the mathematical model
are:

1. This model provides an alternative
approach for balancing N chemical reactions.

2. Since this model is well formalized, it
belongs to the class of consistent models for
balancing chemical reaction.

3. This model showed that any chemical
reactions can be treated as n-dimensional
geometrical entity.

4. In fact, here-offered model simplifies
mathematical operations provided by the
previous well-known matrix methods and is
very easily acceptable for daily practice. The
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model has this advantage, because it fits for all
N chemical reactions, which previously were
balanced only by the methods of generalized
matrix inverses.

5. The mathematical model provides the
dimension of the solution space.

6. Also, by this method a basis of the
solution space is determined.

7. This method gives an opportunity to be
extended with other numerical calculations
necessary for ¥ reactions.

8. It can predict quantitative relations
among reaction coefficients.

9. The mathematical model can predict
reaction stability.

10. Offered mathematical model represents
a well basis for building a software package.

The weak sides of the mathematical model
are:

1. By this model the minimal reaction
coefficients cannot be determined.

2. Also, this model cannot recognize when
chemical reaction reduces to one generator
reaction.

3. This model cannot arrange molecules
disposition.

4. 1t does not provide precise necessary and
sufficient conditions when the N reaction (4.
28) is possible.

5. This model cannot generate topology of
reaction.

This model wild opens the doors in
chemistry and mathematics too, for a new
research of N chemical reactions, which
unfortunately today cannot be balanced by
usage of computer, because there is not such
method. Here developed mathematical model
is a big challenge for researchers to extend and
adapt it for a computer application. Sure that it
is not easy and simple job, but it deserves to be
realized as soon as possible.
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SYMBOLS

o — fraction, (0 < a < 1),
/3 — tobacco absorption coefficient, 1/mm
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C; — concentration of components X;, (1 <i <
n), mg/mm

L — total cigarette length, mm

Lo — initial length of the cigarette, mm

AL — burning cigarette length, mm

x — distance from the burning end, mm

y — coordinate, mm

t—time, s

T— temperature, °C

k — tobacco thermal diffusivity, m?/s.
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ABSTRACT

Filter design and materials is a major tool to modify the filtration efficiency for cigarette

smoke.Despite the variety of filters in the market, cellulose acetatecontinued to be most common
used filter in cigarettes. Filters within a similar smoke removal efficiency range are also manufactured
from paper. It is estimated that in recent yearsthe productionof cellulose acetate tow willbelessthanthe
demand forcellulosefilters.
The aim of our research is to determine the efficiency of paper filter rod on the smoke composition
and retention of particulate matter and nicotine compared to the cellulose acetate filter rod, as control.
The content of tar and nicotine were measured according to ISO 4387 and ISO 10315, respectivelly.
For certifying the pressure drop of the filter rod and cigarette was used ISO 6565:2011. The results
have shown that removal efficiency of paper filter was comparable to cellulose acetate filter.

Key words: paper, cellulose acetate, filter rod, efficiency, particular matter, nicotine, smoke

HCTPAKYBAIBE HA EOMKACHOCTA HA XAPUEHUTE ®UJITPU 3A IUT'APU

Jln3ajHOT M MaTepHrjaTuTe KOU Ce KOPHUCTAT 3a m3paboTKa Ha (prITep-cTamderoce I1aBHa ajarka
3a MoIH(UITHPakHE Ha ePUKACHOCTA Ha (GDUITPUPAIHLETO HA YaJ0T Of IturapuTe. M mokpaj mmpoKuoT
CIIEKTAp Ha IIUTApHH (PHIITEP-CTAITYHHA Ha T1a3aPOT, AIlETATHOTO MPOJIOIIKH J1a OHJIe HajueCcTO KOPHUCTEHO
¢untep-cramde. Co cnuyHa e(DUKACHOCT 32 OTCTPAHYBamkE YaJ0T € (PUITep-CTATIeTOn3padboTeHO
o xaprtuja. Ce MpoIleHyBa JieKa BO MOCJIEHUBE TOJUHU MPOM3BOACTBO HA IENYJIO3HO alleTaTHU
(bumaMeHTHyCIIopyBan ke Oue momano of modapyBadykaTa Ha aIleTaTHO IETyI03HUTE (UITPH.
Ilenra Ha HameTo HMCTpa)XxyBame € Jga ce yTBpAH eDUKAcCHOCTA HA XapTHEHOTO
dunTep—cranyue Bp3 COCTABOT HA YaJOT W Ha 3aJpXKYBameTO HA IBPCTUTE YECTHUYKH
U HUKOTHHOT BO cmnopenba co ¢uiarep-cram4eTo OJ Iejyino3a amerar
Kako koHTpona. CompskuHATa Ha KaTpPaHOT M HUKOTHHOT ce onmpemyBa cmopen ISO 4387 u ISO
10315, mocnemoBarenHo. 3a cepTUPUIUpPaAE HA MAJ0T HAa MPUTHCOK HAa (PUITEp-CTAYETO U
nurapu Oerre yrorpeder ISO 6565. Pesynrarure mokaxaa acka e(hUKacHOCTa Ha OTCTpPaHyBambe
Ha XapTHEHOTO (QuiITep—cTanye € crnopeiuBa coOPUITEP-CTAMYETO O IeNylio3a ameTar.

Kayunn 360poBu: XapTHEHO, IIENYII03HO alleTaTHoO, prirep-cranye, eUKacHOCT, BPCTH YECTUYKH,
HUKOTHH, Ya]l
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INTRODUCTION

Cigarettes marketed today may be
perceived as havingessentially two sections—
a column of tobacco and a filter. Large-scale
manufacture of filtered cigarettes began in the
early 1950s in response to demand for lower
smoke yields. The purpose of the first filters
on cigarettes was primarily to aesthetic and
hygienic function. Gradually, this function shifts
and filters nowadays are regarded as a major
modifier of tobacco smoke.Filtered cigarettes
gained popularity rapidly, and today the majority
of cigarettes sold are filtered.Moreover, even
tobacco for rolling cigarettes available for
consumption with filter cartridges with slices.
Because filter materials influence yields of some
smoke constituents to varying degrees, ciga-
rette taste changes with the filter material used
(Kirkova, 2007, 2007a).

Probably the first functioning filters were
made from creped paper that was corrugated and
formed into a cylinder. These filters were and are
efficient smoke removers, but they were rapidly
replaced by cellulose acetate filters when they
became available (Browne,1990, Norman, 1999).

For most of the world, the primary ciga-
rette filter medium is cellulose acetate, with a
smaller specialty market primarily using dual or
triple filters containing cellulose acetate with cor-
rugated paper and/or activated charcoal (Norman,
1999, Georgiev, 2002, Nikoli¢, 2004).

The filter—whether made of cellulose
acetate tow, paper, or a combination of these—
serves several purposes. Functionally, it reduces
the amount of smoke, captures particulate matter

from the smoke and absorbs vapours. Particu-
late removal occurs largely through mechanical
filtration of the smoke aerosol particles. Smoke
particles can be captured via internal impaction,
diffusion or direct interception. About 65% of
the total particulate removal is attributed to diffu-
sional deposition, and 35% to direct interception
(Eaker, 1990, Georgiev, 2002).

Cellulose acetate and paper filter materi-
als have only small influences on vapour phase
retention (Browne,1990, Hoffmannet al., 1995,
Norman, 1999).

Factors that influence preferential re-
tention include several properties of both the
compounds of interests (particulate matter, semi-
volatile, volatile, carbon monoxide) and of the
fiber (Georgiev, 2002, Nikoli¢, 2004, Kirkova,
2004, 2004a).

By estimates, however, consumption
of acetate filament as the main raw material for
production of filter rods in the coming years will
exceed supply. In this regard, many companies
have directed their efforts to develop advanced
technologies for production of filter material from
non-traditional and readily available materials.

The problem with these developments
is to maintain and/or increase the attenuation
of the filters with minimum modifying ef-
fect, and preservation of the smoking char-
acteristics typical for the brand. For this rea-
son of particular interest are paper filters.
The aim of our research is to determine what is
the efficiency of the paper filter from the known
and preferred efficiency of cellulose acetate filter.

MATERIAL AND METHODS

The object of our research are filter rods
made of acetate filament 3.0 Y35 000-control and
made of a special corrugated paper-test sample.

Experiments were performed on paper
sheet with two width and varying depths of
longitudinally corrugating. Filter rods used have
different paper width - 300 mm and 330 mm and
depth of corrugating from 0.00 mm to 0.50 mm.
Final length of filter rod was 126 mm.

To determine the retention efficiency of
the filters cigarettes were made on same cigarette
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making machine (Molins 9N, UK). The filter rod
was 20 mm long and the length of the cork-paper
was 24mm. The total cigarette length was 84 mm.

Using standardized methods for analysis
we determine the physical properties of the filter
rods (corrugation depth, diameter, mass, pressure
drop and hardness) and thickness of tipping pa-
per. Used tipping papers used in both filters were
no perforated, and with very close valuesof their
masses. Cigarette paper and wrapping paper are
regular manufactured.
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Determination of cigarette mass,
resistance to draw, cigarettes diameter, hardness
and statistical processing of the results were made
on SODIMAT.

Cigarettes are smoked under standard
conditions, the cigarette smoke condensate col-
lected on a Cambridge filter pad as described in
ISO 4387:2000, and vapor phase for determi-

nation of carbon monoxide in ISO 8454:2007.
This condensate is extracted as per nicotine
determination described in ISO 10315:2000.
The number of puffs in control and test samples
was equal. It follows that for both cigarettes
(control and test samples) are provided with
equal conditions of combustion, which provides
uniformity of the smoking parameters.

RESULTS AND DISCUSSION

1.Characterization of paper physical properties

Values of the most important physical
parameters of paper filter rods investigated in this
experiment (corrugation depth, diameter, mass,

pressure drop and hardness) and the coefficient
of variation (CV) were presented in Tables 1.

Table 1. Physical parameters of paper filter rods

Paper width 300 mm

(.forruga- Diameter Weight Pressure drop (mm WG) Hardness (%)
tion depth
(%) (mm) (® L=126mm CV  L=20mm % Ccv
0.00 7.84 1.10 362.4 3.0 57.5 92.6 0.9
0.10 7.87 1.09 434.2 1.9 68.9 92.5 0.8
0.20 7.84 1.09 485.0 2.1 77.0 93.2 0.7
0.30 7.85 1.10 573.1 2.2 91.0 95.1 1.1
Paper width 330 mm
0.10 7.86 1.20 627.3 2.2 99.6 95.0 1.0
0.50 7.87 1.19 736.8 2.4 117.0 95.7 1.3

The results show that with increasing
width of the paper increases pressure drop and
hardness of filter rods at a relatively constant
weight and diameter. The coefficient of variation
also is increased. It is obvious that with increas-
ing depth of corrugating increasing values of
pressure drop and hardness. This is explained
by the increase of specific surface of filter.
Compared with acetate filters, variation in
pressure drop for the same amount is sig-
nificantly higher, which means higher possibil-

ity to adjust the efficiency for smoke filtering.
Increase the depth of corrugating gives propor-
tionally increasing values of pressure drop and
strength.

The coefficient of variation was biggest at
depth of flute of 2.40 mm. Acceptable values for
pressure drop, hardness and coefficient of varia-
tion are obtained at a depth of flute of 0.2 mm.
Therefore, further research continued with the
paper width 300 mm and depth of flute 0of 0.2 mm.

2. Comparison of the physical properties of the control and test sample filter rod

In Table 2 were present the mean values
of average performance on the test filter rods of

acetate filament - control and paper — sample,
both both with a length of 120 mm.
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Table 2. Comparison of parameter between paper and cellulose acetate filters

) Cellulose acetate Paper
Properties

M y Cv M y Cv
Weight (g) 0.774 7.1 0.92 1.143 8.6 0.76
Pressure drop (mm) 367 86 249 345 15.9 4.95
Diameter (mm) 7.86 0.03 0.35 7.86 0.02 0.22
Hardness (%) 84.36 - - 89,49 - -
Weight (mm) 0.041 1.957 4.77 0.042 1.342 3.23

Compared with acetate filter, paper filter
have a higher weight. The fact that the paper fil-
ter had higher weight due to the higher specific
surface area, allows higher removal efficiency.

Subsequently and hardness values are higher in
the paper filter. It is noteworthy that the pressure
drop was slightly reduced. The remaining results
are similar to the values obtained for acetate filter.

3. Retention of particulate matter and nicotine

The primary effect of fibrous cigarette
filters (paper or cellulose acetate) is removal of
particulate from the smoke. The major mecha-
nism of smoke retention in fibrous cigarette
filters is mechanical capture of aerosol particles.
The nicotine removal is dependent on particulate
filtration. In general, cellulose acetate remove tar
and nicotine particles in this size range with an

efficiency 0f40-50% (Norman, 1999). According
to Georgiev, (2002) paper filters without addi-
tives are characterized by medium efficiency for
retention of nicotine and condensate (30% and
40%, respectively).

In Tables 3 are summarized values of the
most important physical parameters on cigarettes
with cellulose acetate and paper filters.

Table 3. Physical parameters of investigated cigarette and filter

Parameter Cellulose acetate Paper
Average cigarette weight (g) 103.39 111.12
Cigarette weight (g) 1.020-1.040 1.090-1.110
Filter weight (g) 0.147 0.213
Other materials weight (g) 0.197 0.263
Draw resistance of cigarette (mmWG) 99-104 103-104
Pressure drop of filter (mmWG) 61.30 68.85
Diameter of cigarette (mm) 7.96-7.98 7.96-7.98
Hardness of cigarette (%) 78.54 77.89
Length of cigarette (mm) 84.42 84.26
Length of filter (mm) 19.94 20.13

It was found that cigarettes with paper
filter shown the higher retention for nicotine and
tar in comparison to acetate. Retention efficiency
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ranged from 12.1% higher for nicotine to 8.19%
higher for particulate matter (Table 4).
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Table 4. Comparison of retention between paper and cellulose acetate filters

Retention (%) Particulate matter Nicotine
Cellulose A 42.42 39.68
acetate B 43.30 3791

Mean value 42.86 38.79
A 52.50 51.18
Paper
B 49.60 50.59
Mean value 51.05 50.89
Obtained results are graphically presented on Figure 1.
ﬁl] =

: . : -
mg/f % nicotine mg/f %
nicotine particulate particulate
matter matter

m Cellulose acetate filter
B Paper filter

Figure 1. Retention efficiency of paper and cellulose acetate filter

4. Removal efficiency of paper and cellulose acetate filters for particulate matter,

nicotine and carbon monoxide from mainstream smoke

In Tables 5 were presented values of the physical parameters on cigarettes with cellulose

acetate and with paper filter.
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Table 5. Physical parameters of cigarettes and filter rods

Parameter Cellulose acetate Paper
Cigarette weight (g) 1.030 1.110
Tobacco weight (g) 0.840 0.845
Other materials weight (g) 0.197 0.263
Cigarette length (mm) 84.0 84.0
Filter length (mm) 20.0 20.0
Diameter (mm) 7.95 7.95
Draw resistance of cigarette (mmWG) 102 105
Pressure drop of filter (mmWGQG) 62 68
Hardness of cigarette (%) 78.5 77.9
Permeability (CU) 35.0 35.2
Free combustion (mm) 10.3 10.4

The results show the increase in weight
of cigarettes with relatively equal weight
of tobacco. It results because the weight
of other materials in cigarette was bigger.
Cigarettes were analyzed to determine the

amount of nicotine, carbon monoxide and total
particulate matter in mainstream smoke.

Obtained results are graphically pre-
sented on Figure 2.

® Cellulose acetate filter
B Paper filter

mg/cig
particulate
matter

mg/cig
nicotine

mg/cig carbon
monoxide

Figure 2. Chemical composition of cigarettes with paper and cellulose acetate filter

From the results it can be concluded that
although it uses the same tobacco blend and uni-
form design cigarettes, nicotine in cigarette with
paper filter was lower by 0.3 mg/cig, or 26.50%
than cigarette with acetate filter. Also, particulate
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matter in cigarette with paper filter was lower
by 3.71 mg/cig, or 16.80% than cigarette with
acetate filter, as control. As regards the retention
of carbon monoxide both filters have the same
capacity.
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CONCLUSION

The results of this study demonstrate the
possibilities of paper filters and their effective-
ness against the harmful constituents of smoke
- nicotine and particulate matter, while preserving
the smoking characteristics of cigarettes.

Investigated paper filter is characterized

by high efficiency for retention of nicotine and par-
ticulate matter from mainstream smoke. Both type
of filters, paper and cellulose acetate have only
small influences on carbon monoxide retention.
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ABSTRACT

In many countries around the world, tobacco control measures are becoming stricter and its
directly reflect on to manufacturing and consumption of cigarettes.

In 2012 new regulatory framework is required in which the cigarette manufacturer is obliged
disclose all additives used in cigarette by brand. This should include the impact of additives on smoking
behaviour, passive smoking, direct or indirect pharmacological influence and fire risks.

The regulatory should permit additives necessary for the manufacture and storage of cigarettes
providing these are safe, but should challenge all additives that may influence smoking behaviour.

Although it is impossible to make a safe cigarette, it is reasonable to prevent use of flavourings
and additives that are harmful and increases the addictiveness of cigarette.

The aim of this work was to classify types of additives used in cigarettes, examine their legal
status and reasons for the use or ban.

Key words: cigarettes, additives, regulation, use, smoke, tobacco

HPEIVIEJ HA YIIOTPEBATA U 3BAKOHCKATA PEI'YJINTUBA HA A/IUTUBU
3A IUTAPUTE

Bo MHOry 3emju HHM3 LEIHOT CBET, MEPKHU 3a KOHTPOJIa Ha TyTyHOT CTaHyBaaT ce
MOCTPOTU M JAMPEKTHO C€ OJpa3yBaaT Ha MPOU3BOACTBOTO M MOTpOILIyBayKaTa Ha LUTapH.
Bo 2012 ronuna moTpebHO € Ja ce AoHece HOBa peryjiaropHa paMKa cO Koja IPOM3BOJUTEIOT
Ha LUrapy € JAO0JDKEH 00jaBu CUTE aJWTHUBH ILITO CE KOPUCTAT BO OJIpeleH OpeHja Ha murapa.
OGjaBara Tpeba 1a ro BKJIy4YyBa BIHMjaHHETO HAa aJUTHUBHUTE BP3 3aBUCHOCT OJ MyIIeHeE,
MAaCUBHOTO MyLICHE, TUPEKTHO WM MHAMPEKTHO (apMaKOJOMIKO BIHjaHUE U PHU3UKOT OJ
3ananyBame. Perynatopute Tpeba aa n03BonaT na ce NPUMEHYBaaT aJWTHBH KOM CE€ HEOIXOIHM
3a MPOM3BOJCTBO M CKIAJMpame Ha LMrapu M Ja ce OCUrypaar aeka THe ce 0e30eqHu, HO
Tpeba 1a M OTCTpaHaT CUTE aAMTHUBH KOM MOXKE J1a MPEIM3BUKAAT Ha 3aBUCHOCT O] MYLICHETO.
Hako e HEBO3MOXHO Ja ce HampaBH Oe30eqHa Lurapa, pasyMHO € Ja ce cupedd ymorpebara
Ha apoOMHUTE M aJUTHUBHM KOU C€ WITETHU M ja 3rojieMyBa 3aBHCHOCTA OJ LUTApHUTE.
Ilenta Ha 0BOj Tpyd € Ha ce KiacupuuupaaT BUAOBH HA aAUTHBH LITO CE€ KOPUCTAT BO
OUrapuTe, Ja I'd UCIUTAa HUBHUOT MpPaBEH CTaTyCc W NMPUYUMHHUTE 32 ynoTpeba mim 3abpana.

Kayunu 360poBu: niurapu, aiuTUBY, peryiaarrusa, yrnorpeoa, yaj, TyTyH
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INTRODUCTION

Cigarettes are industrial form of tobacco
use with a rather complex design providing the
consumer with a product of high and consistent
quality. Design features encompass a wide range
of variables such as tobacco type and blend,
chemical processing and ingredients, and in
addition, physical features such as paper, filter
and ventilation (Browne, 1990; Norman, 1999;
Wigand, 2006).

The definition for additives from the
European Union (Directive 2001/37/EC,2001),
is “Any substance or any constituent except for
tobacco leaf and other natural or unprocessed
tobacco plant parts used in the manufacture or
preparation of a tobacco product and still present
in the finished product, even if in altered form,
including paper, filter, inks, and adhesives™ .

The term “additive” means “any
substance the intended use of which results or
may reasonably be expected to result, directly
or indirectly, in its becoming a component or
otherwise affecting the characteristic of any
tobacco product (including any substances
intended for use as a flavoring or coloring or in
producing, manufacturing, packing, processing,
preparing, treating, packaging, transporting, or
holding), except that such term does not include
tobacco or a pesticide chemical residue in or on
raw tobacco” (FDA, 2012)

In the present work the term additives is
use for added substances or ingredients. Additives
are generally understood to be substances added
to the basic components, such as tobacco,
paper, filter materials, inks and adhesives, to
impart specific desirable properties on them and
control the performance of the cigarettes while
being smoked. They are intentionally added to
cigarettes by the tobacco industry to modify
flavour, regulate combustion, moisturise the
smoke, preserve the cigarettes, and in some
instances to act as solvents for other additives
(Rabinoft, 2007)

Cigarette styles are characterized by
their tobacco blend. There are two major styles
of cigarettes worldwide: flue-cured cigarettes,
which use very few additives, and traditional
blended cigarettes, which use a number of
additives. Flue-cured cigarettes contain only flue-
cured tobacco and do not use flavor ingredients.

These cigarettes are popular in most of the
British Commonwealth (Australia, Canada,
India, Malaysia, Pakistan, Nigeria, the U.K. and
South Africa).

Traditional blended cigarettes utilize three
different types of tobacco — flue-cured, burley,
and oriental — that are blended together during
the manufacturing process. Blended cigarettes are
the most popular cigarettes in the United States,
most of Europe, Latin America, Eastern Europe
and many Asian countries. Various additives are
combined into the shredded tobacco product
mixtures, with humectants such as propylene
glycol or glycerol, as well as flavouring products
and enhancers such as cocoa solids, licorice,
tobacco extracts, and various sugars, which
are known collectively as “casings”. The leaf
tobacco will then be shredded, along with a
specified amount of small laminate, expanded
tobacco, blended and reconstituted leaf sheet,
expanded and improved stems. A perfume-
like flavour/fragrance, called the “topping” or
“toppings”, which is most often formulated
by flavor companies, will then be blended into
the tobacco mixture to improve the consistency in
flavour and taste of the cigarettes associated with
a certain brand name. Additionally, they replace
lost flavours due to the repeated wetting and
drying used in processing the tobacco. Finally
the tobacco mixture will be filled into cigarettes
tubes and packaged (Fisher, 1999, I'eoprues C,
2002; Nikoli¢, 2004).

Beyond the core ingredients in cigarettes
(tobacco leaf and paper), there is a list of at least
599 ingredients that are known to have been
added to cigarette tobacco. This list of ingredients
was submitted by the five major American
tobacco companies during 1994 congressional
hearings investigating the tobacco industry. The
list contains a number of common flavoring
agents, such as vanilla. It also includes hundreds
of other chemicals approved for use in food
products by the Food and Drug Administration
(FDA).

The number of additives used may vary
with anywhere from 30 to 150 different flavours
being used for one brand (Manus, 1989). The
tobacco industry claimed it had 1400 additives
that could be put into cigarettes (Manus, 1989).
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Additives can account for over ten percent
of the total weight of a cigarette (Bates et al.,
1999). The characteristics of each brand depend
on the tobacco type and blend, how it is cured, the
additives used and other technical characteristics
of the cigarette. Ingredient mixtures differ
between brands and even within a given brand
because of country-specific preferences.

Many countries regulate tobacco product
ingredients. Over 50 countries require tobacco
manufacturers to report the ingredients used
in their products to regulators. These countries
include all of the European Union countries,
Brazil, Mexico, Ukraine, Turkey, Israel and
Thailand. Several countries, including Germany,
the United Kingdom and France, also regulate the
ingredients that are permitted for use in tobacco
products.

The countries of south-eastern Europe,
Albania, Bosnia and Herzegovina, Bulgaria,
Croatia, Macedonia, Montenegro, Romania and
Serbia have recognized that they have significant
public health, economic and social problems
relating the lack of tobacco control.

More than 170 countries adopted in
November 2010 at the conference of the World

Additives and tobacco industry

Increased knowledge about cigarette
additives makes it clear that modern cigarettes are
very different from cigarettes of the past. Bates
et al. (1999) report that there are 600 tobacco
additives allowed in the cigarettes, most of them
were included in the manufacturing of cigarettes
after 1970.

Chitanondh (2000) suggests that the
need for additives arose with the development
of filters and “low-tar” products in response
to consumer demand for a reduction in health
risks. Filters, low tar and nicotine alter flavour
— the smoke becomes drier, losing much of its
body. Taste yield is reduced and the descriptive
analytical profile of the smoke flavour changes.
A repeatedly described taste deficiency is that of
a “dry mouth feeling”.

The rise of additives in tobacco products
is linked with the strategy to reduce tar yields.
When health concerns related to smoking were
first raised in the 1950s, cigarette manufacturers
responded by introducing filtered cigarettes.
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Health Organization (WHO) in Uruguay
measures to control the use and sale of tobacco
products, including those related to adding
flavors in cigarettes. It has recommended
that additives used to make cigarettes more
appealing to new smokers should be restricted
or banned. Recommendations from the Uruguay
conference were to determine whether countries
should forbid addition of all new additives and
explicitly address the possibility of reducing the
use of additives that make tobacco products more
attractive and/or taste better. ... (WHO, 2010).

A new regulatory framework is required
these countries in which the manufacturer is
obliged to submit information about additives.
For each additive that the tobacco company used
for cigarettes they manufacture and, for cigarettes
that are imported, the company should submit
information. There decided to be a full disclosure
of ingredients, additives and smoke constituents
by brand or only for “Characterizing flavours “.

For this reason, tobacco additives should
be seen as a public health issue and an appropriate
regulatory framework would require the tobacco
companies to disclose used additives in countries
of Balkan region.

Manufacturers competed with one another to
reassure health conscious smokers with new,
“healthier” products (Pollay and Dewhirst,
2000). By the early 1960s in the USA, some health
groups expressed concern that these health claims
were not backed by objective scientific data. In
1967, the Federal Trade Commission (FTC) in the
USA began a program to test cigarettes for tar and
nicotine yields in cigarette smoke (Peeler, 1996).
“Light” cigarettes were introduced on the
market in the 1970s. Typical for light cigarettes is
their high grade of ventilation. Due to the delivery
of less tar, the impact and taste of the “diluted”
smoke is also decreased. It is therefore probable
that the light cigarettes were “enriched” by
adding more substances, and in higher amounts,
to compensate for reduced taste and impact. At
the same time an extremely lax regulatory regime
for additives has emerged (SCENIHR, 2010).
In 1984, the US Department of Health
and Human Services began requiring tobacco
companies to submit annually a confidential,
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aggregated list of ingredients added to cigarettes
manufactured in or imported into the United
States.

There is evidence that the percentage of
additives by weight may have increased in the
1990s, especially the use of sweeteners (Bates
etal., 1999).

In 1994, National Public Radio reported
on a number of these ingredients, which caused
a public outcry. Subsequently, in that same year,
the 6 major US tobacco companies made the
list public. This was the only time the list was
made public, and there is no current public list of
tobacco additives (Rabinoff et al.,2007, Additive
list, 1994).

Tobacco companies have devoted a
significant amount of research and development
to the use and inclusion of different additives
in cigarettes (Bates et al., 2000; Lewis and

Additives and manufacturing process

Tobacco companies intentionally add
additives to tobacco for several reasons including
increasing the moisture-holding capacity,
enhancing the taste of tobacco to make the product
more desirable (e.g. sweeteners, flavourings,
menthol), masking the smell and visibility of
sidestream smoke, and decrease smoke irritability
(Wigand, 2006, SCENIHR, 2010).

There are two distinct classes of additives,
namely intentional and unintentional. Intentional
additives encompass @/l chemicals, substances,
complex botanical extracts, flavorings,
ingredients, inks, gums, combustion modifiers,
aesthetic, inorganic salts or functional chemicals,
etc., that are deliberately added to a traditional
tobacco product, that is either combusted or
heated (Wigand, 2006).

Unintentional additives have not specific
purpose but are by-products of the tobacco
growing (fertilizers, pesticides, metals absorbed
from the soil etc.), handling and manufacturing
processes (conveyor belt fragments, oil from the
machinery) (Wigand, 2006).

Also, additives may be natural or
synthetic; they may include artificial tobacco
substitutes, flavour extracts of tobacco and other
plants, exogenous enzymes, powdered cocoa, and
other synthetic flavouring substances.

Additives are defined as any ingredient

Wackowski, 2006).

According to various tobacco company
documents, many of these additives are used by
manufacturers to influence the pharmacological
effects of nicotine, make individual brands taste
more appealing to smokers and mask the taste
and immediate discomfort of smoke (Bates et
al., 1999, Paschke et al., 2002, Potschke-Langer
M., 2012)

Other important reason for using
additives is to give the cigarette a specific and
standardised taste. A specific taste is important for
the company to be competitive on the consumer
market in view of the large variety of brands
available. The specific taste of a certain product
must be preserved (standardised) to compensate
for the yearly variation of the natural tobacco,
because consumers do not like to smoke a product
that changes from year to year.

or substance that is added, except water, during
the course of manufacture of a tobacco product,
including casings, humectants, flavours, and
processing aids (Wigand, 2006).

Typical tobacco additives include:

Humectants are substances which
increase the moisture-holding capacity of the
tobacco. Preservatives include substances that
protect the product from deterioration caused by
microorganisms (Wayne and Connolly, 2002.).

Solvents are substances used to dissolve or
dilute ingredients, without altering their function,
in order to facilitate their handling and application.

Binders and strengtheners are substances
that make it possible to maintain the physical state
of the product. Fillers allow the product to keep
the volume without contributing significantly to
odor, taste or flavor.

In cigarettes, flavours may be added to
tobacco, cigarette paper, the filter, in a plastic
pellet placed in the filter or the foil wrapper, in
an attempt to enhance the tobacco flavour, mask
unpleasant odour, and deliver a pleasant cigarette-
pack aroma. Internal industry documents reveal
additional flavour technologies such as flavour
micro encapsulation in the paper, carbon beads,
and polymer-based flavour fibres inserted into
the filter, flavoured tipping etc. (Nikoli¢, 2004,
WHO, 2007, SCENIHR, 2010).
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They may be used as casing ingredients
or flavourings (sometimes referred to as top
flavours). Casing ingredients are substances used
to enhance the tobacco product sensory quality
by balancing sensory attributes and developing
certain required taste and flavour characteristics.
Casing refers to the sauce composed of a variety
of ingredients such as humectants, sugars, cocoa,
liquorice and fruit extracts. They are usually
applied to tobacco strips or leaf early in the
primary processing scheme to tone down or
mute the strength or harshness of tobacco smoke,
improve processibility of tobacco and add deep
flavour notes to the smoke. Being used early in
the process, different casings can be applied to
the various tobacco blends (e.g., burley, flue-
cured, oriental, etc) (Brown, 1990, Fisher, 1999,
Nikoli¢, 2004).

Flavorings (or top flavours) are substances
used to impart a specific taste and flavor in a
tobacco product. They are applied to the cut and
processed tobacco prior to cigarette manufacture,
usually in parts per million (ppm) quantities in
a complex mixture in solution. Those tobacco
blends that contain flavours and flavourings are
usually held in a bin to allow for equilibration
across the blend before it is passed to the making
machine as the final blend. Flavorings are used
to improve quality of smoke, impart a pleasant
pack aroma and side stream aroma, and give the
tobacco brand its unique sensory characteristics
(Fisher, 1999, Nikoli¢, 2004).

The tobacco industry has pursued many
non-conventional flavour technologies to
address the goal of unique flavour delivery. For
example, internal documents reveal that polymer
pellet technology, using a flavoured filter pellet
(polyethylene bead), was designed to provide
controlled release of flavour for delivery to
the smoker (Arzonico, 1989, Saintsing, 1992).
Philip Morris also explored flavour release
technology using carbon beads (Moore, 1994.)
and various additives (i.e. cinnamaldehyde and
gluco-vanillin) designed to flavour mainstream

Regulation

There are important efforts to regulate
tobacco products, such as the World Health
Organization’s Framework Convention on
Tobacco Control (FCTC) and the US Congress’
consideration of legislation to give the Food and
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and sidestream smoke (Houminer, 1989) with a
sweet, vanillin-type aroma. Additional flavour
technologies described in tobacco industry
documents include flavour microencapsulation
in the paper, packaging technology, polymer-
based flavour fibres inserted into the filter, and
flavoured tipping (Saintsing, 1992, Douglas,
1989, Robinson, 1992.).

Menthol may be added at any of the
following stages; spraying onto the final blend,
through addition to the filter via a thread, or by
application to the cigarette paper or the foil used
to wrap the cigarettes. Due to the high level of
volatility of menthol, different manufacturers
have over the years developed a variety of
methods for producing mentholated products
that are as consistent as possible in terms of their
finished product menthol levels (SCENIHR,
2010, Neck, 2010.).

“Flavoured tobacco product” means
any tobacco product or any component part
thereof that contains a constituent that imparts a
characterizing flavour. “Characterizing flavour”
means a distinguishable taste or aroma, other than
the taste or aroma of tobacco, menthol, mint or
wintergreen, imparted either prior to or during
consumption of a tobacco product or component
part thereof, including, but not limited to,
tastes or aromas relating to any fruit, chocolate,
vanilla, honey, candy, cocoa, dessert, alcoholic,
beverage, herb or spice; provided, however, that
no tobacco product shall be determined to have
a characterizing flavour solely because of the
use of additives or flavourings or the provision
of ingredient information... Non-characterizing
flavours are licorice and cocoa (The Tobacco
Control Legal Consortium, 2011).

Processing aids facilitate the manufacture
of cigarettes, such as by making cured tobacco
less brittle. These include several ammonia
compounds, carbon dioxide and ethyl alcohol.

Ammonia compounds are added to some
brands in order to increase the level of unprotonated
nicotine in the smoke (Bates et al., 1999a).

Drug Administration (FDA) regulatory authority
over tobacco (WHO, 2003).

The Framework Convention on Tobacco
Control (FCTC), to which 176 countries are
currently parties, contains a number of key
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demand-reducing strategies, such as tobacco
taxation, education about health effects (including
health warnings on packages), removal of
misleading product descriptors, and support for
cessation. As of August 30, 2012, 168 countries
have signed and ratified or accepted the treaty.
This is more than 85% of the world’s population.

Nine countries have signed but not yet
ratified the WHO FCTC: Argentina, Cuba, El
Salvador, Ethiopia, Haiti, Morocco,
Mozambique, Switzerland, and USA.

On the basis of public health protection,
the Tobacco Products Directive (2001/37/
EC) foresees measures on the manufacture,
presentation and sale of tobacco products. It
sets maximum limits for tar, nicotine and carbon
monoxide yields of cigarettes and requires the
industry to report on ingredients in tobacco
products (Directive 2001/37/EC, 2001).

Siem (2000), has reported on the wide
differences between the measures countries
have taken in their efforts to regulate tobacco
as a product. Until recently, the most relevant
legal instruments to this issue - those to regulate
consumer products and foodstuffs — have only
exceptionally been used. He suggests that “the
way is now open” for States to legislate their
rights to verify the content of tobacco and
smoke, to inspect production sites, limit the
amount of certain ingredients, and approve
additives. They can also request the declaration
of certain additives, the purpose for their use and
a toxicological evaluation.

Under Articles 9 and 10 of the FCTC,
parties will be developing systems to regulate the
contents, design and emissions of products and to
require reporting on the same from manufacturers.
To date, several countries currently have limits
on tar and nicotine emissions (for example,
European Union, Brazil, South Africa, Egypt)
and others require regular reporting of tar and
nicotine emissions (for example, Canada, United
States, Hong Kong).

Article 6 of the Tobacco Products
Directive 2001/37/EC requires that manufacturers
and importers of tobacco products submit a list of
all ingredients, and quantities thereof, used in the
manufacture of those tobacco products by brand
name and type. It specifies the content of this list
and requires that the list be accompanied by the
toxicological data available to the manufacturer
and importer.

In 2001, the European Parliament
adopted Directive 2001/37/EC concerning the
harmonization of the regulation of tobacco
products in the member states of the European
Union (Directive 2001/37/EC of the European
Parliament and of the Council of 5 June 2001 on
the approximation of the laws, regulations and
administrative provisions of the Member States
concerning the manufacture, presentation and
sale of tobacco products).

The production of tobacco and cigarettes
and their consumption in European Union is
influenced by the World Health Organization
WHO through the EU health policy, based on
the principles of Warszawa declaration and the
EU strategy for tobacco control (ESTC-European
Strategy for Tobacco Control). All this principles
are harmonized with the Framework Convention
for tobacco (FCTC), under guidance of the WHO,
and signed by all European Union, and some
countries in development.

Reporting requirements have been
adopted in various jurisdictions including
European Union, Canada, Brazil, Thailand
and some state of the US. FDA has developed
an electronic submission tool, eSubmitter,
to streamline submission and receipt of the
ingredient information required by sections
904(a)(1) and 904(c) of the act.

The European Commission’s Practical
Guide on “Reporting on tobacco product
ingredients”, issued on 31 May 2007, and
specifies the reporting format, which is the basis
for the EMTOC system. Additionally required
information is collected solely for the purposes
of data processing and communication (Practical
Guide Reporting on tobacco product ingredients,
2007).

In Canada, for example, tobacco
manufacturers must report the quantity of all
ingredients used in the cigarette paper and
filler, as well as the levels of specified chemical
constituents in tobacco and mainstream and
sidestream smoke emissions. On May 26 2009,
Canada’s Health Minister tabled Bill C-32,
which would ban flavoured cigarillos, cigarettes
and blunts (tobacco rolling papers), but exempt
menthol as an additive (House of Commons of
Canada, 2009).

In the United States, New Zealand, and
Chile, tobacco manufacturers report a composite
list of additives which may be present in any
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tobacco product. New Zealand additionally
requires manufacturers to provide the maximum
levels of each additive present in various types of
tobacco products, including cigarettes (Thomson,
2005).

Brazil’s National Health Surveillance
Agency (ANVISA) passed new regulations
which ban the use of additives and flavorings
in all tobacco products. The new regulations
will ban the use of menthol, clove and ammonia
among a long list of additional banned additives.

Moreover, the bill that would the United
States Food and Drug Administration (FDA) to
regulate tobacco, would ban flavoured cigarettes,
but exempts menthol (Waxman, 2009).

Australia has been negotiating with
Australian cigarette manufacturers for the
disclosure of ingredients (Health Government of
Australia. 2009). The sale of most confectionary-
flavoured, confectionary-scented and fruit-
flavoured or fruit-scented cigarettes is banned
in ACT, New South Wales and South Australia.

The first report on the application of the
Tobacco Products Directive 2001/37 EC indicated
that in the EU different reporting formats are
used for the submission of tobacco products
ingredient and emission information. The data
sets delivered by manufacturers and importers
to Member States are often incomplete. The first
report therefore suggested that the Commission
develops harmonised data collection methods that
are based on a common EU format and improved
definitions (Directive report, 2005).

In a Germany and the UK, the government
publishes lists of ingredients that are permitted
or prohibited for use in tobacco. The UK sets
a maximum limit for each additive based on
percentage added by weight of tobacco (Geiss
and Kotzias, 2007).

Germany prohibits use of a number of
additives. In both cases, disclosure of additives is
not required from manufacturers, although the UK
House of Commons Health Committee recently
required the companies to submit additives by
brand to them. These were then published in full,
by brand, on the Health Committee’s website,
although flavourings are not broken down into
their constituent parts (WHO Monograph, 2000).
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The Tobacco Manufacturers Association
of Denmark disclosed in July 2000 a list of 37
additives used in cigarettes on the Danish market
which also included the additives’ purpose of use
(WHO Monograph, 2000).

Philip Morris and Imperial Tobacco
have voluntarily submitted their own composite
additive lists. However, a look at the websites
of the larger cigarette manufacturers show, that,
in a given brand, typically less than 10 different
tobacco ingredients are used at concentrations
higher than 0.1% (PMI, 2012).

In addition to the purposes listed above, this
publication also included several further types of
ingredients, including burn additives, plasticizers,
preservatives, adhesives, dyes, and processing aids.
Several of these types of ingredients are placed into
or form part of the cigarette filter, where smoker
exposure, if there is any, would be restricted to the
ingredients in their natural form (i.e., not subject
to changes incurred during the burning of tobacco)
(Dempsey et al., 2011).

In the Republic of Macedonia, according
to the Law on Tobacco and Tobacco Products
“Manufacturers and importers of tobacco
products at the request of the Ministry of Health
are required to submit the data on the additives
used in the manufacture of tobacco products and
tobacco smoke onto the prescribed form. The form
and content of the form referred to in paragraph 4
of'this Article, its delivery and use of data by the
Minister of Health (Law on Tobacco and Tobacco
Products). Lists of permitted and non-permitted
additives are given in the Official Gazette of the
Republic of Macedonia No.56, 2007 (Lists of
permitted and non-permitted additives, 2007).

The requirements under section 4 apply
to each “tobacco product manufacturer or
importer.” We interpret this to mean that domestic
manufacturers are to submit the required additive
information for products they manufacture
and, for tobacco products that are imported,
the required ingredient information is to be
submitted by either the foreign manufacturer or
the importer of the product. This includes any
regulated tobacco product, whether for sale to
consumers or for further manufacturing. But this
legal provision is not fully implemented.
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DISSCUSION

Increased knowledge about cigarette
additives makes it clear that modern cigarettes
are very different from cigarettes of the past.
Cigarettes are produced by an industrial process
which, through a number of steps in handling the
tobacco and by the use of additives, is tailoring
the product to satisfy the user (Siem, 2000).

Tobacco companies have devoted a
significant amount of research and development
to the use and inclusion of additives in cigarettes
and the industry has acknowledged using 600
different cigarette additives. According to various
tobacco company documents, many of these
additives are used to improve taste and decrease
harshness (Rabinoft, 2007).

Tobacco companies claims that all of the
additives used in the manufacture of cigarettes
and other tobacco products are approved for use
by either by the FDA GRAS list or the Flavor
and Extract Manufacturers Association (FEMA).
But, although a tobacco ingredients and additives
may indeed appear on the GRAS list, this does
not guarantee that this ingredient is safe. The
main problem with the GRAS argument is that
the ingredients on the GRAS list were never
intended to be burned or inhaled.

Justification for the use of tobacco
additives cannot be based solely on their
approved use in food since, potentially, they
could decompose into other substances during
tobacco combustion in the smoking process.
An assessment should include consideration
of possible thermal decomposition of the
ingredients, their effects on smoke chemistry and
potential impact on smoke toxicity

The overall outcomes of investigations
of manufacturers were the finding that tobacco
ingredients - at levels typically used in tobacco
products - have very limited influence on smoke
chemistry. Three major reviews were published
in 2002 that examined studies on the chemical
and biological effects of tobacco ingredients on
smoke properties conducted over the last 50 years
(Paschke et al., 2002; Rodgman, 2002 a, b).

Rodgman conclusions were similar to
those of Paschke et al., namely that ingredients
added to tobacco during commercial cigarette
manufacture in the U.S.A. do not increase the
toxicity of cigarette smoke.

Also during 2002, Carmines and co-

workers published a series of four papers
that described a comprehensive study on the
evaluation of 333 ingredients used in Philip Morris
products. This study included smoke chemistry,
in vitro genotoxicity and cytotoxicity, and animal
sub-chronic inhalation toxicity (Carmines, 2002;
Rustemeier et al., 2002; Roemer et al., 2002;
Vanscheeuwijck et al., 2002). Taking into account
all the smoke chemistry and biological data, they
concluded that the addition of the ingredients to
tobacco did not increase the toxicity of the smoke.

Some additives have been used to
increase the apparent impact and addictiveness
of cigarettes, it may also be possible to reduce the
addictiveness of cigarettes without eliminating
the nicotine by either prohibiting certain additives
or requiring them (Henningfield et al., 1998).
Increasing smoke delivery of nicotine has also
been achieved using chemical additives such as
nicotine maleate (Robertson, 2000). Chitanondh
(2000) describes the several known carcinogenic
or otherwise dangerous additives currently
known to be present in cigarettes.

In 2002 Seeman et al. published a
comprehensive review of the formation of
acetaldehyde in mainstream cigarette smoke
and its bioavailability in the smoker (Seeman et
al., 2002).

Because of the importance of sugars as
tobacco ingredients in American-blend cigarettes,
many studies have been performed in order to
understand any potential toxicological impact
of sugars use (Baker, 2006; Talhout et al., 2006;
Roemer et al., 2012). All of these studies used
tobacco blends representative of American-blend
cigarettes to produce research cigarettes that
were cased with various levels of the respective
sugar ingredient. It was found that sugars and
polysaccharides materials were associated with
increased formaldehyde yields. Cahours et al.
(2012) supports the conclusion that structural
material in the tobacco plant is the main source
of acetaldehyde in mainstream smoke after
combustion during cigarette smoking.

There is speculation that added
ingredients which may be Generally Regarded
as Safe (GRAS) from studies on usage in foods,
may increase the toxicity of the smoke by
forming “new”” smoke constituents (or increase
the concentrations of existing constituents)
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during pyrolysis and combustion (Thielmann and
Potschke-Langer, 2005).

In the Scientific Committee on Emerging
and Newly Identified Health Risks (SCENIHR)
report published in 2010, attractiveness with
regard to tobacco products is defined as the
stimulation to use a tobacco product. The
attractiveness of tobacco products may be
increased by a number of additives. Specific
additives can mask the bitter taste, improve
the flavour and reduce the irritation of inhaled
smoke. Examples of flavouring substances
include sugars, benzaldehyde, maltol, menthol
and vanillin. Altogether, these additives have
the potential to enhance the attractiveness
of cigarettes. The use of a combination of
ingredients includes the investigation of any
potential interactions among the ingredients,
while the use of single ingredients allows greater
exaggeration of the application levels of the
particular ingredient beyond use levels found
in commercial cigarettes (Connolly et al., 2000,
SCENIHR 2010). Some additives, although not
directly toxic in themselves, may nevertheless
increase tobacco-related harm by making
cigarettes more palatable, attractive, or addictive
to consumers (Bates et al., 1999 a).

Tobacco industry has acknowledged that
the addition of alkali such as ammonia to increase
smoke pH increases the availability of “free” or
“unbound” nicotine and thereby increases the
nicotine addictiveness for given nicotine content
(Henningfield et al., 2004).

The intended purpose of additives
needs to be fully understood. If the purpose is
to facilitate extra smoking or to increase the
addictiveness of the product, it hardly matters
whether the additive itself is toxic or benign.

European Commission Health and
Consumer Protection Directorate (2010)
recommended that ingredients have usually
been evaluated as design principles rather than
repeatedly for each product. For principle-based

testing, ingredients may be applied to research
cigarettes, either individually or in combination,
in a manufacturing process which corresponds to
that of commercial cigarettes.

The European Commission has
announced that it is considering legislation
concerning further restrictions on cigarette tar
and nicotine yields, as well as new provisions to
regulate additives and the labelling of the tobacco
products.

The third meeting of the working group
on economically sustainable alternatives to
tobacco growing in relation to Articles 17 and 18
of the WHO FCTC was held in Geneva from 14
to 16 February 2012. The meeting was attended
by Key Facilitators and Partners of the group.
Participants also included representatives of
WHO, the International Labour Organization, the
Food and Agriculture Organization of the United
Nations and the United Nations Environment
Programme, as well as representatives of
nongovernmental organizations accredited as
observers to the Conference of the Parties (COP)
and invited experts. The group discussed the draft
policy options and recommendations presented by
the Key Facilitators, including issues concerning
standardization of terms and a methodological
framework, for submission to COPS5.

The fifth session of the Conference of
the Parties (COPS5) will be held from 12 to 17
November 2012 at COEX Convention Centre
in Seoul, Republic of Korea.

The Parties to the Framework
Convention on Tobacco Control, which also
include Macedonia, Serbia and Bosnia and
Herzegovina, have reached an agreement on the
introduction of assistance programs for smoking
cessation in national health systems and support
campaigns to raise awareness of the population,
according to a WHO statement.

Regulation of additives will be an
important issue for research and potential future
regulatory attention.

CONCLUSION

Cigarettes are manufactured by an
industrial process which, through a number
of steps in handling the tobacco, non-tobacco
materials, and by the use of additives, is tailoring
the product to satisfy the user. American style
of blended tobacco cigarettes is increasing. For
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example, when worldwide cigarette demand
was growing only 1% per year, the demand for
American style products was projected to grow
3% annually (EUROMONITOR, 2012).
Comprehensive disclosure of smoke
constituents and additives would improve
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consumer information, and removal of misleading
branding and labelling of tobacco products.
The regulators should know which

additives are in which brands and only permit
them in brands where it could be proven that they
would facilitate a public health gain. All additives
should be covered by the regulations, including
those added to non-tobacco materials (cigarette
papers, filters, filter wrappers, and overwrappers).
For particular cigarette, manufacturer should
disclose the contents of all additives at regular
intervals.
Proposed elements of tobacco product
regulation

e Manufacturers should be required to

disclose all additives (intentional and
unintended) used in cigarettes, by brand,
to a regulator.

Some information should not be
confidential, but made available to the
public through publications, the Internet
or on request from the regulator.

There may be some additives that should
be listed as ingredients on tobacco product
packaging.

Regulatory framework should permit
additives necessary for the manufacture
and storage of cigarettes providing these
are safe, but should challenge all additives
that may influence smoking behavior.
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